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Preface to the Revised Ei^itio^ - , 

'''•'>4^^’ I... j. , L •I'-''' 

The friendly reception accorded this book hae eiicoiiri^d me 
to revise it. The first edition was published in 1939 just as the 
formal mili tary phase of World War II was about to begin. Under 
normal conditions, one could expect tremendous advances in the 
fundamental aspects of atomic physics in a period of seven years, 
particularly after the brilliant new discoveries that had been made 
in the seven years preceding 1939. That period saw the discovery 
of three new fundamental particles — the neutron, the positron, 
and the meson. It also saw the discovery of several new phe- 
nomena such as induced radioactivity, the materialization of 
energy by the transformation of a photon into two charged parti- 
cles, and its converse, the annihilation of matter by the combina- 
tion of positrons and electrons to form photons. During this 
period work was begun on the production of transuranic elements 
which finally culminated in the discovery of nuclear fission. 

This biilliant period ended with the begiiming of the military 
phase of World War II when scientists became almost exclusively 
concerned with applying ideas and concepts already known to par- 
ticular problems of military importance. Undoubtedly some work 
was done on fundamental problems, but most of it is still shrouded 
in the secrecy of military security. Part of this secrecy was rent in 
dramatic fashion by the explosions of the atomic bombs over 
Hiroshima and Nagasaki. 

With the end of the military phase of the war, scientists left 
their wartime tasks and returned to their experimental labora- 
tories. Many baffling problems, parti(mlarly in nuclear physics 
still await solution. Large ([uantitics of a new element, plutonium, 
and many new radioactive isotopes of the more common elements 
have been produced as a result of the outstanding work of the 
atomic bomb project. These should bo available in the near 
future for use in the solution of problems in nuclear physics and 
in the other sciences as well. 

As is to be (!xpe(!tod, the major changes in this revision have 
been made in the seedion on The Nucleus. Not only have the data 
been corrected and brought up to date, but many of the topics 
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have been given more extensive treatment — the production of 
transuranic elements, the fission of nuclei, and nuclear isomers. 
Several new topics have been added — the discovery of new ele- 
ments, sources of nuclear energy, and the measurement of nuclear 
magnetic moments, for example. 

The betatron, one of the outstanding developments of recent 
years, will rmdoubtedly play a very important role in the solution 
of many problems in nuclear physics. Chapter 3 describes the 
principle of its operation; Chapter 9, some of the work in which 
X rays from it were used to produce photofission of nuclei. 

Several of the old diagrams have been redrawn and many new 
diagrams and photographs have been added to improve the ef- 
fectiveness of this book. 

I have been very fortunate in receiving many suggestions from 
physicists who have used the first edition of this book. I want to 
thank all these and also Professor E. F. Barker of the University 
of Michigan for reading the entire manuscript and making many 
helpful suggestions; Professor Paul Kirkpatrick of Stanford Uni- 
versity, Professor Robert L. Weber of The Pennsylvania State 
College, Professor Hans Mueller of the Massachusetts Institute 
of Technology, and Dr. John R. Platt and Dr. Edson R. Peck of 
Northwestern University for many helpful criticusms and sug- 
gestions; my colleagues at The City College, Dr. Dixon C'allihan 
and Dr. Lawrence A. Wills, for stimulating discussions and luJp- 
ful criticisms; Professor J. M. B. Kellogg of Columbia University 
and Dr. Sidney Millman, of the Bell Telephone Tjaboratories, for 
permitting me to read their paper on the “ Radio-frc(iuen(!y 
Spectra of Atoms and Molecules” prior to its publi(^a(ion ; finally, 
my wife, Ray K. Semat, for the laborious task of typing l.he 
manuscript. 

11. S. 

The City College 

January, 194-6. 



Preface to the First Edition 

This book represents the content of a one-semester course of 
three hours per week which I have been giving for the past decade 
to science students who have had one year of general college phys- 
ics and a course in the calculus. Originally called an Introduction 
to Modem Physics, the material was used in mimeographed form 
for several years, beginning in 1931. Although the emphasis was 
on atomic physics, such topics as electromagnetic theory and the 
special theory of relativity were also included in the original mime- 
ographed book. But with the tremendous gi'owth within recent 
years of nuclear physics, it was found necessary to omit some 
topics in order to stay witliin the limits of a one-semester course. 
The choice of topics and their arrangement give a connected pres- 
entation of the experimental basis of our present ideas concerning 
the structure of the atom and the nature of its constituent 
particles. 

The order chosen is one wliich I have found to be teachable 
and reasonable. After a short introductory chapter which reviews 
those fundamental concepts of electricity and magnetism essential 
to the study of atomic physics, the second chapter introduces the 
atom and presents the experimental evidence leading up to Ruth- 
erford’s nuclear theory of the structure of the atom. In this chap- 
ter the properties of the electron arc dcvcloj)cd, methods of 
measuring atomic masses witli the mass spectrograph arc dis- 
cussed, and the subject of radioactivity is introduced in such a 
manner that it leads directly to Rutlierford’s nuclear theory based 
on the experiments on the scattering of alplia particles. In Chap- 
ter III the structure of tlie atom is further investigated through its 
interaction with electromagnetic radiation, leading to the Zeeman 
effect, photocleclrric! effect, and a study of X rays and gamma radi- 
ation. In its interaclion with matter, raclialion is sliown to possess 
botli wave and particle aspects. The wave and particle concepts 
of both radiation and matter are then developed in greater detail 
in Chapter IV. Tlie foregoing concepts are then applied to the 
extranuclear struciture, first to tlic case of hydrogen in Chapter V, 
and then t.o t.he more complex atoms in Chapter VI. Since both 
optical and X-ray specitra have contributed immensely to our 

ix 
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knowledge of atomic structure, these topics are considered in some 
detail, both from the point of view of the simpler vector model of 
the atom and from that of wave mechanics, but the treatment, 
while extensive, has been kept as simple as possible. In Chap- 
ter VII the subject of nuclear physics is treated extensively and 
brought up to date (May, 1939) . Experiments on natural radio- 
activity, artificial disintegration, and artificial or induced radio- 
activity are described and typical nuclear reactions are given, 
finally leading up to the modern theories of nuclear disintegration. 
The numerical data presented in this chapter have been carefully 
checked and represent, in my opinion, the most recent authori- 
tative data. 

References to other books for more extended study are given 
at the end of each chapter. Each teacher, of course, can amplify 
the list of references to suit his particular needs. These particular 
books were chosen because they are usually available in most libra- 
ries and because they are not too difficult for the type of student 
for whom this book is written. It is for these reasons that there 
are no references to individual papers representing original re- 
search in this text. At the end of each chapter there is a list of 
problems based upon the material in the text. Many of these 
problems contain numerical data, and their solutions should ac- 
quaint the student with the order of magnitude of the quantities 
dealt with in atomic physics. 

I am indebted to several publishers for permission to reproduce 
some of the figures used in the text, and also to many physicists 
who so kindly sent original photographs to be reproduced in this 
book. 

To my colleagues, Dr. Walter H. Zinn, Professor Mark W. 
Zemansky, and Mr. H. H. Goldsmith, who read sections of the 
text and suggested many important changes, I owe a debt of grati- 
tude. Dr. Dison Callihan, who has been associated with me in 
giving the course in Atomic Physics and who read the complete 
manuscript several times, made many important contributions as 
a result of his experience with it as a text. Finally, for the labori- 
ous tasks of typing the manuscript and assisting in the correction 
of the proof, not the least of my thanks go to Ray K. Semat. 

H. S. 

The City College 

May, 1939. 
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Part I 


FOUNDATIONS OF 
ATOMIC PHYSICS 




1 


Elements of Electricity and 

Magnetism 


1. Introduction 

The decade from 1895 to 1905 may be termed the beginning 
of modern physics. During this period, J. J. Thomson succeeded 
in demonstrating the existence of the electron, a fundamental unit 
of negative electricity having very small mass. Becquerel dis- 
covered the phenomenon of natural radioactivity and Rontgen 
discovered X rays. To these discoveries must be added the bold 
hypothesis put forth by Planck, that radiant energy, in its inter- 
action with matter, behaves as though it consists of corpuscles or 
quanta of energy. This led to the development of the quantum 
theory of radiation and ultimately to quantum mechanics. It was 
also during this period that Einstein re-examined the fundamental 
concepts of physics and was led to the development of the special 
theory of relativity. 

It is the aim of this book to present the important experi- 
mental data upon which are based our present ideas of the struc- 
ture of the atom. An atom is to bo regarded not as a static 
structure composed of particles in fixed positions, but rather as a 
dynamic structure changing in response to outside agencies, affect- 
ing them and, hi turn, being affected by them. It is by examining 
the phenomena that occiu' during these changes that we get our 
information concerning the structure of the atom as well as an 
insight into the nature of those quantities which produce or are 
the result of these changes. 

Accumulation of experimental data, particularly from the 
study of electrochemistry and the discharge of electricity through 
gases, indicates clearly that the atom is essentially electrical in 
nature. It will therefore be of value to discuss briefly those funda- 
mental concepts of electricity and magnetism which have been 
found essential in stud5dng the structure of the atom. 

3 
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2. Coulomb’s Law of Force between Electric Charges 

If a glass rod is rubbed with a piece of silk, both the glass and 
the silk become electrified. When two glass rods which have been 
rubbed with sOk are placed near each other, a force of repulsion 
win be found to exist between them. In a similar manner, if two 
rubber rods which have been rubbed with wool or cat’s fur are 
placed near each other, there will be a force of repulsion between 
them. But if one of these rubber rods is brought near one of the 
electrified glass rods, a force of attraction is found to exist between 
them. All other electrified bodies can be compared with such glass 
and rubber rods. Those electrified bodies which repel the glass 
rod are said to be positively charged or charged with positive elec- 
tricity, while those bodies which repel the rubber rod are said to be 
negatively charged or charged with negative electricity. This 
arbitrary sign convention is adhered to throughout the realm of 
physics including the atomic domain. The ultimate determination 
of the sign of any electric charge must rest on a comparison with 
the charge on a glass rod which has been rubbed with silk or that 
on a rubber rod which has been rubbed with wool. 

Coulomb (1789) made a study of the quantitative law of force 
between charged bodies. He found that the force between two 
charged bodies, whose dimensions are small in comparison with 
the distance between them, is given by 


P 


Ml 


( 1 ) 


where is the magnitude of the electric charge on one body, the 
magnitude of the charge on the second body, and r is the distance 
between them. The force F between the two charges also depends 
upon the nature of the medium between them; this is expressed 
by the factor k, called the dielectric constant, or the specific in- 
ductive capacity of the medium. The numerical value of k depends 
not only upon the nature of the medium but also upon the system 
of units used in expressing the other quantities in equation (1). 
In the electrostatic system of units, k is set equal to unity when the 
charges are placed in a vacuum, F is measured in dynes, and r in 
centimeters. The charge q is then said to be expressed in electro- 
static units (e.s.u.). The definition of a unit charge now follows 
directly from equation (1): a unit charge (1 e.s.u.) is a charge 
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which, when placed in a vacuum one centimeter away from a like 
equal charge, will repel it with a force of one dyne. The electro- 
static unit of charge is very small; hence, in the practical system 
of electrical units, a much larger charge is taken as the unit and is 
called a coulomb. A coulomb is equivalent to 3 X 10 » e.s.u. of 
charge. 

In the system of units defined above, the dielectric constant k 
is a pure numerical constant. For nonconductors or insulators, 
k is generally greater than unity. 

3. Intensity of the Electric Field 

The fact that a charged body will experience a force when 
placed at any point in the neighborhood of another body contain- 
ing a charge Q suggests the idea that an electric field exists in the 
space around the charge Q. This electric field may be explored by 
placing a very small positive charge q at different points and meas- 
uring the force F experienced by it at each point. The intensity 
of the electric field E at any point P is defined as the ratio of this 
force F to the magnitude of the small positive charge q placed at 
this point, that is, 

nU. ta 

The test charge q must be sufficiently small so that the electric 
field is not materially altered by the introduction of this test 
charge. If F is measured in dynes and q in e.s.u. of charge, then 
E is expressed in dynes per e.s.u. of charge. 

The intensity of the electric field E at any point is a vector 
quantity whose direction is that of the force experienced by a 
positive (jharge placed at that point. A negaiive charge placed in 
an elecitric field will experience a force whose direction is opposite 
to that of the electric field. 

The intensity of the electric field can be evaluated mathe- 
mati(!ally in many cases. For example, the intensity of the elec- 
tric; field in (,lie space around a point charge Q can be found by 
imagining a small ])ositive charge q pla(;cd at any point P a dis- 
tance r from the point charge Q. The force F experienced by this 
positive charge q is, from Coulomb’s law, 

kr^ 


(3) 
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Substituting this value of F in equation (2), we get 


E = 


1 

kr^ 


[§4 

(4) 


for the intensity of the electric field F at a distance r from the 
charge Q. 

There is a convenient method for mapping the electric field in 
any region of space to show at a glance its magnitude and direc- 
tion. If the intensity of the electric field is known at any point, 
we can imagine a unit area drawn perpen- 
dicular to the direction of the electric field 
at this point and a sufficient number of lines 
drawn perpendicularly through this unit area 
so that the number of lines per unit area will 
represent the magnitude of the intensity of 
the electric field at this point, and the di- 
rection of these lines wiU represent the direc- 
tion of this electric field. For example, the 
electric field around a point charge Q is ra- 
dial, as shown in Figure 1. It can be shown 
that if one line of force per square centimeter is to represent an in- 
tensity of one dyne per e.s.u. of charge, then dirQ lines°will have to 
be drawn radiating from the point charge Q. If the electric 

field is uniform throughout a given , 

region of space, that is, if the in- 
tensity of the electric field has the — 

same value throughout this region, ^ 

then it would be represented by a 

series of parallel, equally spaced Ihies > • • " 

as shown in Figure 2. 



Fig. 1. — Radial elec- 
tric field around a small 
charge. 


4. Potential 


Fig. 2. — A uniform electric 
field. 


The potential at any point in the neighborhood of a positive 
charge q is defined as the work done in bringing a unit positive 
charge from infinity to this point against the forces of the electric 
field. The work done in bringing the unit charge into the field of 
the charge q will result in . an increase in the energy of the system. 
Since a unit positive charge anywhere in the field is acted upon by 
a force numerically equal to the electric intensity, E, the work 
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done in moving this charge through a distance dr opposite to the 
direction of the field is 


dV = - Edr. 

If the space around the charge g is a vacuum, then 


( 5 ) 


E = 


? 


hence, the work done in bringing this unit charge from infinity to 
a point A distant a from the charge q is 


= 



( 6 ) 


where Fa is the potential at point A. The potential at a point 
infinitely far away from A is thus chosen as the zero from which 
potentials at other points are measured. 

If the unit charge is brought to any other point B distant h 
from the charge q, then the potential at B is 


F^ 


<L 

b 


The difference of potential between the points A and B is 


F = Vn - Fa 



<1 

a 


( 7 ) 


where V represents the work done in bringing the unit charge 
from A to B, Figure 3. It will be iiol-ed 
that the difference of potential l)ctween 
two points does not depend upon tlie 
path traversed in taking tlic unit 
charge from one point to the other nor 
upon the potential arbitrarily chosen as zero. If the space sur- 
rounding the two points is not a vacuum, but lias a dielectric 
constant k which docs not change along the path of integration, 
then the right-hand member of equation (7) must be divided 
by k. 

In most work in electricity, the potential of tlie earth is taken 
as the zero level of potential; the potential of any other point is 
then referred to that of the earth, and may be either higlicr or 
lower than ground potential. 



Fra. 3. 
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The work done in adding a small charge dq to a body at some 
potential Y is, by definition, 

dW = Ydq, 

and the total work done in adding a quantity of charge q to the 
body is 

W = pjdq. (8) 

In order to evaluate equation (8), it is necessary to know the rela- 
tionship between the potential of the body and the charge on it. 
Such a relationship is given by the equation 

<? - 1 (») 

where C is the capacitance of the body; the capacitance of a body 
is a constant determined by its geometrical configuration and the 
nature of the dielectric medium surrounding it. The work done in 
charging a body may now be evaluated with the aid of equation 
(9), yielding 

W =l^^iqV = ( 10 ) 

If the electric field in any region is uniform, the electric in- 
tensity E is constant throughout -this region; the difference of 
potential V, that is, the work done in carrying a unit positive 
charge through a distance s parallel to this field is 

V = £Edr = Es. (11) 

A very convenient way of obtaining a comparatively uniform 
electric field is to use a capacitor consisting of two large parallel 
plates a small distance s apart. If the plates are kept at a differ- 
ence of potential V by means of a battery, the electric intensity of 
the field between the plates will be 

V 

E = -■ (12) 

The electric field will be uniform except at the edges of the plates. 
In the electrostatic system of units, no special names are as- 
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signed to the various electrical quantities. Since the definitions 
of these quantities are based on the c.g.s. system of units, the dif- 
ference of potential between two points represents the number of 
ergs of work required to transfer one electrostatic unit of charge 
from one point to the other. In the practical system of units, the 
difference of potential is expressed in volts, and represents the 
number of joules of work required to transfer a coulomb of elec- 
tricity from a point of lower potential to one at a higher potential. 
Since a joule is 10^ ergs and a coulomb is equivalent to 3 X 10° e.s. 
units of charge, the unit for difference of potential in the electro- 
static system is 300 times as big as the volt. 

5. Coulomb’s Law of Force between Magnetic Poles 

Permanent magnets have been known and used for centuries. 
If a thin steel rod which has been magnetized is suspended so that 
it can swing freely about a vertical axis, the steel rod will come to 
rest in a very definite position. If there are no other magnetic 
materials in the immediate neighborhood, the rod will set itself in 
an approximately north-south position. The end which points 
north is called the north-seeking pole, or, more briefly, the north 
pole of tlie magnet; the otlier end is called the south pole of the 
magnet. If the north pole of another magnet is brought near the 
north pole of the first magnet, a force of repulsion will be found to 
exist between them; similarly for the south poles of the two mag- 
nets. But if opposite poles are lirought near one another, there 
will he a force of attraction between them. 

( Vnilomb investigated the law of force between magnetic poles 
and found that the force is proportional to the strengt.hs of the 
magnetic polos, and inversely proportional to the square of the 
distance between them, or in the form of an equation, Coulomb’s 
law states that 


F = 


fxr^ 


( 13 ) 


where F is the force between the two poles, r is the distance be- 
tween them, and pi and pa represent the strengtbs of tlio polos. 

is a constant of proportionality depending upon the units used 
and the nature of the medium between the poles. fi is called tlio 
permeability of the medium. If the magnets are placed in a vac- 
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uum, and F is measured in dynes and r in centimeters, then n can 
be set equal to unity. The definition of a magnetic pole of unit 
strength now follows directly from equation (13). A unit mag- 
netic pole, or a pole of unit strength, is one which when placed in 
a vacuum one centimeter away from a like equal pole, will repel 
it with a force of one dyne. The north and south poles of any one 
magnet are of equal strength. 


6, Intensity of the Magnetic Field 


The fact that a magnet will exert forces on other magnets sug- 
gests the idea that a magnetic field exists in the space around the 
magnet. This magnetic field may be explored by placing the 
north pole of a long thin magnet at any point in the field and meas- 
uring the force experienced by it. The intensity of the magnetic 
field H at any point P is defined as the ratio of the force F to the 
magnitude of the pole strength p of this exploring magnet which 
is placed at this point, that is, 



( 14 ) 


The strength of the exploring pole must be sufficiently small so 
that the magnetic field is not materially altered by the introduc- 
tion of this pole. If F is measured in d3nies and p in unit poles, 
then H is expressed in oersteds. 

The intensity of the magnetic field H is & vector quantity 
whose direction at any point in space is that of the force experi- 



Fig. 4. — Couple acting on a 
bar magnet placed in a uniform 
magnetic field. 


enced by the north pole of a magnet 
placed at that point. The south pole 
of a magnet, when placed in a mag- 
netic field, will experience a force 
whose direction is opposite to that of 
the magnetic field at that point. 

The magnetic field may be 
mapped in a manner analogous to that 
of the electric field. The number of 
magnetic lines of force drawn perpen- 


dicularly through a unit area at any point in space represents 


the intensity of the magnetic field at this point and the direc- 


tion of these lines represents the direction of this magnetic 
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field. If the magnetic field is uniform throughout a given region 
of space then it 'would be represented by a series of parallel, equally 
spaced lines as shown in Figure 4. Such a field can be closely ap- 
proximated experimentally, and has been used extensively in 
atomic investigations. 

7. Magnetic Moment of a Magnet 

A bar magnet whose diameter is small in comparison -with its 
length can be specified by two quantities, its length L and the 
strength of either pole p. The product of the pole strength of a 
magnet and the length of a magnet is known as the magnetic 
moment, M, of the magnet; thus 

M=pL. (15) 

If such a small bar magnet is placed in a uniform magnetic 
field of strength H, as shown in Figure 4, each pole will experience 
a force pH. The two forces on the poles of the_^nxagnet constitute 
a couple. The moment, T, of this couple is 

T = pH • L cos <f> = MH cos 4>> (16) 

where 0 is the angle Ijctwecn the magnet and a line perpendicular 
to the direction of tlic magncitic! field II. The amount of work 
done, dW, in rotating this magnet througli an angle d(j> is 

dW = MH cos (pdej). 

If the magnet rotates through 90° from a position perpendicular 
to the field to one parallel to the field, the work clone ))y the field 
will be 


W = Mil f cos 4>d4> = MH. ( 1 7 ) 

Jo 

Any magnetic substance may be considered as made up of a 
very large number of very small elementary magnets. When the 
sul)stancc is uninagnetized, these elementary magnets am oriented 
at random, ])ut when an external magnetic field is applied to this 
substaiun, eac^h elementary magnet cxpericiuios a couple tending 
to orient it pai'allel to the direction of the magnetic field. The 
degree of orientation of these elementary magnets determines the 
strength of the poles of a magnetized substance. It is thus clear 



12 ELEMENTS OF ELECTRICITY AND MAGNETISM [ § 8 


that work must be done to orient the elementary magnets and 
hence to magnetize a substance. 

8. Energy in Electric and Magnetic Fields 


It has been shown that work must be done to charge bodies 
electrically, and also to magnetize substances. A body which has 
been charged may be considered to possess more energy in virtue 
of the work done in charging it. One point of view is to consider 
this energy as residing in the electric field around this charged 
body. Similarly, the work done in magnetizing a substance may 
be considered as having been transformed into the energy which 
resides in the magnetic field surrounding the magnetized sub- 
stance. Adopting this point of view, we may easily calcidate the ’ 
energy per unit volume in the electric field. 

Consider, for example, a parallel plate capacitor consisting of 
two large metal plates separated by an insulating material whose 
dielectric constant is A. If g- is the charge on either plate, V the 
difference of potential between the plates, and C the capacitance 
of the capacitor, the work done in charging this capacitor is 

W = iqV = iCV\ (10) 


The capacitance of a parallel plate capacitor may also be ex- 
pressed as 


C = 


M 


( 18 ) 


where A is the area of either plate and s is the thickness of the in- 
sulating material between the plates. Since the electric field be- 
tween the plates is uniform except for end effects, which may be 
neglected, the electric intensity anywhere in the space between the 
plates is simply 

V 

E = -■ (12) 


With the aid of the above equations, the work W can be expressed 
as 


kEPsA 

Sir 


(19) 


Assuming that the energy resides in the electric field between the 
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plates of the capacitor in the volume sA, the energy per unit vol- 
ume in the electric field between the plates is 


8t 


( 20 ) 


No generality is lost in deriving the above expression for the 
special case of a uniform electric field, for if the field is not uni- 
form, we can consider a very small region of the field which is 
practically uniform and deduce the same result. 

In a similar manner, the energy per unit volume in a magnetic 
field can be shown to be 



( 21 ) 


where n is the permeability of the medium and H is the intensity 
of the magnetic field. 

9. The Electric Current 


The motion of a group of electric charges constitutes an elec- 
tric current. The magnitude of the electric current, i, is the time 
rate of flow of charges through a given surface S. Thus 


i 



( 22 ) 


If q is expressed in c.s.u. and t in seconds, then i is the e.s.u. of cur- 
I'cnt. The practical unit of current is the ampere wliich is 3 X 10* 
tunes as big as the c.s.u. of current. 

10. Magnetic EFfect of an Electric Current 

Oersted (1820) discovered that a magnetic field exists in the 
neighborhood of a wire carrying cuirent. Experiments with small 
magnets or iron filings show that the magnetic field in the neigh- 
borhood of a straight wire carrying current is circular in a plane at 
light angl(;s to the wire with the wire as the center of these circles. 

IT. A. Rowland (1870) performed a famous experiment to show 
the equivalence of a moving charge and an electric current in so 
far as the magnetic effect was concerned. He used an ebonite disk 
having mefallic sectors distributed near its rim. The metallic 
sc(;tors were charged electrically, then the disk was rotated very 
rapidly. A magnetic needle near the disk was deflected by the 
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magnetic field set up by the moving charges. When the direction 
of rotation of the disk was reversed, the deflection of the magnetic 
needle was also reversed. More recently (1929), R. C. Tolman, 
using a charged cylinder, showed that as far as the magnetic effect 
is concerned, an oscillatmg charge is equivalent to an alternating 
current. 

The quantitative relationship between the intensity of the mag- 
netic field at any point in space and the current in the wire was 
established empirically as a result of the experiments of Biot and 
Savart (1820), with long straight wires carrying current. If we 
consider a small section ds of a wire carrjdng current i, then the 
intensity of the magnetic field at any point P distant r from this 
current element is given by the expression 


dH 


kids sin d 
^2 


7 


(23) 



where dH is the magnetic field intensity at point P, 6 is the angle 

between r and the current in the 
element ds, and A: is a constant of 
proportionality. The direction of 
the magnetic field at point P is 
perpendicular to the plane con- 
taining r and ds and is given by 
the usual right-hand rule. Thus, 
in Figure 5, the magnetic field at 
P is directed into the paper away 
from the reader. 

The magnetic field due to a current provides one of the best 
methods for measuring the magnitude of the current. Instead of 
utilizing our previous definition of the electric current and then 
evaluating the constant k, a new unit of current may be defined in 
terms of its magnetic effect. Tins is equivalent to replacing ki by 
a new symbol, i„„ to be defined by means of equation (23), which 
now takes the form 

(24) 


Fig. 5. — The magnetic field inten- 
sity at P is directed into the paper. 


dH = 


As an aid in defining this new unit of current, let us calculate 
the magnetic field intensity, H, produced by a current im flowing 
in a circular wire of radius r. The magnetic field intensity at the 
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center of the circle due to the current flowing in a small element of 
wire ds, is, from equation (24), 

1 XT' 1/ffidiS 

aiic = -r-’ 


since the angle 6 between ds and r is equal to Tr/2. Now, from 
Figure 6, ^ 

ds = rd(j>, z' 

so that the magnetic field intensity at / \jg 

the center of the circle due to the en- / 1 

tire circuit is 1 / / 


=r 


^imd4> 


The magnetic field at the center is per- field 

pendicular to the plane of the circle; if at the center of tiic circle is di- 
the current is in a counterclockwise outwwd from the paper, 
direction, the magnetic field will be directed out of the plane to- 
ward the observer. The new unit of current, known as the 
electromagnetic unit of current, can now be defined with the 
aid of equation (25). The unit current, in o.m.u., is that cur- 
rent, wliicli, flowing in the arc of a circle one centimeter in 
length, the radius of the circle being one centimeter, produces a 
magnetic field of unit intensity at tlie center of the circle. The 
practical unit of current, tlie ampere, is 1/10 of the c.m. unit of 
current. If a current u flows in this circle of unit radius, the 
magnetic field intensity at the center of tlie circle is 

Hi = 2^„. (26) 

If there are n turns of wire close together in a circle of radius r, 
each turn carrying current u, the intensity of the magnetic field 
at the center of the circle is 

ir 2Trm’,„ 

Hn = — — • (27) 


The magnitude of a current may be expressed in either electro- 
static units or electromagnetic units. Experiments sliow that the 
electromagnetic unit of current is about 3 X 10'“ times larger than 
the electrostatic imit of current. Tlie most recent determination 
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of this ratio by Rosa and Dorsey (1907) gave the value as 2.9979 X 
10'“. Furthermore, a comparison of the dimensions of these two 
units of current shows that the ratio is not a dimensionless con- 
stant, but that it has the dimensions of a velocity. This ratio will 
be denoted by the letter c where c = 2.9979 X 10'“ cm/sec. Thus, 
to convert current from the electromagnetic units to electrostatic 
units, we use the relationship 

~ ( 28 ) 

Within the limits of experimental error, c is equal to the velocity 
of light in a vacuum. This result was of great importance in en- 
abling Maxwell (1865) to establish the electromagnetic theory of 
light. 

All electric and magnetic quantities can be expressed either in 
e.m. units or e.s. units. The ratio of the two units for any quan- 
tity always involves the constant c or c\ For example, to convert 
a charge expressed in e.m.u. to one q, expressed in e.s.u., wo use 
the equation 

ge = cqm- (29) 

11. Force on a Wire Carrying Current in a Magnetic Field 

Consider some point A in the neighborhood of a wire carrying 
current and imagine that the north pole of a long thin magnet of 
strength p be situated at this point. The intensity of the magne- 
tic field at A due to any current element ids is given by 

ids sin d 
dH = ; — > 


where i is expressed in e.m.u., r is the distance of the current ele- 
ment from A, and 9 is the angle between ids and r. The north pole 
of the magnet will thus experience a force due to this current ele- 
ment given by 


dF = pdH 


pids sin 6 


(30) 


Assuming Newton’s third law, that to every action there is an 
equal and opposite' reaction, the current element will experience 
an equal force in the opposite direction. Equation (30) may be 
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E - TT 


(31) 


is merely the intensity of the magnetic field at the current element 
due to the north pole at A. Thus the current element experiences 
a force given by 

dF = H^ids sin d. (32) ^ ^ 

This force is at right angles to 
both Hp and ids. In the particu- 
lar case of a straight wire of 
length L carrying current i 

placed in a uniform magnetic ' Fig. 7. - The force on the north mag- 
field H perpendicular to the cur- netic pole p at point A is directed into 

rent, the force F on the wire is, 
from equation (32), 



F = HiL. 


(33) 


Rowland’s experiment showed that, as far as the magnetic 
effect is concerned, a moving charge is cciiiivalent to a current. 
Suppose we have a motion of charges in any given direction with 
uniform velocity v. Let u be the number of charges per unit vol- 
ume moving in a tul)e of uniform cross-sectional area A. If the 
magnitude of each chai-ge in e.m.ii. is e, then the current in any 


L 



Fic;. 8, 


section of the tul:)e is i = nAev, If this tube is in a uniform mag- 
netic*. field of inlensity H perpendicular to the direction of motion, 
tlie foinc on the charges in a length L will be 

F = IlneAvL = Hqv, (34) 

wliere q is tbo charge in a length L. The force is perpendicular to 
both H and v. A single particle bearing a charge q and moving 
with a velocity y in a direction perpendicular to a magnetic field of 
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intensity H will also experience a force F = Hqv: this force will be 
perpendicular to both H and v. 

12. Magnetic Moment of a Plane Circuit Carrying Current 

Any plane circuit carrying current i, when placed in a uniform 
magnetic field of strength H, will experience a torque, T, given by 

T = iAH cos (t>, (35) 

where 4> is the angle between the plane of the circuit and the direc- 
tion of the magnetic field. This torque will be a maximum when 
the plane of the circuit is parallel to the field, and will be zero when 
the plane circuit is at right angles to the field. If left free to rotate, 
a plane circuit will always set itself at right angles to the direction 
of the external magnetic field. This follows directly from the ap- 
plication of equation (32) to each element of the plane circuit. It 
is left as an exercise for the student to carry out this calculation 
for some simple geometrical figure such as a rectangle or a circle. 

By comparing equation (35) with equation (16) it is seen that 
a plane circuit carrying current may be assigned a magnetic mo- 
ment M given by 

M =.iA, (36) 

where i is expressed in e.m.u. 

1 3. Electromagnetic Induction 

Michael Faraday in England and Joseph Henry in the United 
States discovered the phenomenon of electromagnetic induction 
at about the same time, in 1831. They found that whenever the 
magnetic field around a circuit is changed, an electromotive force 
is induced in this circuit. The magnetic field may be changed in 
any number of ways, for example by moving a permanent magnet 
relative to the circuit, or by bringing another circuit carr 3 dng cur- 
rent near the first one, or by varying the current in a neighboring 
circuit, or by varying the current within the circuit under investi- 
gation. It is found experimentally that the magnitude of the elec- 
tromotive force induced in any circuit is proportional to the time 
rate of change of the magnetic field around the circuit. 

The relationship between the induced electromotive force and 
the changing magnetic field can best be put in quantitative form 
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by considering the changes in the total magnetic flux through the 
circuit. If we consider any small area in a region of permeabil- 
ity (X in which there is a magnetic field of intensity H, the mag- 
netic flux through this small area is defined by the equation 

= fiHrflA ( 37 ) 

in which £r„ is the component of the magnetic field intensity per- 
pendicular to the element of area dA. The total magnetic flux <i> 
through the area A enclosed by any circuit is then 



In the particular case in which the magnetic field intensity is uni- 
foim and perpendicular to the area A, the total magnetic flux is 
simplj' 

<i> = txHA. (39) 

The magnetic flux density, denoted by B, is defined by the equation 

B = ixH. (40) 

In tlie parliculai' case in which the field is uniform and pcrpenditai- 
lar to the area A, (lie flux is 

$ = BA. (41) 


In the electromagnetic system of units H, as wo know, is measured 
in oersteds: the magnetic flux density B is mcasui-ed in gausses. In 
this system of units an oerslxid and a gauss are the same dimen- 
sionally since pi. is simply a number. Tlie tol.al magnetic flux is 
measured in maxwells: thus a gauss is also a maxwell per square 
centimeter. 

Applied to any plane coil consisting of a single turn enclosing 
an area A, Faraday’s law states that the induced elect,romotive 
force V in this circniit is equal to the time rate of change of the 
magnetic flux through the coil or 


V = 


dt 


( 42 ) 


The minus sign is used to indicate that the direction of the induced 
elec,t,romotivc force is such as to give rise to a current which, l)y its 
magnetic effect, will oppose; the cliange inducing the current. Tliis 
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is a consequence of the principle of conservation of energy and was 
first formulated by Lenz (1834). 

In equation (42) all quantities are expressed in c.g.s. electro- 
magnetic imits. If F is to be expressed in volts when # is in max- 
wells and t in seconds, then the equation takes the form 

If the coil through which the flux is changing consists of n turns 
each enclosing the same area A, then the e.m.f. induced in the coil 
is n times that induced in one turn. 

Equation (42) is perfectly general and is independent of the 
material of which the coil is made. Thus an e.m.f . will be induced 
in any closed path surrounding a changing magnetic field whether 
this closed path consists of a conductor or is merely an imaginaiy 
closed path in free space. An induced electromotive force in any 
closed path implies the existence of an electric field E which is 
tangent to the path at every point, that is, 

V = J^Eds (44) 

where s is measured along the closed path. 

The phenomenon of electromagnetic induction is the basis for 
many of our most practical devices such as the electromagnetic 
generator, the transformer, the induction coil, and the electric 
motor. 
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PROBLEMS 

1. (a) Show that the intensity of the magnetic field at any point 
distant r from a very long straight wire carrying current i, is 

H = ?i. 

T 

(b) Calculate the intensity of the magnetic field at a distance of 10 cm 
from a very long straight wire carrying a current of 4 amperes. 

Ans. 0.08 oersteds. 

2. (a) Show that the potential of an isolated sphere of radius R is 
equal to q/R^ where q is the charge on the sphere, (b) Using the result 
of part (a), show that the capacitance of an isolated sphere in a vacuum 
is equal to its radius. 

3. A capacitor, consisting of two parallel plates each of area 80 cm^ 
separated a distance of 5 mm, has a difference of potential of 300 volts 
maintained between its plates by means of a battciy. Calculate (a) 
the intensity of the field between the plates, and (b) the energy per unit 
volume in this field, (c) A veiy small oil drop carrying a charge of 
32 X 10“^® coulombs is introduced between the plates. Calculate the 
force acting on this oil drop. 

Ans. (a) GOO volts per cm or 2 dynes per c.s.u. of charge. 

(b) ^ ergs per cm.^ 

(c) 1.92 X 10“® dynes. 

4. (a) A rectangular loop of wire of length L and width h is placed 
in a uniform magnetic field of strength // with its ])lano ])arallel to the 
dircc-tion of the magnetic field. Show that whcui a (uirrc^iit i is sent 
through the wire, the loop of wire will experience a torcpie eciiial to iLhflj 
where i is in e.m.u. (b) A galvanometer coil consist-s of GOO turns of 
very fine wire wound on a rectangular frame 4 (uu long and 1 cm wide, 
and is hung by means of a gold wire in a magnetic field of r)()0 oersteds. 
What is the torque on the galvanomehu* coil when a current of 10“** 
amperes flows through each turn? 

12 X 10“^ dyne cm. 

6. With the aid of eciuation (32), calculate the tor([uo on a circular 
coil of wire of radius R carrying current i in a uniform magnetic field of 
strength II parallel to the plane of the coil. Compare this result with 
equation (35). 

6. A circular coil of wire of 30 cm radius contains 750 turns wound 
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close together. Determine the intensity of the magnetic field at the 
center of the coil when the current in the coil is 5 amperes. 

Ans. 78.5 oersteds. 

7. A stream of alpha particles, each carrying a charge of 3.2 x 10"^^ 
coulombs is sent through a uniform magnetic field of 30,000 oersteds. 
The velocity of each particle is 1.52 x 10® cm /sec and is at right angles 
to the direction of the magnetic field. Determine the force on cacdi alpha 
particle. 

Ans, 14.6 X 10”^ dynes. 

8 . A thin bar magnet 12 cm long has a pole strength of 500 unit 
poles. It is placed in a uniform magnetic field of 200 oersteds intensity 
with the length of the magnet, that is, its axis, at right angles to the di- 
rection of the magnectic field, (a) Calculate the torque on the magnet 
in this position, (b) Determine the work done by the field in rotating 
the magnet so that its axis is parallel to the field. 

Ans. (a) 12 x 10® dyne cm. 
(b) 12 X 10® ergs. 

9. A coil of fine wire of 8 cm radius has 500 turns. The magnetic 
field through the coil is increased from zero to 12,000 gausses in 0.2 sec- 
ond. Determine the average value of the induced electromotive force in 
this coil. 

Ans. 60.4 volts. 



Elementary Charged Particles 

14. Introduction: Atomic Weights 

The concept of atoms was introduced into chemistry as a hy- 
pothesis by Dalton (1802), to explain the formation of compounds 
from simpler substances called elements. The atoms of any one 
element were assmned to be identical in all their properties includ- 
ing weight. Dalton also formidated the law of multiple propor- 
tions which states that if two elements combine in more than one 
proportion to form different compounds, the weights of one of the 
elements which unite with identical amounts of the second element 
are in the ratio of integral numbers. For example, 16 grams of oxy- 
gen combine with 12 grams of carbon to form carbon monoxide, 
CO, while 32 grams of oxygen can also combine with 12 grams of 
carbon to form another compound, carbon dioxide, CO 2 . Shortly 
afterward, the law of definite proportions was estabhshed. This 
law states that, in any compound, the proportion by weight of the 
constituent elements is a constant. For example, when mercuric 
oxide is decomposed, for every 16 grams of oxygen liberated, 
200.6 grams of mercury are liberated. When oxygen and mercury 
are combined to form mercuric oxide, their proportions by weight 
are always in the ratio of 16 to 200.6. 

Many of the elements and compounds were studied in the 
gaseous state; it was found tliat the volumes of the elements and 
compounds involved in a reaction, in which both the initial and 
final constituents were gases, were conneeted by very simple rela- 
tionships. To explain the behavior of gases, Avogadro (1811) put 
forth the bold hypothesis that equal volumes of different gases, 
under tlie same conditions of temperature and pressure, contain 
equal numbers of molecules. Ampere supported this hypothesis 
and pointed out that, if correct, it should lead to “a method for 
determining the relative masses of the atoms and the proportions 
according to which tliey enter into comlnnation.” 

In tile combination of hydrogen and oxygen to form water 
vapor, it is found that when measured at the same temperature 
and pressure, two volumes of hydrogen and one volume of oxygen 
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combine to form two volumes of water vapor. The interpretation 
of this result on the basis of Avogadro’s hypothesis is that two 
molecules of hydrogen and one molecule of oxygen combine to 
form two molecules of water vapor. The chemical equation ex- 
pressing this result is 

2 H 2 ~t” O 2 = 2E120. 

This equation also states that, in the free state, hydrogen and 
oxygen molecules are composed of two atoms each, and water 
vapor molecules consist of three atoms, two hydrogen atoms and 
one oxygen atom. From a determination of the combining weights 
it has been found that 16 grams of oxygen combine with 2.016 
grams of hydrogen to form 18.016 grams of water vapor. Since 
one atom of oxygen combines with two atoms of hydrogen to form 
water vapor, the relative atomic weights of oxygen and hydrogen 
are in the ratio of 16 to 1.008. The chemical system of atomic 
weights adopts as a standard 16.00 for the atomic weight of oxygen. 
The atomic weights of all the other elements are then stated in 
terms of 0 = 16.00 as the standard. 

Since a molecule of oxygen in the free state contains two atoms, 
the molecular weight of oxygen is 32.00. The molecular weight of 
hydrogen, H 2 , is 2.016. A quantity of any substance whose mass, 
in grams, is numerically equal to its molecular weight, is called a 
Tnole. The volume occupied by a mole of any gas is called a gram 
molecTjlar volume. At 0° C and 76 cm. pressure the gram molecular 
volume of any gas is 22.4 liters. On the basis of Avogadro’s hy- 
pothesis, every mole of a substance contains the same number of 
molecules. The number, usually referred to as Avogadro’s number, 
wiQ be denoted by the letter N. 

From the above discussion, it is readily seen that, in the case of 
an element, a mass in grams equal numerically to its atomic weight 
must contain N atoms. For example, 16 grams of oxygen contain 
N/2 molecules and hence contain N atoms. Similarly for any other 
diatomic molecule. For a monatomic molecule such as helium or 
neon, it is obvious, of course, that there are N atoms in a gram- 
atomic weight of the element. Hence, if Avogadro’s number N 
can be determined, the mass in grams of any atom will be kirown. 
Since we are evidently dealing with large numbers of atoms, the 
atomic mass determined in this manner may be only an average 



ELECTROLYSIS 


§15] 


25 


value. It has been found that in many cases the masses of the 
atoms of an element are not all identical (§ 22). 

Avogadro’s number N can be determined by several methods. 
Two of these methods will be discussed in this chapter. One 
method is based upon a study of electrolysis, and the other is based 
upon a study of the Brownian motion of particles suspended in a 
fluid. 


1 5. Electrolysis 

Solutions of acids, bases, and salts are known to be conductors 
of electricity. The conductivity of these solutions is due to the 
presence of ions in the solution. An ion is an atom or a group of 
atoms charged electrically. On the modern theory of the structure 
of the atom (§ 35), an atom consists of a positively charged nucleus 
surrounded by a number of negatively charged particles called 
electrons. In the neutral atom, the sum of all the electronic charges 
is equal, numerically, to the positive charge of the nucleus. An 
atom is said to be ionized if the total electronic charge is not equal 
numerically to the positive charge of the nucleus; similarly, a 
group of atoms is said to be ionized if the total electronic charge 
differs numerically from the total pasitivc cliaigc of their nuclei. 
If there is a deficiency of elcctron.s, tlic ioTi is positively cliai-gcd 
and if there is an excess of electrons, it is negatively charged. It 
has been found empirically that the charge on any ion (uin Ixi ex- 
pressed in tenns of integral multiples of 
a fundamental quantity of electricity 
which has been shown to be equivalent 
to the chai'gc of an electron (§ 19). If 
the charge on an ion is equivalent to 
one electron, it is said to have a valciu^e 
of unity; if the charge on an ion is 
equivalent to two electrons, it has a 
valence of two, and so on. 

As a typical example of electrolysis, 
let us consider a chemical cell contain- 
ing a solution of silver niti'atc, AgNOs, 
a silver anode connccitcd to the positive; tenninal of a battery, and 
a (topper catliode connected to the negative; terminal of the bat- 
tery, as shown in Figure 9. The silver nitrate in the solution 
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is dissociated into silver ions, Ag+, and nitrate ions, NO3. 
Under the action of the electric field between the electrodes, 
the Ag+ ions migrate toward the cathode, and the NO3 ions 
migrate toward the anode. If the chemical cell is examined 
after the current has been flowing in the circuit for some defi- 
nite time, it will be found that a mass M of metallic silver 
Ag has been deposited on the cathode and an equal mass M * 
of metallic silver has been removed from the anode, leaving the 
concentration of the solution unchanged. A simplified analysis 
of the action of this cell is as follows: when a silver ion, Ag+, 
reaches the cathode, it acquires an electron from it, thus forming 
a neutral atom which adheres to the cathode. At the anode a 
silver atom breaks up into a silver ion and an electron ; the ion, 
Ag+, goes into solution to replace the one which was removed, 
while the electron is forced through the external part of the circuit. 
Thus an atom is removed from the anode for each atom deposited 
on the cathode. The silver ions are transferred through the solu- 
tion and the electrons are transferred through the external metallic 
portions of the circuit. 

The behavior of electrolytic cells can be summarized in terms 
of two laws first formulated by Faraday. The first law states that 
the quantity of any substance liberated from the solution depends 
only upon the total charge passing through the circuit, or 

M = kQ, (1) 

where M is the mass of the material liberated at one electrode, Q is 
the quantity of charge transferred, and A: is a factor of proportion- 
ality called the electrochemical equivalent of the substance. From 
this equation, - it is evident that h is the mass hberated per unit 
charge transferred, usually expressed in grams per coulomb. 

Faraday’s second law states that for any substance the mass 
liberated by the transfer of a quantity of electricity Q is propor- 
tional to the chemical equivalent of the substance, or 

( 2 ) 

where A/v, the ratio of the atomic weight to the valence of the ele- 
ment, is the chemical equivalent of the element, and F is a con- 
stant of proportionality known as the Faraday constant. 
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From equations (1) and (2), it will be noted that 



The value of F can be determined from the results of the experi- 
ments on electrolysis. For the case of silver, where k = 0.0011180 
grams per coulomb, A = 107.88 grams per gram-atomic weight, 
and V is unity, we get 
107 88 

F = Q oQiiigQ ^ 96,500 coulombs/gm-at wt. 

Thus the transfer of 96,500 coulombs of charge will deposit a 
gram-atomic weight of a monovalent element. 

Since the valence of silver is unity, for every atom of silver de- 
posited on the cathode, a charge equivalent to one electron has 
been transferred through the solution. If e is the charge of one 
electron, then Ne is the total charge transferred when one gram- 
atomic weight of silver is deposited on the cathode. Or 

F - Ne = 96,500 coulombs/gm-at wt. (3) 

If the charge of an electron can be determined independently, 
then Avogjulro’s number, N, can be calculated from the above 
equation. The first accurate determination of the charge of an 
electron was made by Millikan (§ 19), who found the value of the 
charge to be e = 4.770 X 10“"’ e.s.u. or 1.592 x 10“"’ coulombs. 
Using this value of e, wc get for Avogadro’s number N = 6.00 X 
lO"’ atoms in a gram-atomic weight of an element. More recent ex- 
periments ( § 57) indiciate that the value of e is probably 4.80 X 10““ 
e.s.u., or l.()0 X 10“"’ coulombs, which makes N = 6.028 x 10^®. 

Of course, if Avogadro’s number N could be determined inde- 
pendently with the same degree of precision as the electronic 
cliarge c, it would be a check on the determination of e as well as 
additional confirmation of Avogadro’s hypothesis. Tlie first direct 
detci'mination of Avogadro’s number was made by Perrin in 1908 
in an investigation of tlie motion and distribution of very small 
particles suspended in a fluid. 

16 . Brownian Motion 

If fine particles suspended in a fluid are examined in the field of 
a microscope, it will be observed that they, are in constant hap- 
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hazard motion. This random motion continues indefinitely and is 
found to depend upon several factors such as the size of the parti- 
cles, the viscosity of the fluid in which they are immersed, and the 
temperature of the system. The motion of these particles was first 
observed by Brown in 1827. Many observers recognized that 
these particles behave in the same way that molecules of an ideal 
gas are supposed to behave. The random motion of these particles 
may be hkened to the thermal motion of gas molecules. 

The explanation of the Brownian motion, first given by Ein- 
stein and Smoluchowski, is based on the assumption that the 
particles in suspension are continually bombarded by the mole- 
cules of the fluid and that this bombardment produces an unbal- 
anced force which accelerates the particle. The motion of the 
particle through the fluid is opposed by another force due to the 
viscosity of the fluid. From this theory the distribution of parti- 
cles in a field of force and their displacement in the course of time 
can be calculated. Perrin performed these two different types of 
experiments on Brownian motion, one on the vertical distribution 
of the particles in the fluid, the other on the displacement of the 
particles in a given time interval. 

1 7. Vertical Distribution of Particles 

If the particles suspended in a fluid behave like large-sized gas 
molecules, then their distribution in the vertical direction should 
be similar to the distribution of the air in the atmosphere; that 
is, the density of particles should be greatest at the bottom of the 
fluid and should decrease exponentially with increasing height. 
Consider a cylinder of gas of cross-sectional area A and height h. 
If p is the density of the gas, then the mass of gas in a small cylin- 
drical element of height dh is pAdh, and its weight is pAgdh, where 
g is the acceleration due to gravity. The weight of this gas is bal- 
anced by the upward force due to the difference in pressure on the 
two circular surfaces of the cylinder. If dp is this difference in 
pressure, then the upward force is Adp, from which 

dp = — pgdh. 

The minus sign indicates that as the height increases the pressure 
decreases. Now p = M/v, where M is the mass of a mole of the 
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gas and v is its volume, so that 

dp = -gdh. 


The general gas law, for one mole of a gas, is 


pv = RT, 

where T is the absolute temperature of the gas and R is the uni- 
versal gas constant. Eliminating v from the last two equations, 
we get 


dp = — 


Mpgdh 

~Rf~’ 


or 


P 


Mgdh 

~itf" 


Integrating this equation assuming the temperature to be the 
same throughout the gas, we get 

log p = - ~|r + log C. 

Let p = Pu when h = Q, then log C = log pn. Hence 

-Vi!! 

p = Poe A"-'' . 


Since the pressure is directly proportional to the density or the 
number of molecules per unit volume, this ecpiation can be written 
as 

_Msh 

n = TOoC (4) 

where n is the number of molecules per unit volume at a height h 
above tlie reference plane, and no is the number of molecules per 
unit volume at the refereiKie plane. This is the well-known law of 
atmospheres. If represents the number of molecules per unit 
volume at the surface of tlie earth, then n gives the number of 
molecules per unit volume at any height h above the earth’s 
surface. 

The law of atmospheres may be put in a more useful form if we 
replace the mass ikf of a mole of gas by Nm, where m is the mass 
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of a molecule and N is Avogadro’s number. It then becomes 

_ Nmgh 

n = no€ . ( 5 ) 


In applying this law to the determination of the distribution of 
particles suspended in a fluid, the buoyant force due to the fluid 
must be taken into consideration. If p is the density of the sub- 
stance and Po the density of the fluid, then the effective weight of 


a particle of this substance is mg 



so that the number of 


particles per unit volume at any height h above the reference plane 
is given by 


n = no€~ ^ . (6) 


For particles showing observable Brownian motion, h is so 
small that the entire exponent becomes very small in comparison 
with 1 and the exponential factor may be expanded in a series of 
wliich the first two terms are 



The higher powers m this series may be neglected. 

Perrin prepared emulsions from gamboge and mastic and with 
the aid of a centrifuge obtained particles of nearly uniform size. 
In order to be able to apply equation (7) it is necessary to de- 
termine both the density and the volume of the grains in the emul- 
sion. The density was determined in three ways; (a) by the 
specific gravity bottle method, (b) by measuring the density of the 
fused mass remaining after the water was boiled off, and (c) by 
adding potassium bromide to the emulsion until the density of the 
fluid was equal to that of the particles and then determining the 
density of the solution. 

The sizes of the particles were determined in several ways. 
One method was to allow a drop of very dilute emulsion to evap- 
orate from a cover glass. It was found that the particles arranged 
themselves neatly in rows. The sizes of the particles could then 
be determined by counting the number of particles in a row of 
known length or the number in a known area. Another method 
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was to time the rate of fall of one of the particles through the fluid, 
and then calculate the size of the particle with the aid of Stokes’ 
law for the velocity of spherical particles falling through a viscous 
medium. 

The experimental determina- 
tion of the number of particles 
at any level in the emulsion was 
made by placing a drop of emul- 
sion in a glass cell about 0.1 mm 
deep covered by a microscope 
cover glass to give a plane sur- 
face, as shown in Figure 10. To 
prevent evaporation, the edges 
of the cover glass were treated T’io- — Pemu’i3 method of ob- 

With paraffin. Under a high- particles in a fluid, 
power microscope, the grains in a 

very thin horizontal section, about 0.001 mm in thickness, were 
aharply defined. Raising or lowermg of the microscope made the 
grains in other sectional layers visible. The method of observation 
consisted in narrowing the field of view so that not more than five or 
six particles were tisilile at any one time. A .shutter, placed in the 
path of light illuminating the emulsion, opened at regular inter- 
vals, and the number of grains oliserved on each such occasion was 
noted. About two bundled observations were made at one level 
and then the microscope was moved vertically through a known 
distaiuic and a similar set of observations was made. In this way 
the I'atio njun was dol.onnincd. Perrin also used the photographic 
method, taking photographs of the emulsion at equidistant levels 
and then counting the number of images of grains appearing on 
the photographic plale. 

Many experiments were performed under a variety of condi- 
tions of temperature, using grains of different .sizes suspended in 
several different liquids. As a result of these experiments Perrin 
obtained a value for Avogadro’s number A = 0.88 X 10^*. When 
this was combined with (.he results of the experiments on electroly- 
sis, the value of the chai'ge of an electron was determined as 

e = 4.25 X 10“'“ e.s.u. 
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1 8 . Displacement of Particles in Brownian Motion 


The second type of experiment performed by Perrin for the 
determination of Avogadro’s number consisted in observing one 
of the particles in suspension and measuring the displacement of 
this particle in a given time interval. The fundamental assump- 
tion used in the derivation of the equation for the displacement of 
such a particle is that the particles suspended in a fluid have a 
mean kinetic energy equal to the mean kinetic energy of gas mole- 
cules at the same temperature. The displacement equation, de- 
rived first by Einstein in 1905 (see Appendix VI), is 




~ NK^’ 


( 8 ) 


where x is the displacement of the particle in the x direction in a 
given time interval t, and a:® is the average of the squares of the 
displacements of the particle in the x direction in equal time inter- 
vals t. iiT is a factor of proportionality determined by the viscosity 
of the medium. 

Perrin tested Einstein’s equation in several ways. He used 
grains of mastic and gamboge in various solutions and at various 
temperatures. The displacements were determined by plotting 
the position of the particle after fixed time intervals. A typical 
trajectory is shown in Figure 11. The positions of the particle are 
represented by dots and the lines joining the dots represent the 
displacements in the given time interval, say 30 sec. The x com- 
ponent of each of these displacements can be obtained by project- 
ing them on the x axis; is then obtained by squaring and 
averaging the squares of these displacements. 

For the determination of N by the displacement method, the 
microscope was focused at a given level and the first particle that 
appeared in the center of the field of view was followed for a little 
while, the positions being noted at given time intervals. The 
emulsion was then displaced laterally and again the trajectory of 
the first particle that appeared in the center was traced. From a 
measurement of 1500 displacements of gamboge particles of 
0.367 X 10“^ cm radius, Perrin obtained for the value of Avo- 
gadro’s number N = 6.88 x 10*®. As a result of many determina- 
tions of N under different experimental conditions, Perrin adopted 


N = 6.85 X 10*® 
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as the best value for Avogadro’s number, yielding the value 
e = 4.2 X 10““ e.s.u. 
for the electronic charge. 

Later work by Millikan and Fletcher on Brownian motion in a 
gaseous medium such as air yielded the value N = 6.03 X 10*’, 



Fig. 11. — Tnijcctory of n. particle in Brownian motion. Fjiich lino connecting two 
dots represents the displacement of the iiarticle in a fixed time interval. 


while Westgren (1915), working with colloidal gold, silver, and 
selenium particles, obtained the value N = 6.05 X 10“. Avo- 
gadro’s hypothesis was thus confirmed experimentally about a 
century after it wtis formulated. 

R. T. Birge, who has been making a very exliaustivc and criti- 
cal study of tlic experimental determinations of the different fun- 
damental physic.al constants, cionsiders recent determinations of 
the Avogadro number to be among the most reliable of any of the 
physical constants. Otui method which has attained groat pre- 
cision and has yielded generally consistent results is tlic determina- 
tion of the Avogadro number from measurements of the densities 
of crystals and their structure as determined by X-ray analysis 
(see § 58). From weighted averages of measurements on five 
different varieties of crystals, Birge arrives at tfie following value 
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for fhe Avogadro number; 

N = 6.02338 X 10^’ per mole 

on the chemical scale of atomic weights. 

When the above value is combined with the value of the Fara- 
day 

F = 96487.7 coulombs per gram-atomic weight, 
the value of the electronic charge becomes 

e = 4.8021 X 10““ e.s.u. of charge. 

19. Determination of the Charge of an Electron 

The earliest experiments on the determination of the electronic 
charge were performed by Townsend (1897) and J. J. Thomson 
(1898). Their method consisted in allowing water vapor to con- 
dense on ions thus forming a cloud, and then determining the 
charge carried by the cloud. The number of individual droplets 
in the cloud was then computed by weighing the water condensed 
from the cloud and dividing it by the average weight of a single 
droplet. The latter was determined by measuring the rate of fall 
of these droplets through air, assuming Stokes’ law to hold. On 
the assumption that each droplet was condensed on a single ion 
carr3dng charge e, they obtained values for e of the order of 
3 X 10““ e.s.u. 

A very important by-product of this type of investigation was 
the discovery by C. T. R. Wilson (1897) of a method for producing 
these clouds. If air, saturated with water vapor and ionized by 
some agency, is expanded suddenly, the air is cooled and the 
water vapor condenses on the ions in the air. 

H. A. Wilson (1903) made a decided improvement in the 
method for determining the electronic charge by forming clouds 
between two capacitor plates which could be connected to the 
terminals of a battery. The experimental procedure was first to 
determine the rate of fall of the top surface of the cloud under the 
influence of gravity alone, and then to produce a second cloud and 
charge the capacitor plates so that the droplets would be urged 
downward by both gravity and the force due to the electric field. 
The numerical results for the electronic charge were about the 
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same as those obtained by Townsend and Thomson. All of these 
experiments suffered from the fact that the weight of a drop of 
water did not remain constant during the time of observation. 
Further, the exact number of ions on wliich each drop was con- 
densed was not known. 

Millikan, while repeating the experiments of H. A. Wilson, 
found that single drops of water could be held stationary between 


r - -I A 

X-rays q 


B 


Fig. 12. 

the two plates of the capacitor by adjusting the voltage between 
the plates so that the weight of the drop could be balanced by the 
force due to the electric field between the plates. Wliilc working 
with these “balanced drops” he noticed that occasionally the drop 
would start moving up or down in the electric field. This drop had 
evidently captured an ion, positive in one case, negative in tlie 
other case. TMs made it possible to determine the charge carried 
by an ion irrespective of the original charge ciarried by tlic drop of 
water. To avoid the errors due to evaporation Millikan decided 
to use drops of oil instead of water. 

The apparatus consisted esscTitially of two brass plates A and 
B about 22 cm in diameter and about 1.5 cm apart, see Figure 12. 
These plates were placed in a large metal box t,o avoid air cui'rcnts. 
In this experiment small drops of oil arc sprayed into the box by 
means of an atomizer. After a while one of these tlrops drifts 
through the pinhole C in the top of plate A and can then be ob- 
served with the aid of a telescope. Indirect illumination of the 
drop is provided by a lamp on the side. When thci'c is no electric 
field between the plates, the forces acting on the oil drop are its 
weight mg and a resisting force due to the viscosity of the medium. 
This resisting force is proportional to the velocity of the oil drop. 
Equilibrium will be reached when the velocity of the drop reaches 
such a value that the resisting force bc(!om(\s equal to the weight. 
The oil drop will then continue to move downward with uniform 
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velocity. CaUing this value of the velocity Vi, we can write 

mg = Kvi, (9) 

where X is a factor of proportionality. For very small drops, this 
value of the velocity is reached very quickly. If the capacitor 
plates are now connected to the battery so that plate A is positive, 
the velocity of the oil drop will be changed suddenly. This change 
is due to the fact that the oil drop is charged when it comes from 
the atomizer. If q represents the charge on the oil drop, then the 
force on it due to the electric field is 

F = Jg, (10) 

where V is the difference of potential between the plates and d is 
the distance between the plates. If the charge on the oil drop is 
negative, then the force due to the electric field will be upward and 
the new velocity Vi will be given by 

F — mg = Kvz (11) 

where V 2 is considered positive in the upward direction. Combin- 

ing equations (10) and (11), we get 

V 

- mg = Kv^. ( 1 2 ) 

In Millikan’s experiment the air between the capacitor plates 
was ionized by various methods such as allowing X rays or the 
radiations from radioactive substances to pass through it. The 
oil drop occasionally acquired an additional ion, either positive or 
negative, and its velocity in the electric field was observed to 
change. Or it may have lost an ion in its passage through the 
ionized air. If Vz represents its new velocity after the acquisition 
of an ion of charge g„, then from equation (12) 

V 

j il + ffn) - mg = Kvz. (13) 

Solving equations (12) and (13) for g„, we get 

d 

qn = yK(Vz - Vi). ( 14 ) 

The experiment consists in determining g„, the charges on the 
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ions captured or lost by the oil drop during the time of observa- 
tion, wliich, in some cases, lasted for several hours. The velocity 
of the oil drop was measured by timing the passage of its image 
between two cross hairs in the telescope a known distance apart. 
The difference of potential V was of the order of several thousand 
volts. The only quantity left to be evaluated in the determination 
of Qn is the factor K. If Stokes’ law for the velocity of spheres fall- 
ing through a viscous medium holds, then K = QTrja where rj is 
(.ho coeflicient of viscosity of the air and a is the radius of the oil 
<li-op. A series of experiments was performed to verify the ac- 
curacy of Stokes’ law. It was found that for very small drops, 
St.okes’ law had to be modified, the correction being given with 
sufficient accuracy if JC is written 


K = 


6x170 


1 -b 


pa 


( 15 ) 


whore p is the pressure of the air in centimeters of mercury and b 
is an empirically determined constant. The value of the coeffi- 
cient of viscosity was determined in another series of experiments, 
and the value used by Millikan is 17 = 0.0001825 e.g.s. units. 

From many determinations of it was found that could 
always be represented by 

3 n = ne, (16) 


where n is an integer and e represents the elementary charge equiv- 
alent 1.0 t.liat of an decl.ron. The value of the charge of an electron 
from Millikan’s work (1917) is 

e = 4.770 X 10~“ e.s.u. 


It must be emphasized that the value of e is the same for both 
positive and negative charges since the ionic charge captured 
or lost by the oil drop, could be either positive or negative, de- 
ponding on cliance. 

Later exp(U'imental evidence, particularly from the study of 
X-ray wave lengths (§58), indicated that this value of e was too 
small. Shiba, in 1982, pointed out that the error in Milhkan’s 
do termination of e was probably due to an error in the determina- 
tion of 17 . Many experiments have since been performed for the 
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redetermination of this constant. The weighted average of seven 
different determinations of the coefficient of viscosity of air Sbt 
23° Cis 


t] = 1832.5 X 10“' c.g.s. units. 

When this value of i? is used with Millikan’s measurements, th.e 
value of the electronic charge becomes 

e = 4.8071 X 10““ e.s.u. of charge. 

An interesting modification of Millikan’s oil drop experimenfj 
was recently devised by Hopper and Laby (1941). In this experi- 
ment the oil drop was allowed to fall through a horizontal electric 
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Hopper and Laby for determining the electronic 
wire bri^h, R a rotating bar, 0 opening for oil drops, C capacitor 
f ^ lens system, M microscope objective, 

pl^s. ^ ^ ^ leads for applying voltage to capacitor 

field between two vertical plates. Under the action of its weight 
mg and the force due to the horizontal electric field, the oil droo 
inoves at an angle to the vertical. Because of the resistance pro- 
VI ed by the viscosity of the air, the oil drop quickly reaches the 
hmitmg velocity v at an angle B to the vertical. It then continues 
to travel in a straight line with this uniform velocity v. For aix 
5 X 1(H cm, calculations show that it takes less 
th^ 0.003 seconds to reach within 1 part in 10,000 of its terminal 
velocity. 
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Hopper and Laby found that the most effective method for 
producing oil drops of the proper size was to place a drop of oil on 
the wires of a fine steel brush; a rotating bar, see Figure 13, first 
pushes the wires of the brush back and then suddenly releases 
them, producing a copious supply of oil drops of about the desired 
range of sizes. Drops of castor oil and apiezon oil were used in 
this experiment. These drops were produced in a box which was 
mounted vertically on a weE-insulated copper box containing the 
vertical plates of the capacitor. The tube connecting these two 
boxes was fitted with a tap wliich served to separate drops of dif- 
ferent sizes, to protect the air in the copper box from external dis- 
turbances, and to allow the drops to enter so that they are in focus 
as they fall past the microscope objective. The temperature of the 
air in the copper box was controlled by means of a thermostat; 
the temperature was kept constant and slightly above room tem- 
perature. The drops were illuminated intermittently at intervals 
of 0.04 second, each flash lasting for 1/1500 second. This was 
accomplished by allowing light from an arc to pass through a slot 
cut near the edge of a disk; tliis disk was rotated by means of a 
synchronous motor at a speed of 25 revolutions per second. A 
shutter in front of the condenser lens was kept open for two sec- 
onds, during which time the oil drops between the capacitor plates 
were illuminated fifty times and their images were recorded on the 
photograpliic plate. 

In this experiment a drop is first allowed to fall between the 
two vertical plates without an electru! field and the successive 
positions of the drop are photographed at intervals of 0.04 second. 
The horizontal electric field is then applied and the successive po- 
sitions of the drop are again photographed at intervals of 0.04 sec- 
ond. With no electric field on, the oil drop falls with uniform 
vertical velocity Vy given by 

mg = Kvy. 

With the electric field on, the oil drop moves with uniform velocity 
V at an angle 0 to the vertical. The horizontal component of this 
velocity is given by 

= V sin d. ( 1 7 ) 

The force due to the electric field is balanced by the horizontal 
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component of the resisting force so that 

= Kv^ 


(17a) 


where V is the difference of potential between the plates, d the 
distance between them, and ne the charge on the oil drop. From 
equations (17) and (17a), we get 


ne = ^ Kv sin 


( 18 ) 


Figure 14 is a typical plate showing the paths of both deflected 
and undeflected oil drops. The velocities Vy and v can be calcu- 



Fig. 14. — Photograph of deflected and undeflected paths of oil drops. 

lated by measuring the distances between the images of the oil 
drop, and the angle 6 can be measured from the plate. Hence the 
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total charge ne carried by the oil drop can be computed. This is 
another way in which this experiment dififers from Milhkan's ex* 
periment. The values of n in this experiment were rather large, 
from about 40 to 300. The larger the oil drop used, the larger was 
the value of n. 

Hopper and Laby did not measure the viscosity of the air in 
this experiment. Instead, they calculated the weighted mean of 
nine previously determined values and adopted rj = 1830 X 
10“’' c.g.s. units for the viscosity of air at 23° C. With this value 
of rj they obtained tlie value e = 4.802 X 10“i“ e.s.u. for the value 
of the electronic cliarge. 

Using the method of least squares averaging instead of arith- 
metical averaging of the differences in the positions of the oil 
drops, and the value v = 1832.5 X 10“^, R. T. Birge recalculated 
the value of e from Hopper and Laby’s measurements, and ob- 
tained e = 4.8137 X 10“’" c.g.s. units for the electronic charge. 

In this book we shall adopt the values 

e = 4.802 X 10“’" e.s.u. 
for the electronic cliai'gc!, 

N = (5.0234 X 10“'‘ per mole 
for the Avogadro number, 

and F = 9(5487.7 couloml)S per gram-atomic; weight 

for the Faraday constant on the chemhail atomic weight scale. 

20. Electric Discharge through Gases 

The phenomenon of the discharge of clectrici(,y through gases 
has been known for many year’s and has been utilized for (,Iic study 
of many problems connected witli atomic s(,i’U(;ture. In its sim- 
plest form a discharge tulre. Figure 15, consists of a long glass tube 
which has a circular elcct.rode scaled into each end. A smaller side 
tube is sealed into it so that the pressui’o of the gas in the tube may 
be conti’ollcd by connecting it to a pumping syst,em. 

Let us consider the phenomena when thci-e is air in the tube. 
Electi'ode A is conne(!(.e(l to the positive side of a source of high 
potential such as an indu(;tion coil, and electr’ode C! is connected 
to the negative side. When the pressure of tlic air inside the tube 
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is reduced to a few roillimeters of mercury, the electric discharge 
fills the entire space between the electrodes with a pink or reddish 
glow. If the light from this tube is examined with a spectroscope, 
it wiU be found to consist of a series of lines characteristic of the 


Crookes dark Faraday dark Striated positive Anode 
space space column glow 



Fig. 15. — Appearanee of the electrical discharge when the pressure of the air in 
the tube is about 0.1 mm of mercury. 

gases within the tube. This t3^e of discharge is frequently used 
in studying the spectra of various substances which can be ob- 
tained in the form of a gas or vapor. 

When the pressure of the air within the tube is reduced to 
about 0.1 mm, the appearance of the discharge is approximately 
as follows: there is a bluish velvety glow around the cathode C, 
called the cathode glow; then a dark space, called the Crookes 
dark space, then the negative glow, followed by the Faraday dark 
space, and then, filling the rest of the tube up to the anode, is the 
striated positive column, and just around the anode is the anode 
glow. , 

The electric field is not uniform along the length of the tube 
but varies widely as we pass from one electrode to the other. The 
field is most intense in the Crookes dark space. The width of this 
dark space depends upon the pressure. As the pressure is re- 
duced, this dark space widens out until at a pressure of about 
0.001 mm, it fills the entire tube. At this pressure the positive 
column and negative glow have disappeared. 

The phenomena observed in the discharge tube may be ex- 
plained qualitatively by assuming that neutral molecules or atoms 
are ionized by collisions with ions or free electrons, and also that 
positive ions recombine with free electrons or with negative ions 
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to foim neutral atoms or molecules. Under the action of the elec- 
tric field, the positive ions are accelerated toward the cathode, 
while the negative ions and electrons are accelerated toward the 
anode, and thus acquire considerable kinetic energy. A charged 
particle will lose some of its energy in a collision with a neutral 
atom or molecule if this collision results in the ionization of the neu- 
tral particle, since, in the process of ionization, work must be done 
to separate the positive from the negative charges. On the other 
hand, energy will be released when an electron and an ion recom- 
bine to form a neutral atom or molecule. Some of this energy may 
be emitted in the form of light characteristic of the gas in the tube. 

When the pressure of the gas is comparatively low, about 
0.001 mm of mercury, the mean free path of the ions and atoms is 
very large, so that an ion or clecitron makes very few collisions 
in traversing the length of the tube. The positive ions, for exam- 
ple, will thus have a great deal of kinetic energy when they strike 
the cathode. The result of tliis bombardment of the cathode by 
the positive ions is that the cathode emits particles called cathode 
rays. These cathode rays travel away from the cathode in prac- 
tically straight lines perpendicular to the surface of the cathode 
since the direction of motion is determined almost exclusively by 
the very intense field in the immediate neighborhood of the 
cathode. 

These cathode rays can be deflected by electric and magnetic 
fields, and the direction of the deflection shows that they are nega- 
tively charged, (’.ertain substances such as glass and zinc sulphide 
emit fluorescent radiations when bombarded t>y cathode rays. 
Cathode rays will also affect a photographic plate. These effects 
may be used to detect and measure the cathode rays. 

21 . Determination of e/m for Cathode Rays 

J. J. Thomson (1897) first successfully determined the nature 
of the cathode rays and showed that they are electrons; he was also 
the first to measure the ratio of the charge of the cathode ray to 
its mass, denoted by the symbol e/vi. 

A typical cathode ray tube. Figure 16, consists of a circular 
disk (J as cathode, and a cylindrical anode A with a small circular 
hole bored through it along the axis of the cylinder. Two parallel 
plates of length L separated a distance d are placed behind the 
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anode and a zinc sulphide screen is placed at the end of the tube. 
A gas discharge is maintained between the anode and the cathode 
by means of some soiu’ce of high potential. ’ Most of the cathode 
rays coming from C strike the anode. Some cathode rays, how- 



ever, pass through the hole in the anode and proceed with uniform 
velocity v until they strike the fluorescent screen S at 0, producing 
a bright spot. 

If a difference of potential V is applied between the plates 
PP', then the cathode rays will be deflected upward toward the 
positive plate by a force F, given by 

V 

F = -^e = ma, (19) 

in which e is the charge on a cathode ray, and m is its mass. Since 
the electric field between the plates is uniform, the path of the 
cathode rays will be parabolic in the region between the plates. 
After they leave tliis space, they will continue with uniform rec- 
tilinear motion until they strike the screen at O'. To determine 
e/m, the acceleration of the particle must be measured. This can 
be done indirectly by noting that the amount of the deflection y 
parallel to the electric field between the plates is given by 

y = iat^, (20) 

and that the time t during which the particle is accelerated is given 
by 



where L is the length of the plates and v is the velocity of the rays 
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partillol to tlie plates. The velocity of the cathode rays can be 
found vcuy simply with the aid of a magnetic field applied at right 
angles loathe electric field and actmg over the same length of 
path Ij- Tills magnetic field may be supplied by an electromagnet 
luudiig its N pole on the side toward the reader and its 8 pole on 
f li(‘ side of t,hc tulic away from the reader. If the intensity of the 
magnet ie field is II, the cathode ray will experience an additional 
forc-C! I<\ given by 


Fi = Hev. (21) 

The direction of the deflection due to the magnetic field wiU be 
<lo\vnwiiril; this field can be adjusted so that the cathode rays are 
not <U'\‘i:ited from their original path, as is evidenced by the re- 
turn of the fluorescent spot to point 0. This wiU occur when the 
foi-ces duo to the electric; and magnetic fields are equal, in which 
case 

V 

■^e = Hev, (22) 


from wliicli 



Tin; expression for e/m thus becomes 


■ni 


= 2 


V 


(23) 


(24) 


All t he (luantilies on tlic right-hand side of the equation are meas- 
urable (luant.it.ies. The deflection y at the end of the path in the 
eh'ctrii; (i(;l<l is pro])ort.ionail to the distance 00' which is meas- 
ur(;d on IIk; (luorescent s(*rcen. 

A consistent, set. of units must be used for all the quantities in 
(Munitions (10) to (24). If e, V, and H are expressed in the e.m. 
sysliMii of units, and the other quantities in e.g.s. units, the value 
( »f c n> will 1 )(' ('xpressed in c.m.u. of charge per gram. The present 
a,<;eept,ed value of e/m (let,crmined by the above method is 

~ = 1 .7592 X 10’ e.m.u./gm. (25) 

ni 

M(‘a.sui-ein('nt,s of e/m with electrons from other sources (for 
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example, electrons emitted by hot filaments and electrons ejected 
from metallic plates by the action of light) all yield the same value 
vrithia the limits of experimental error. The value given above is 
the weighted average of many such determinations. 

The mass of an electron may now be computed using the above 
value of e/m and the known value of e. Using e = 1.602 X 10“®* 
e.m.u., we find the mass of an electron to be 


m = 9.106 X 10~*® gm. 

It is interesting to compare the mass of an electron with that of 
the hydrogen atom, the lightest atom known. The mass of a 
hydrogen atom can be determined from its atomic weight, which 
is 1.00813, and the Avogadro number N = 6.0234 X 10^®. This 
yields for the mass of a hydrogen atom M = 1.674 X 10““^ gm. 
The ratio of the mass of a hydrogen atom to that of an electron is 


22. Isotopes 

One of the hypotheses introduced by Dalton into atomic the- 
ory was that all of the atoms of any one element were identical in 
all respects, including that of mass. On this basis, the numbers 
representing the weights of the elements would give the relative 
masses of the atoms of these elements. Others, however, sug- 
gested that the atoms of any one element need not be identical in 
mass, that the numbers representing the chemical atomic weights 
are only average values of the different weights of the atoms of the 
particular element. The basis of this suggestion was the hope that 
the weights of all atoms could be expressed by integral numbers. 
Prout (1815) first formulated this idea in his hypothesis that the 
atoms of all the elements are made up of hydrogen atoms. If tliis 
hypothesis were correct, the weights of all the atoms would be ex- 
pressed as integers with that of hydrogen as unity. Careful de- 
terminations of atomic weights, however, showed that the atomic 
weights of many elements were not integral numbers relative to 
that of hydrogen. In the latter half of the nineteenth century 
Prout’s hypothesis had been discarded in favor of Dalton’s hy- 
pothesis. But with the discovery of radioactivity at the end of the 
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nineteenth century and the study of the radioactive elements pro- 
duced in the process of natural radioactive disintegration (§ 108), 
sufficient experimental evidence was presented to support the sug- 
gestion that the atoms of an element need not be identical in mass, 
and renewed efforts were made to determine whether atomic 
masses could be represented by whole numbers. Several groups 
of elements having identical properties but different atomic 
weights are formed in the process of radioactive disintegration. 
This means that the elements within any one group must occupy 
the same place in the periodic table of the elements (Appendix III) . 
Soddy suggested the name isotopes for the elements occupying the 
same place in the periodic table. 

The search for isotopes among the nonradioactive elements 
was begun by J. J. Thomson about 1910. The first element sue-, 
cessfully investigated was neon. It is the lightest element whose 
atomic weight, 20.2, differs appreciably from an integral number. 
The method used was the determination of the ratio of the charge 
to the mass of the positive ioas formed in an electrical discharge 
tube containing neon gas. 

23. Positive-Ray Analysis 

In Thomson’s method of positive-ray analysis, positive ions 
are formed in tlie space between the anode A and the cathode C 


z 



of the tui)e B, Figure 17, operated at. a, vol(.a.ge of about 7)0,000 
volts. The cathode consists of a long cylinder about 7 c.ui loug 
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with a hole about a millimeter in diameter along the of the 
cylinder. Those positive ions which travel along the axis of the 
tube pass through the hole in the cathode and emerge as a very 
narrow beam of positive ions. When there is no electric or mag- 
netic field acting on these ions, they strike the fluorescent screen 
or photographic plate S at point 0. 

In analyzing the beam, both electric and magnetic fields are 
used. The pole pieces PP' of an electromagnet are placed outside 
the tube just behind the cathode. These pole pieces are insulated 
from the rest of the electromagnet by means of thin mica sheets 
NN', so that the pole pieces can be used as the plates of a ca- 
pacitor by connecting them to a battery. The electric and mag- 
netic fields are parallel and act simultaneously on the beam of 
positive ions passing through them. 

Assume that the beam moves in the x direction and that the 
electric and magnetic fields are in the positive y dhcction. Be- 
cause of the action of the electric field alone, the positive ions will 
be accelerated in the y direction by a force 

Fy = YE = May, (26) 

where Y is the electric field intensity due to the difference of po- 
tential across the capacitor plates, E the charge carried by the 
positive ion, M its mass, and a„'its acceleration in the y direction. 
The deflection of the ion in the y direction will be 


y 


-la 

- 2 M 


(27) 


where L is the length of the capacitor plates and v is the original 
velocity of the ion in the x direction. 

The force on an ion due to the magnetic field is perpendicular 
to both H and v, and for small deflections this force may be con- 
sidered as accelerating the ion in the z direction. Tliis force is 

F* = HEv = Ma^, (28) 

where H is the intensity of the magnetic field and a, is the accelera- 
tion of the ion in the z direction. The deflection in the z direction 
is given by 


IHEU 
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It will be noticed that the deflection produced by the magnetic 
field varies inversely as the first power of the velocity while the 
deflection produced by the electric field varies inversely as the 
second power of the velocity. Eliminating v from the equations 
(27) and (29), we get 


E 


= -FT TT 


2 Y M 


y 




( 30 ) 


which is the equation of a parabola, since C = -^y - is a constant 

in any one experiment. All positive ions with the same value of 
E/M will form a single parabola; those moving with the greatest 
velocity will be deflected least and will be closest to the origin, 
wliich is the original undeflected position 0. If the direction of 
the magnetic field be reversed during one half of the exposure, the 
negative half of the parabola will be obtained and thus give a 
convenient method for determining the position of the y axis on 
the photographic plate. 

The first element to bo analyzed by the parabola method was 
neon of atomic weight 20.2. Two parabolas wore identified as due 
to two isotopes of neon of atomic weights 20 and 22 respectively, 

20 22 22 20 



I'lrj. IR. — Oriipli wliowinfij tho two paniholas of t}io noon isotopes. The points of 
intorsL^c.tion of Iho line AB with the paraholjis rcprestuii the ))<)siti()iis of the ions of 
nuixiinuin ouergy; all other ions reach points above AB. 

Figure 18. Several other elements were analyzed by tliis method. 
While the paral)()la method was capable of sliowing the existence of 
isotopes, it was not sufliciently accurate for the precise determina- 
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tion of the masses of these isotopes. Aston redesigned the instru- 
ment so that it became an instrument of precision for the determi- 
nation of the masses of isotopes and their relative abundance in a 
given sample of material. This instrument has received the name 
of mass spectrograph. Mass sf)ectrographs of somewhat different 
designs were developed by Dempster, Bainbridge, and other ex- 
perimenters. 

24. Aston’s Mass Spectrograph 

Aston’s method is an improvement on J. J. Thomson’s method 
in that all positive ions of the same mass fall on a single line on the 
photographic plate instead of being spread out into a parabola. 



Fig. 19. — Diagram of Aston^s mass spectrograph. 

The stream of positive ions coming through the hole in the cathode 
of the discharge tube passes through two defining slits Si and S 2 , 
Figure 19, and then into the electric field between the capacitor 
plates Pi P 2 . The deflections of the ions depend upon their ener- 
gies. Those of kinetic energy 1/2 Mv^ and charge B are deflected 
parallel to the electric field F between the plates by an amount 


di 


1X1 R 

2 M 


(31) 


where L is the length of the path between the plates. The dia- 
phragm D is placed behind the plates so as to permit only those 
ions which have been deflected through the same distance di to 
pass through its opening. This narrow bundle of rays which has 
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been deflected through a small angle 6 is allowed to pass through 
the diaphragm D into the magnetic field H at right angles to the 
plane of the paper. Tliis magnetic field is produced by a large 
electromagnet, the position of the pole pieces being indicated by 
the large circle in the diagram. This naagnetic field deflects the 
ions in a direction opposite to that due to the electric field by an 
amount 


VHE 
~ 2v 'M 


(32) 


where b is the length of the path in the magnetic field. 

Those positive ions wliich pass through the diaphragm D have 
a small range of energies depending upon the size of the slit in the 
diaphragm and the position of this slit. As shown by equation 

(31) , the ions with smaller energies are deflected dowTiward more 
than the ions of larger energies; that is, the deflection in the elec- 
tric field is inversely proportional to the square of the velocity of 
the ion. The magnetic field is directed so as to deflect the parti- 
cles upward, and the amount of this deflection varies inversely as 
the first power of the velocity of the ions as shown by equation 

(32) . The paths of the slow-moving ions will therefore intersect 
those of the faster-moving ions at some point F which is deter- 
mined by the geometry of the apparatus. Thus ions liaving the 
same value of E/M but slightly different energies ai-e brought to a 
single focus on the photographic plate OF. Othei' ions having the 
same range of energies but a different value of E/M are brought 
to a focus at a different point on the photographic; plat.e. It, (;an 
be shown that those foci for different values of E/M lie along a 
fine ZF passing through the center Z of the plates of the (iapacitor 
and that the angle between ZF and the original path of the ions is 
equal to 0. The photographic plate is placed along this line to 
detect the positive ions. 

Each line on the photographic plate represents a definite value 
of E/M. Several different methods are used foi’ the determination 
of the masses. In general, substances whose masses arc accurately 
known are mixed with elements whose isotopes a, re to bo deter- 
mined. The positions of the lines representing the known masses 
are then used as reference points in measuring tlic masses of the 
isotopes. Aston’s mass spectrometer has been used not only for 
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the discovery of isotopes of elements but also for the precise de- 
termination of their atomic masses. The importance and signifi- 
cance of these results will become apparent as we proceed with our 
study of atomic physics. 

25 . Dempster’s Mass Spectrograph 

Dempster’s mass spectrograph differs from that of Aston in 
that the positive ions all acquire practically the same energy be- 


From source 



Fig. 20. — Diagram of Dempster^s mass spectrograph. 


fore entering the magnetic field. The magnetic field is large 
enough and the path through it long enough to deflect these ions 
through 180®. The source of positive ions is usually a salt con- 
taining the element to be investigated. This salt is deposited on 
the anode. When the anode is heated by an electric current, or 
by the bombardment of electrons from a filament, positive ions 
are liberated from the anode. In later work with metallic ele- 
ments, the metal itself was vaporized and the vapor then ionized 
by bombardment with electrons. The positive ions pass through 
a hole in an iron plate P, Figure 20, and are accelerated to the slit 
iSi by a difference of potential V between P and Si. The energy 
acquired by the ions in going from P to Si is 

VE = 


(33) 
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The ions entering through /Si are bent in the form of a semicircle 
by a magnetic field H perpendicular to the plane of the paper, 
and focused upon the second slit Si. The radius B of the semi- 
circular path traversed by these ions is given by 


HEv = 


R ■ 


( 34 ) 


The value of E/M for the ions which reach Si is then given by 


E _ 2V 
M ~ HHiP' 


( 35 ) 


The ions which pass through Si arc detected and measured by the 
charge deposited on the plate connected to the electrometer. 



38 39 40 41 42 

Mass Number 


Fia. 21. — Curve obtained by DempsUn’ sbowiiiK i'WO of tb(‘ isotope's of potiissium 
of mass numbers 39 and 41. 

One of the advantages of this iuslrumoni, is tliat even tliough 
the beam of ions which enters the slit Si is slightly divergciiit, the 
effect of the magnetic field is to rcconvergc the beam after deflect- 
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'/on beam 


ing it through 180°. It can be shown that if a divergent beam of 
ions is sent perpendicularly through a magnetic field in such a way 
that the central part of the beam enters and leaves the magnetic 

field normal to the edges of 
J g the pole pieces producing 

—ten beom the magnetic field, then the 

^ beam of ions will be brought 

+ *0 ^ focus on a line which 

III extends from the source 

/ / / through the center of cur- 

^ vature of the central beam, 

j The magnetic field thus 

I P' P ^ ^ forms 

r” 1 - . . . 3 an image of the slit through 

\ Y /II pass. 

\ V / / / In practice, the mag- 

\ / / netic field is kept at a 

Nt y constant value and the dif- 

ference of potential V be- 
^ tween P and Si is varied. 

22- -Dempster’s new m^sspectro- The number of ions pass- 

mg through S 2 is then 
measured by the electrometer for different values of the poten- 
tial V. A typical curve giving the results of the experiment on 
potassium is shown in Figure 21. The two peaks correspond 
to two isotopes of potassium of mass numbers 39 and 41, 


Fig. 22. — Dempster’s new mass spectro- 
graph utilizing cylindrical capacitor plates. 


168 170 172 174 176 



Fig. 23. — A photograph of the isotopes of ytterbium obtained with Dempster’s 
new mass spectrograph. The mass numbers of the isotopes can be obtained from the 
number scale printed above the lines. (Reprinted from a photograph supplied to the 
author by Professor A. J. Dempster.) 


Recently Dempster redesigned his mass spectrograph so that 
the positive ions coming through the slit S pass through a radial 
electric field between two cylindrical capacitor plates Ci and C 2 , 
Figure 22, and then enter the magnetic field perpendicular to the 
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plane of the diagram. The ions are recorded on a photographic 
plate PP'. The advantage of this arrangement is that ions of the 
same mass but of slightly different velocities are focused at the 
same place on the photographic plate. A typical mass spectro- 
gram obtained with this apparatus is illustrated in Figure 23, 
which shows the different isotopes of the element ytterbium. 

26 . Bainbridge's Mass Spectrograph 

In the mass spectrograph designed by Bainbridgc, the positive 
ions pass through the narrow slits Si and Si and then into a velocity 
selector so that the ions coming through Si are homogeneous in 



24 . — IkiiiibrUlgo’H mass spectrograph utilizing a velocity selector. 


velocity but not in energy. Tlie vclocdty solec^tor consists of a set 
of capacitor plates P 1 P 2 J Figure 24, (jonnoc.ted to a l)attery and a 
magnetic field perpendicular to the plane of the paper. The elec- 
tric and magnetic fields aeding on the ions moving between the 
plates will permit those ions to pass through whk^h satisfy the 
condition that 


V 


V = 


dH 


(23) 


where v is the velocity of the ions, V/d the intensity of the electric 
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field between the plates, and H the intensity of the magnetic field 
in this region. The ions which pass through slit Sz are now acted 
upon by a second magnetic field Hi perpendicular to the plane of 
the paper. The force acting on each ion is given by 


^ 


from which 

M = —R = KB. (36) 

V . 

The ions travel in a circular path for 180° and then strike a 
photographic plate. Since the ions all have the same velocity, the 
masses of the ions are directly proportional to the radius R of the 
circular path. Thus the mass scale of this instrument is linear. 



Magnet 


Fig. 25. — The mass spectrograph developed by Bainbridgc and Jordan. 

A mass spectrograph of high precision and resolving power has 
recently been developed by Bainbridge and Jordan. In this ap- 
paratus a beam of ions from the gas discharge tube A, Figure 25, 
passes through a narrow slit Si at the end of the tube, and enters 
a radial electric field through a second slit, St. The ions are bent 
through an angle of tt/v^ radians by the radial electric field and 
emerge through tlie slit ^ 3 . They then continue in straight lines 
until they reach the magnetic field where they are bent through 
an angle of tt/S radians, after which they travel in straight lines 
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to the photographic plate. In this arrangement of electric and 
magnetic fields, ions with the same value of EJM and a distribu- 
tion of velocities within a certain range are focused at a single 


I I 1 J 


*0 o 


PS «o ^ O 
^ ^ 


R Iodine 


Ylq. 26. — A photograph of the ten isotopes of tin obtained by Bainbridge and 
Jordan. The niiu^ numbers of the isotopes arc given in the figure. (From a photo- 
graph supplied by Bainbridge and Jordan.) 

place on the photographic plate. The mass scale is linear over a 
large portion of the plate. 

The mass spectrogram of tin, Figure 26, showing its ten iso- 
topes, is typical of the results obtained with 
this instrument. The relative abundance of ] 

the different isotopes can be obtained from 
measurements of the' densities of the different 
lines. An indication of the ji’esolving power 
of the instrument can be obtained from 
Figure [27, which shows the separation of 
the ions CO and Na, whose ma.sse.s differ l)y 
1 part in 2500. Figure 28 shows the sepa- 
ration between the ion of deuterium, IP, and 
the molecular hydrogen ion, Hj, whose masses 
are 2.01473 and 2.01626, rcspecdivcly. 

27. Isotopic Masses and Nuclear Constitution 

As the result of the investigations with the 
mass spectrograph, it has been established 
that about 280 different isotopes o(H!ur in 
nature. The atomic wciglits of those iso- 
topes differ very little from whole numbers. The range of 
atomic weights rvms from 1 to 238. The number of isotopes 
per element varies from one for elements fluorine and gold, to 
ten for the element tin. Since there arcs about 02 different 
elements, there are, on the average, about 3 isotopes per element. 
A table of known stable isotojxss and their relative abundance is 
given in Appendix V. 

It is now well established from experiments on the scattering 
of alpha particles (§ 35), and from the study of X-ray spectra 


CO Ns I 

I 5 x enkrgemeinf , 

b'lci. 27. — Photo- 
graph obtainod with 
t.lu^ bainbridge^ and 
.loi’dan mass sjH^d.ri)- 
grn,[)li showing the 
st'paration of tlio 
ions (X) and Ni!. Va\~ 
largfMl r)X. (From a 
photograph siippliod 
l)y Hainiiridgo and 
Jordan.) 
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(§ 101), that an atom consists of a very small nucleus with a net 
positive charge, surrounded by a sufficient number of electrons so 
that the normal atom is electrically neutral. The results of these 
e3q)eriments lead to the conclusion that the charge of the nucleus 

of an atom can be represented by 
Ze, where e is niimerically equal 
to the charge of an electron but 
positive in sign, and Z is an integer. 
There are also Z electrons outside 
the nucleus of a neutral atom. 
The number Z is called the atomic 
number of the element. The 
atomic number Z ranges in value 
from 1 to 94 for elements occur- 
ring in nature. 

The isotopes of any one element 
all have the same atomic number 
Z but have different atomic 
weights. One conclusion from 
this fact is that the isotopes of 
any element have exactly the same 
number of extranuclear electrons. 
The chemical properties of an 
element must therefore be ascribed 
to the arrangement and action of 
the electrons outside the nucleus. 
Differences in atomic weights 
among isotopes of the same ele- 
ment must therefore be due to dif- 
ferences in nuclear structure. The fact that the atomic weights of 
all isotopes are nearly integers indicates that nuclei are made up 
of particles of unit atomic weight, with the unit of weight equal to 
one sixteenth the weight of the nucleus of oxygen of atomic 
weight 16.00. It will be convenient to introduce the term mass 
number for the integer nearest the value of the atomic weight of 
the isotope. 

At present two particles of nuclear size and of mass nearly 
unity are known. These are the proton and the neutron, The 
proton is the positively charged nucleus of the hydrogen atom of 


Pig. 28. — Photograph obtained 
with the Bainb ridge and Jordan 
mass spectrograph showing the 
separation of the ions of deute- 
rium, and molecular hydrogen 
HJ. (From a photograph supplied 
by Bainbridgo and Jordan.) 
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mass number 1. This hydrogen atom consists of a positively 
charged nucleus, called the proton, and an electron outside the 
nucleus. Since the mass of the hydrogen atom is about 1840 times 
the mass of the electron, practically the entire mass of the hydro- 
gen atom is due to the proton. The mass of the proton on our 
scale of atomic mass units is 1.00756. The other nuclear particle 
of unit mass was discovered experimentally in 1932 by Chadwick 
as a result of experiments on artificial disintegration (§ 117). The 
neutron has no electric charge and its mass is 1.00893. 

Prior to the discovery of the neutron, the nucleus was supposed 
to be made up of protons and electrons. With the tremendous 
amount of new experimental data on nuclear phenomena which 
have become available in the past few years, it became necessary 
to discard this hypothesis in favor of one in which the nucleus con- 
sists of protons and neutrons. There are several arguments 
against the existence of electrons in the nucleus. Some of these 
arguments will be presented in the appropriate places in the 
text. 

On the hypothesis that a nucleus of an atom consists of protons 
and neutrons, the mass number A represents the total number of 
particles in tlie nucileus. The atonri(! number Z is the number of 
protons in tlie mudeus, and A — Z is tlic number of neutrons in 
the mudeus. The isotopes of any one ekanejit differ only in the 
numl)or of Ticutrons in the various mudei. The (lonvcntion adopted 
for rcpre.scnting this information can be illustrated with a typicial 
case siudi as oxygen. Tlie atomic number of oxygon is 8; there are 
three known staldo isotopes of oxygen of mass numbei’S 1(), 17, 
and IS. These arc represented l)y the symbols «()'“, sO'’, and sO'®, 
resi)ectivcly, the atomic number being written as a subscript on 
the lower Icft-liand side of tlie chemical symbol of the clement, 
and i,he mass number as a superscript on the upper right-hand side 
of the chemical symbol. 

The rcisults of (die measurements of the a(,omic masses of the 
isoiropes can be presented most convenientdy liy considering the 
dcvialiions of the atomic masses from the whole-number rule. 
The 7nass deject of an at.om is defined as 

A = iW - A (37) 

where A is the mass defect, M the atomic mass of the isotope, and 
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A its mass number. Aston introduced the term packing fraction 
defined by the relation 

P-J- 

•where P is the packing fraction, or the mass defect per elementary 
pai’ticle in the nucleus. 

When the packing fraction is plotted against the mass number, 
Figure 29, a curve is obtained with several interesting features. 



The packing fractions have small negative values for the elements 
whose mass numbers lie between 20 and 200; they have positive 
values for mass numbers greater than 200 and also for mass num- 
bers less than 20. For most of the lighter elements the packing 
fractions have very large positive values; the only exceptions are 
the elements and The packing fraction of sO*® is, 

of comse, zero by definition. 


28 . Mass and Energy 

It might at first be supposed that the mass of a nucleus should 
be the sum of the masses of its constituent particles. A survey of 
the data, however, shows that the mass of a nucleus is, in general, 
less than the sum of the masses of its constituent particles in the 
free state. To account for this difference in mass, use is made of 
the principle of equivalence of mass and energy, a principle first de- 
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veloped by Einstein in his theory of relativity. Einstein’s prin- 
ciple states that a mass m is equivalent to an amount of energy £, 
and the equation relating these quantities is 

£“ = me*, (39) 

where c is the speed of light. If Am is the decrease in mass when 
a number of particles combine to form the nucleus of an atom, 
then this principle states that an amount of energy 

AS = Amc* (40) 


is released in this process. This amount of energy represents the 
binding energy of the particles in the nucleus ; if the binding energy 
is large, the nucleus is stable. 

While the unit of energy in the e.g.s. system is the erg, other 
units of energy liave been found to be more convenient in atomic 
physics. Since mass and energy are equivalent, the atomic unit of 
mass (a.m.u.), which is one sixteenth of the mass of one atom of 
sO'", is frequently used as a unit of energy in nuclear physics. Us- 
ing the relationship £ = me*, we get 

1 a.m.u. = 1.49 X 10-* ergs. (41) 

Another convenient energy unit is the electron volt, which is the 
kinetic energy an electron aeciuircs when it is ac.c(4crate(l in an 
electric field produced by a di(Tcren(!c of potential of one volt. 
Since the work done upon an electron by a difTerenc.e of potential 
7is Fe, 

1 electron volt = 1 ev = 1.60 X 10“^* ergs. (42) 


Other convenient units are 

1 kev = 1000 ev 

1 Mev = lO* ev. 

The conversion factor for a.m.u. to Mev is 

1 a.m.u. = 931.8 Mev. (43) 

The mass of an electron, for example, is frequently expressed 
in terms of its cnci’gy ccpii valent in electron vol(,s. Since its mass is 

m = 9.11 X lO-*” gm 
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its energy in ergs is from equation (39) 

e = 8.18 X 10-^ ergs 
which is equivalent to 

S = 0.515 Mev. (44) 

The energy of an electron at rest, in a.m.u. is 

e = 0.00055 a.in.u. (45) 

To illustrate the relationship between mass and energy and the 
meaning of binding energy of a nucleus, let us consider the isotope 
of lithium of mass number 7. Since its atomic number is 3, the 
lithium nucleus is composed of 3 protons and 4 neutrons. The 
masses of these particles, including one electron with each proton 
and three electrons with the lithium nucleus, are 

4oni = 4 X 1.00893 = 4.03572 
3iff = 3 X 1.00813 = 3.02439 
4oni + 3iHi = 7.06011 
sLi’ = 7.01816 

Aw = 0.04195 a.m.u. = 39.09 Mev. 

In subtracting, the masses of the electrons cancel out. The differ- 
ence in mass between these particles in the free state and in the 
nucleus of lithium is 0.04195 a.m.u., or the binding energy of the 
sLf nucleus is 39.09 Mev. The nucleus of sLf thus has a very 
stable structure. In any attempt to disrupt this nucleus, energy 
will have to be supplied from some external source. 

It may be noted that the use of atomic masses rather than 
nuclear masses in calculations of nuclear energy changes is correct 
m aU cases except the one in which a nuclear transformation takes 
place with the emission of a positron (§ 120). 

29. Discovery of Natural Radioactivity 

The discovery of radioactivity by Henri Becquerel in 1896, 
shortly after the discovery of X rays by Rontgen in 1895, marked 
the beginning of the modern approach to the study of the structure 
of the atom. Becquerel was interested in determining whether 
there was any relationship between the phosphorescence of certain 
salts after irradiation by ordinary light and the fluorescence of the 
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gin.ss of an X-ray tube which was emitting X rays. One of the 
salts used was the double sulphate of uranium and potassium. 
He wrapped a photographic plate in very thick black paper, 
placed a crystal of the uranium salt on it and exposed the whole 
thing to sunlight. When the plate was developed, a silhouette of 
the phosphorescent substance appeared in black on the negative, 
showing that radiations came from the uranium salt. He then 
varied this experiment by placing a coin, or a metallic screen 
pierced with an open-work design, between the uranium salt and 
the photographic plate, and, on developing the plate, found the 
image of each of these objects on tlic negative. 

In attempting to repeat the above experimeirts, Becquerel ran 
into some cloudy weather; he put all the materials away in a 
drawer and waited for a sunny day. A few days later, he de- 
veloped this photographic plate and found that the dai-k silhou- 
ettes again appeared with great intensity, even though the salt 
had not been exposed to much sunlight. To make certain that 
this activity goes on without the aid of an external source of light, 
he built a light-tight box and performed a series of experiments 
with the photograpliic plate at the bottom of the box. In one ex- 
periment uranium salt (n\ystals v/vro puti directly on the photo- 
graphic plate; he obtained very dark silhouettes of the crystals. 
In another experiment lie put a piece of aluminum between the 
salt crystals and the photograpliic! plate; he agaiti obtained silhou- 
ettes, l)ut tliese were slightly less intense than those obtained with- 
out the aluminum plate. He then concluded that the active 
radiations came from t/lio uranium saK. and that the external light 
had no influence whatever on this a(divity. 

Becciuerel thcai proceedc'.d to experiment with different com- 
pounds of uranium, l)o(h in crysf,alline form and in solutions, and 
found that racliations were emitted by all of them, wliether they 
did or did not phosphoresce. He was fhus led to the conclusion 
that it was 1.hc clement uj-anium which was responsible for these 
radiations. He confirmed this conclusion by repeating the above 
experiments with some (iommereial powdered uranium. Further 
cxpei’iments showed that the radiations from uranium would also 
cause fhc dis(‘.ha.rgo of (5lc(!l.ri(!ally clnu’gcd bodies. Shortly there- 
aftei', Rutherford investigated the penetrating power of the radi- 
ations from uranium and showed that they were of two types, a 
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very soft radiation easily absorbed in matter which Rutherford 
called alpha rays, and a more penetrating type of radiation which 
he called beta rays. It is apparent now that the radiation which 
affected the photographic plate in Becquerel’s experiment con- 
sisted of beta rays. 

The method used by Rutherford in studying these radiations 
was an electrical method based upon the ionization produced by 
the radiation in its passage through a gas. The ionization currents 
so produced can be used for quantitative measurements. Using 
such a method, Mme Curie showed that the activity of any ura- 
nium salt was directly proportional to the quantity of uranium in 
the salt, thus demonstrating that radioactivity is an atomic phe- 
nomenon. 

M. and Mme Curie subjected uranium pitchblende to a syste- 
matic chemical analysis, and, using an electrical method, mea'sured 
the activity of the different elements obtained from the pitch- 
blende. In 1898 they succeeded in discovering two new radio- 
active elements, polonium and radium. Radium was precipitated 
in the form of radium chloride. The activity of radium was found 
to be more than a imllion times that of a similar quantity of ura- 
nium. In 1910, Mme Curie and Debierne obtained pure radium 
metal by means of electrolysis of the fused salt. The atomic weight 
of radium as deternoined by Honigschmidt is 225.97. Radium fits 
in at the end of the second group in the periodic table; it is chemi- 
cally similar to calcium, strontium, and barium. Many more 
radioactive substances have been discovered since then, thus filling 
many of the gaps which existed in the periodic table prior to the 
discovery of radioactivity. 

30 - Radiation Emitted by Radioactive Substances 

In addition to the alpha and beta rays, naturally radioactive 
substances emit a third type of radiation called gamma rays. The 
existence of these three distinct types of radiation can be demon- 
strated very simply. A small quantity of some radioactive salt is 
placed at the bottom of a long narrow groove in a lead block. Fig- 
ure 30. A fairly parallel beam will come from the radioactive ma- 
terial R through the slit S. Rays going in all other directions will 
be absorbed by the lead. This lead block is placed in an airtight 
chamber and a photographic plate P is placed a short distance 
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above it. To avoid absorption of the rays, the air is pumped out 
of the chamber. A strong magnetic field is applied at right angles 
to the plane of the paper. 

After a reasonable expo- 
sure, three distinct lines 
will be found on the pho- 
tographic plate. If the 
magnetic field is directed 
away from the reader, 
the positively charged par- 
ticles or alpha rays will 
be deflected to the left 
in the figure, the nega- 
tively charged particles or 
beta rays will be de- 
flected to the right, and the 
neutral rays or gamma rays 
will not be deviated at all. 

31 . Beta Rays and the Variation of Mass with Velocity 

The above qualitative experiment shows that beta rays are 
negatively cliargcd particdcs. The speeds with whicdi beta rays 
are expelled from radioactive substaiutcs can be found by allowing 
these paidicles to pass through electric and magnetic fields. The 
result, s of these experiments show that t,lu', l)eta rays from any one 
radioactive element have speeds which vary over a large range of 
values. In general these speeds are very great, some as liigli as 
0.99t).') times the speed of light (for beta rays from niesothorium 2). 

One of the predictions of Einstein’s spedal theory of relativity 
is that t,hc mass of a particle should vary with its velocity accord- 
ing to the equation 



where Wo is the mass of the particle when at rest, m its mass when 
it is moving with velocity v, and c tlic velocity of light. The fast- 
moving beta rays provide (ionvenient partldes for testing this re- 
lationship. Kaufmanu, Buclierer, and others performed a scries 



Fkj. 30. — Piiths of the rays from a radio- 
active siihstaiico R in a ina#<netic field per- 
pendicular to the plane of the pai)Gr. The 
magnetic field is directed into tlic paper. 
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of experiments on the determination of elm of beta rays of differ- 
ent speeds. Assuming, as a consequence of the laws of electro- 
d 3 mamics, that the total charge on a particle is conserved, then 
any variation in the value of ejm with the speed of the particle 
should be due to the variation in mass according to the equation 



In Bucherer’s experiment, a small grain of radium fluoride R 
was placed between two parallel circular'disks AB at their centers, 
Figure 31. The spacing between the disks was about 0.25 mm. 



Fig. 31. — Diagram of the apparatus used in Bucherer^s experiment. The mag- 
netic field is perpendicular to the paper and directed toward the reader. 


A photographic film P was bent in a cylindrical form concentric 
with the disks AB. This apparatus was placed in a vacuum cham- 
ber. An electric field Y was maintained between the plates by 
means of a battery. The whole apparatus was placed in a uniform 
magnetic field of strength H parallel to the planes of the disks. 
The beta particles coming ‘out radially from the source R experi- 
enced a force Ye due to the electric field, and a force Hev sin 6, due 
to the magnetic field, where 6 is the angle between v and H. If 
the resultant force on a beta particle was not zero, it was deflected 
either up or down and could not escape from the narrow space be- 
tween the disks. If, however, the force on any of the beta rays 
due to the magnetic field was equal and opposite to that due to the 
electric field, then these particles traveled radially from R and 
struck the photographic film P. For these beta particles 

Hev sin 6 = Ye, 


( 48 ) 
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sin 0 = ^. ( 49 ) 

Since both Y and H are in e.m. units, the ratio Y/H has the 
dimensions of a velocity. In Bucherer’s experiment, the ratio 
Y/H was made equal to §c. On the basis of the relativity theory 
the velocity of a beta particle cannot exceed the velocity of light, 
hence by setting = c, we obtain the limiting value of sin 6, 
wliicli is - 2 -, so that 6 = 30° or 160°. Only those beta particles 
which were projected initially at angles with the magnetic field 
lying between 30° and 150° could got to the photographic film. 

After leaving the region between the disks, the beta particles 
continued traveling in the magnetic field until they reached the 
film. In general the.se parti(ies moved in helical path.s, but those 
coming out perpendicular to the magnetic field moved in circles 
of radius r given by 

Hev = mv'^/r (50) 

from which e/m could be calculated. Putting this value of e/m in 
equation (47) should give the constant value e/via for all values 
of V. A typical set of Buchercr’s experimental results is given in 
the following table : 


TABLE I 


v/c 



0.3173 

1.7.52 X 10^ 

0.3787 

1.7G1 

0.4281 

1.7G0 

0.5154 

1.7G3 

0.G870 

1.7G7 


These values of e/vh are constant within the limits of experi- 
mental error. The results are thus in good agreement with equa- 
tion (4G) derived on the basis of the .special theory of relativity. 
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32 . Determination of E/M for Alpha Particles 

One of the best determinations of the ratio of the charge E to 
the mass M of the alpha rays was made by Rutherford and Robin- 
son using the alpha particles emitted by the gas radon iZ = 86), 
and two of its products of disintegration, radium A and radium C. 
In the apparatus sketched in Figure 32, the alpha particles coming 



Fig. 32. — Diagram of the apparatus used by Rutherford and R()l)inRon for the 
determination of E/M for alpha particles. 


from th© radioactive materials contained in the thin-walled glass 
tube S pass between two silvered glass plates A and B, then 
through a narrow slit Si, and strike the photographic plate P 
placed about 50 cm from the slit. The photograpldc plate was 
wrapped in aluminum leaf to protect it from light and from the 
glow of the source S. A difference of potential of about 2000 volts 
was maintained between the plates. If V is the difference of po- 
tential between the plates, d the distance between them, and L the 
length of the plates, then the deflection y due to the electric field 
is given by 


_iyjEu 

y ~ 2 dM 


(51) 


where v is the velocity of the alpha particle. 

The photographic plate was then removed, a new plate was 
substituted, and the alpha particles were subjected to the action of 
a magnetic field of strength H perpendicular to the plane of the 
paper. The deflection due to the magnetic field is given by 

1 HE U 
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An enlargement of the photograph obtained by the electro- 
static deflection method is shown in Figure 33, Three distinct 
lines are visible on each side of the central line. The central line 



Fig. 33. — Lines on the photographic plate obtained by the electrostatic}! deflection 
of the alpha particles. (From Itutherford, Chadwick, and l<';llis, Radiations from 
Radioactive Substances. By permission of Tlie Macmillan Company, publishers.) 


is due to the action of the alpha particles before the field is applied. 
Lines on both sides of the central line arc produced by reversing 
the electric field. The outermost lines arc due to the alpha parti- 
cles of radon, the next pair of lines to the alpha particles of radium 
A and the innermost pair to those from radium C. An enlarge- 
ment of the photograph obtained in the magnetic deflection experi- 
ment is shown in Figure 34. 



Fia. 34. — Tjinos on Uio i)ho(.<>(;rai)hic j)lat,n ohtiiinod by tlui iHiiKiiotic deflection of 
the alpha particles. (Krom HutlK'rford, (lhadvvie.k, and I'illis, Radial imut from Itadio- 
activo <S'i/6.stoif(j.s'. Ity pennissioii of The, Macmillan tlompany, pnblishcra.) 


From the electrostatic, deflection experiment the quantity 
Mv^/E was determined, and the (luanlity Mv/E was determined 
from the magnetic, (leflccdion experiment. By combining the re- 
sults of those two expeiiments, the value of E/M for the alpha 
particles was (H)minite(l. '’[’’he best value was determined from the 
measurements of the alpha i)artic.les of radium C and yielded 
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33. Nature of the Alpha Particles 

The value of EIM for alpha particles having been accurately 
determined, a measurement of either 'E ox M iudependently would 
give sufficient evidence as to the nature of these particles. One 
method of determining E]s to count the number of alpha particles, 
N, emitted by some radioactive substance in a given time interval, 
and then determine the charge NE carried by these particles. Two 
methods frequently used for counting alpha particles are (a) the 
scintillation method, and (b) the Geiger counter method. 

In the scintillation method, alpha particles strike a screen con- 
taining a thin layer of powdered zinc sulphide. The energy of the 
alpha particle is transformed into energy of fluorescent radiation 


C 



Fig. 35. — Diagram of a Geiger point counter. 

by the small crystals of zinc sulphide. This radiation is in the 
visible region of the spectrum. Each alpha particle which strikes 
the screen produces a single scintillation. These scintillations may 
be viewed with a microscope and the number of alpha particles 
appearing in the field of view may be counted. 

One type of counter known as a Geiger point counter consists 
essentially of a cylinder C and a fine wire W mounted parallel to 
the axis of the cylinder and insulated from it. Figure 35. The 
cylinder contains a gas such as air or argon at a pressure of about 
5-12 cm of mercury. A difference of potential shghtly less than 
that necessary to produce a discharge through the gas is main- 
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tained between the wire and the cylinder wall. Alpha particles 
can enter the Geiger counter through the aperture A, which is 
usually covered with a thin sheet of mica, glass, or aluminum. 
An alpha particle ionizes the gas along its path ; these ions are ac- 
celerated by the electric field and produce more ions by collision 
with neutral atoms and molecules so that the ionization current 
builds up very rapidly. A very high resistance is connected be- 
tween the wire and ground so that the energy due to the ionization 
current is rapidly dissipated. The effect is thus the production of 
a very large current lasting for a very short interval of time. This 
momentary current registers as a “kick” in an electrometer con- 
nected at G. This momentary current may be amplified so that it 
is capable of operating a loud-speaker, or a meclianical counter. 
By the proper clioice of the value of the resistance R, the time con- 
stant of the circuit may be made sufficiently small so that each 
alpha particle which enters the chamber produces a momentary 
electrical surge which is recorded. 

By counting the number of alpha particles entei-ing the aper- 
ture A from any source placed a convenient distance away, the 
total number of alpha particles emitted by the source in a given 
time may be computed. Using this method Rutherford and 
Geiger found that 3.57 x 10"’ alpha particles per second are 
emitted by one gram of radium. 

Knowing tl>c rate at which alpha particles are emitted by a 
given mass of radioactive material, one may measure the charge 
on the alpha particles by allowing these pai-ticlcs to charge up a 
pla(.e comuicted to an (dc^ctromtiler. Using the alpha particles 
from radium ('■, Rutherford and Geiger found the cliargc E to bo 
9.3 X 10-"’e.s.u., while Regenor, using tlie alpha particles of 
polonium, obtained the value E =0.58 X 10~‘"c.s.u. Within 
the limits of cxporimenta.1 error, the charge on the alpha particle 
is C(iuivalont to twice the electronic charge. Using the latter 
value of E and (he previously determined value of E/M for com- 
puting the mass of the alpha particle, w(i got 

M - 6.02 X KH’ gm. 

(bmparing this witli the mass of the liydrogon atom, we get 

M _ 0.(^ 

Wn ~ l.(i7 “ 
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The mass of the alpha particle is almost four times that of hydro- 
gen, that is, it has the same atomic weight as helium (Z =2). 
Since the alpha particle carries a charge of +2e and has a mass 
equal to that of the helium atom, it is probably 
the nucleus of a helium atom. To make this 
identification certain, Rutherford and Royds 
(1909) carried out a spectroscopic analysis with 
the aid of alpha particles emitted by radon. 

In this experiment. Figure 36, some radon 
was put into the thin-walled glass tube A. 
This tube was placed in a thick-waUed glass 
tube B, which had sealed on to it a capillary tube 
C with two electrodes sealed into it. Tubes B 
and C were pumped out and the system allowed 
to stand for a few days. The alpha particles 
emitted by the radon passed through the thin 
walls of tube A and collected in tube B. The 
gases collecting in tube B could be compressed 
and forced into the capillary tube C by letting 
mercury in through a side tube. After six days 
enough gas was accumulated and forced into C 
so that a high voltage across its electrodes pro- 
duced an electric discharge through the gas. 
The light coming from this tube was examined 
with a spectroscope which clearly showed the 
spectral lines of helium. Control experiments 
showed that ordinary helium gas could not 
penetrate through the thin walls of tube A. 
This spectroscopic evidence proves conclusively 
Fig. 36. — Dia- alpha particles are helium nuclei. 

gram of the tube a \/ \ ■ ■ t \ Aiir, ■ 

used to show that VGlocltlGS Or tnG Alpha ParticiGS 

alpha particles are 

helium nuclei. The Velocities of emission of alpha particles 

can be measured by allowing them to pass 
through a magnetic field perpendicular to the direction of 
motion. In the magnetic spectrograph, Figure 37, used by 
Rosenblum, the radioactive material R is deposited on a 
fine wire, and the alpha rays coming through the narrow 
slit S are bent in a circular path by the magnetic field H perpen- 
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dicular to the plane of the figure. After traversing a semicircle, 
the alpha rays of any one velocity are focused on the photographic 
plate P. The air in the chamber is pumped out to avoid loss of 
velocity by the alpha par- 
ticles. The radius of the 
cu’cle is given by the ex- 
pression 

Mif 

HEv = > 

r 

where the radius of the cir- 
cle, r, is half the distance 
from the slit to the truce 
on the photographic plate, 
and V is the velocity of the 
alpha particle. The mag- 
netic field intensity in tliis 
experiment was about 30,000 oersteds. Rutherford and his co- 
workers used a similar apparatiis but substituted an ionization 
chamber for the photographic plate. 

TABLE II 



Fig. 37. — MaRiK^tic spectrograph used 
for measuring the velocities of alpha parti- 
cles. The magnetic field is perpendicular to 
the plane of the t)ai)or and direcited toward 
the leader. 


Velocitiem of AniniA. PARTrci.ES from 

Different Elements 

Elonioni 

Velouit-y 

Rtulon 

1.025 

X lO" cm/sc(\ 

Uiuliuin A 

1.009 

U 

Polonium 

1.597 

u 

A(‘Xinium A 

1.882 

u 

Radium au 

1.517 

u 

ai 

1.488 

u 

Radium ( < 

1.028 

u 

Q?! 

1.019 

u 

Tliorium ( ' 

1.711 

u 

0^2 

1.705 

u 


1.005 

u 

Oi.\ 

1 .045 

u 

Off, 

1.042 

u 
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The results of the experiments on the velocities of emission of 
alpha particles show that these velocities are of the order of 
10® cm/sec. In many cases the velocity spectrum consists of only 
a single line, that is, all the alpha particles emitted from this type 
of element have exactly the same velocity. In another large group 
of elements^ the velocity spectrum consists of two or more lines 
very close together. In a few cases there are several groups of 
lines covering a comparatively large velocity range. A few of the 
results of these measurements are given in Table II. 

35. Rutherford's Nuclear Theory of the Atom 

Rutherford, in 1911, proposed a nuclear theory for the struc- 
ture of the atom. He was led to this theory by the results of an 
experiment by Geiger and Marsden on the scattering of alpha 
particles by matter. They observed that some of the alpha parti- 
cles were scattered through angles greater than 90°, that is, they 
emerged on the side of incidence. To explain such large-angle 
scattering of fast-moving alpha particles, Rutherford assumed that 
there was an intense electric field within the atom and that the 
alpha particle was deflected by a single atom. To provide such an 
intense electric field, Rutherford assumed that the entire positive 
charge of the atom was concentrated in a very small nucleus and 
that the electrons occupied the space outside the nucleus. 

In developing the theory of the scattering of alpha particles by 
atomic nuclei, Rutherford assumed that both the nucleus and the 
alpha particle behaved as point charges, that Coulomb law was 
valid for such small distances, and that Newtonian mechanics was 
applicable. To test this theory, he instituted a series of experi- 
ments on the scattering of alpha particles by thin films of matter. 
These experiments were performed by Geiger and Marsden in 1913 
and repeated with greater accuracy by Chadwick in 1920. Tliey 
verified Rutherford’s nuclear theory of the structure of the atom 
and showed that the charge on the nucleus of an atom is Ze, wlicre 
Z is the atomic number of the element and 6 is the electronic 
charge. 

36. Single Scattering of Alpha Particles by Thin Foils 

Consider a nucleus of charge Ze stationary at point C, and an 
alpha particle of mass M and charge E approaching it along the 
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line AB, Figure 38. The original velocity of the alpha particle in 
the direction of A B is V. There will be a force of repulsion be- 
tween the two charges given by Coulomb’s law 


F 



( 53 ) 


where r is the distance betwetui the alpha particle and the nucleus. 
Because of this force of repulsion, the alpha particle will be de- 



Fkj. 38. — The hyperbolic path of an alpha particle in the field of force of a nucleus. 


flo(!to(l from its original direction, and will move in a liypcrbolic 
patli with tlie nucleus at the fo(!u,s on the convex side of this 
braiKih of the hypcihola. When it leaves the region close to the 
nucleus, the alpha particle will be moving in the direction of OD, 
making an angle 0 with its original direction of motion, AB. It 
can be sliown (sec Appendix VII) that the angle of deflection, 6, 
is given by 


, 6 MV^ 

2 “ ZcK ’ 


( 54 ) 


whore p is the distance from the nucleus at C to the original line of 
motion AB. In tlie actual experiments oti the scattering of alpha 
partichns, a large miml)er of partiedes were directed against a thin 
metallic! foil. li, is tlujrefoi'c necessary to calculate the number of 
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alpha particles scattered through a given angle 6, or, what amounts 
to the same thing, the probability that an alpha particle will be 
deflected through this angle 6. We shall assume that the foil is so 
thin that the alpha particles suffer no loss in velocity in passing 
through it. 

Suppose that a stream of alpha particles is directed normally 
on a thin foil of matter of thickness t containing n atoms per unit 
volume. The number of atoms per unit area of this foil, and also 
the number of nuclei per unit area of foil, is ni X 1 cm**. Any 
alpha particle whose initial velocity would bring it within a dis- 
tance p of a nucleus will be deflected through an angle equal to or 
greater than 6, where d is given by equation (54) . To determine 
the probability that an alpha particle would come within tins dis- 
tance, imagine a circle of radius p drawn around each nucleus, 
then the area occupied by all such circles m a unit area of foil is 
irphit. The probability that an alpha particle would come witliin 
this distance p of a nucleus is the ratio of the area xp^ni to unit 
area. Since every alpha particle which would come within a dis- 
tance p of a nucleus will be deflected through an angle equal to or 
greater than B, the probability that an alpha particle will be de- 
flected through such an angle, or the fraction of the total number 
of alpha particles which wiU be deflected through an angle equal 
to or greater than B, is given by 



using the value of p from equation (54) . 

The probability that the original direction of motion of an 
alpha particle would fall between the radii p and p + dp, or the 
probability that an alpha particle would be deflected through an 
angle lying between B and 0 -f is 

df = 2Trpntdp 
or 

,, , / ZeE \ ^6 , 0 ,, 

d/ — Trnt j ®ot 2 esc ^ dB. (56) 

In the experiments on the scattering of alpha particles, the 
scattered particles were detected by the scintillations produced on 
a fluorescent screen. To compare results for different angles of 
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scattering, it is necessary to know the nunaber of alpha particles 
falling on unit area of the fluorescent screen. To determine this 
number, consider a stream of alpha particles which are incident 
normally on the thin foil 
T as shown in Figure 39. 

The alpha particles which 
are scattered through an 
angle B will travel along 
the elements of a cone of 
semivertex angle B. Sind- Pio. 39. 

larly, the alpha particles 

wliich are scattered through an angle 6 dd will travel 
along the elements of a cone of semivertex angle B -h dB. If the 
fluorescent screen is to be placed at right angles to the direction of 
motion of the scattered particles, its shape must be that of a zone 
of a sphere of radius r and width rdB. Since the radius of this zone 
is r sin B, an element of area dA of the fluorescent screen formed 
in this way is 

dA = 2'7rr sin B • rdB = 2irr^ sin Bdd 



6 B 

sin ^ pos ^ dB. 


If Q is the total miinber of dpha particles incident on the foil, then 
the number striking unit area of the screen is, from equations (5(5) 
and (57), 

N = Q 


\Mvy 


J 2^ JO 
cot 2 CSC 2 dB 


4Trr“ siu cos „ dB 


Qnl{ Ze)-I<? 

4r•••=(MP)^sia^| 


(58) 


A study of (Miujition (58) shows that if Riitherford^s nuclear 
theory of the atom is (^orrecd), then the number of alpha particles 
falling]; on unit area of a screen at a distance r from the point of 
scattering must he proportional to 

(a) the reciprocal of sin‘ 0/2, 
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(b) the thickness t of the scattering material, 

(c) the reciprocal of the square of initial energy of the particle 
or 1/(|MF)S 

(d) the square of the nuclear charge, or iZey. 

37. Experimental Verification of Rutherford’s Nuclear Theory 
of the Atom 

Each of the above deductions was tested and verified experi- 
mentally in a series of experiments carried out in Rutherford’s 
laboratory. The angular distribution of the alpha particles scat- 
tered by a thin foil F, Figure 40, was measured by Geiger and 



Fig. 40. 


Marsden. The alpha particles from a radon source R passed 
through a diaphragm D and were scattered by the thin foil F. 
The alpha particles which were scattered through an angle 9 
struck a zinc sulphide screen S and the scintillations were viewed 
through the microscope M. The microscope and screen were ro- 
tated about an axis passing through the center of the foil F, and 
the number of particles striking the screen in a given time was 
measured at different angles over a range of angles from 5° to 150°. 
Gold and silver foils were used in the experiment. Some of the 
results are given in Table III for gold as the scattering element. If 
the number of particles, N, scattered per unit time through an angle 
6 is proportional to the reciprocal of sin* 6/2, then the product 
N X sin* 6/2 should be a constant. The last column in Table III 
lists the values of these products; these values are approximately 
constant and lie within the limits of error of the experiment. 

To test the dependence of scattering on the thickness of the 
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foil, the angle of scattering was kept at about 25 and foils of dif- 
ferent thicknesses and also of different materials were used. The 
alpha-particle source was radium (B + C). The results of the 

TABLE III 


ScA'rTERINCl 

OF Alpha Particles from Gold Foil 

Angle of 

1 

Number of 
Scintillations 

AT .. ■ J 

Deflection 

e 

- 

in Unit Time 

N 

N X sm^ - 

150° 

1.15 

33.1 

28.8 

135° 

1.38 

43.0 

31.2 

120° 

1.79 

51.9 

29.0 

105° 

2.53 

09.5 

27.5 

75° 

7.25 

211 

29.1 

00° 

10.0 

477 

29.8 

45° 

40.0 

1435 

30.8 

30° 

223 

,7800 

35.0 

15° 

3445 

132,000 

38.4 


experiments arc shown in Figure 41, in which the number of parti- 
cles per minute, A, scattered through an angle of 25°, is plotted 


as ordinates, and the thick- 
ness, tj of the scattering foil 
of a given material is plotted 
as abscissae. It is seen that 
for any one element, the 
number of partic^les scattered 
per minute is direc^tly pro- 
portional to th(', thickness 
of the scattering foil. In 
the graph, the thu^kness of 
each foil is exj^ressed in 
terms of an eciuivaleni. length 
of air path, that is, a thick- 
ness of air path which pro- 
diK^es the same loss in energy 
of the alpha partiede travers- 
ing it as tliat produc^ed by the 



Ficj. 41. — Curves showiiify that tho num- 
ber of alpha particles scntl.ered through a 
given angU*: is directly proportional to tlie 
thickness of the scattering foil. Fach curve 
is the rc\sult of an independent set of meas- 
urements. 

matorial under investiffat.ion. 
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In another series of observations, the velocity of the incident 
alpha particle was changed by placing absorbing screens of mica 
between the source and the scattering foil. The velocities of the 
alpha particles were determined empirically by first finding the 
range R of the alpha particles in air (§ 110), and then applying 
Geiger’s rule that 

R = aF’ (59) 

where a is a constant. The results of the experiment are shown in 
Table IV. 


TABLE IV 


Vakiation of Scattering with Velocity 

Range of 
Alpha Particles 

Relative Values 

yi 

Number of 
Scintillations 
in Unit Time 

N 

NV* 

5.5 

1.0 

24.7 

25 

4.76 

1.20 

29.0 

24 

4.05 

1.50 

33.4 

22 

3.32 

1.91 

44 

23 

2.51 

2.84 

81 

28 

1.84 

4.32 

101 

23 

1.04 

9.22 

255 

28 


If the number of particles scattered through an angle 0 is in- 
versely proportional to the square of the energy of the particles, 
then the product NV* should be constant. The values of this 
product over a wide range of velocities are given in the last column 
of Table IV. These values are considered constant within the 
limits of error of the experiment. 

The experiments of Geiger and Marsden have been interpreted 
as establishing the essential correctness of Rutherford’s nuclear 
theory of the atom. However, these experiments were not suffi- 
ciently accurate to provide a reliable determination of the atomic 
number Z. It was not until 1920 that Chadwick succeeded in 
measuring the nuclear charge directly. In the meantime, Bohr 
had adopted Rutherford’s nuclear hypothesis in his brilliant w'ork 
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on atomic spectra, and Moseley, from his work on X-ray spectra, 
was able to determine the nuclear charge and showed that it was 
equal to Ze. 

38. Direct Determination of the Nuclear Charge 

In Chadwick’s experiment, alpha particles from the source It, 
Figure 42, were scattered by a thin foil AA' which was made in the 
form of an annular ring. The alpha particles which were scattered 



Fkj. ‘12. of the arrangement used by Chadwick in his experiments on 

tli(‘ s(',att(u*iMg of alplui particles. 

through an angle 0 were counted by the scintillations they pro- 
duced on the zinc sulphide screen placed at S on the axis of the 
coi le RA A ' such that RA = AS. The total number of alpha parti- 
(4 c!S falling on the foil AA' could be determined by counting the 
nuinlxir reaching S directly from R, since the areas of the screen S 
and the foil AA' were known. When the scattered rays were in- 
\’(*st,igat(id, the direct rays from R were cut off by means of the 
l(ui(l platen Ij. A(icount was taken of the fact that the annular ring 
was of linite width. The results of Chadwick’s experiments using 
platinum, silv(;r, and copper foils are tabulated below: 


TABLE V 


Element 

Nuclear Charge 

Ze 

Atomic Number 

Z 

Cu 

29.3e 

29 

Ag 

46.3e 

47 

Pt 

77.4e 

78 
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Within the limits of experimental error, these results are in 
agreement with Rutherford’s nuclear theory of the atom and pro- 
vide the only direct measurement of the nuclear charge. 

39. Nuclear Sizes 

The results of the scattering experiments may be used to calcu- 
late the distance of approach of the alpha particle to the nucleus 
{GC in Figure 38). This distance of approach is smallest when the 
scattering angle 6 is greatest. In some of the experiments, the 
scattering angle observed was as big as 150°. In the case of gold, 
the distance of closest approach corresponding to a scattering 
angle of 150° is about 3.2 X 10"^® cm. For silver this distance is 
about 2 X 10“^** cm. 

Considermg the process of scattering as a t3^e of collision be- 
tween two particles, the alpha particle and the nucleus, the dis- 
tance of closest approach gives an upper limit to the size of the 
nucleus. Thus the radius of the gold nucleus is less than 3.2 X 
10~“ cm. Data on the size of the atom indicate that the radius 
of an atom is about 10~® cm. The nucleus thus occupies an ex- 
tremely small part of the atom. 
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PROBLEMS 

1. The following data were recorded during a performance of an oil 
drop experiment: 

plate distance 1.60 cm 

(listarK^e of fall 1.021 cm 

potential difference 5085 volts 

vis(^()sity of air 1.824 x 10“‘^ gm/cm sec 

dc^nsity of oil 0.92 gm/ cni'* 

radius of oil drop 2.76 X 10“*^ cm 

average time of fall 11.88 sec 

succT^ssivo times of rise 22.37 sec 

34.80 sec 
' 29.25 sec 

19.70 sec 
42.30 sec 

C^aknilate the siic-cessive changes in charge on the oil drop and obtain an 
average value of c from these data. Assiinu^ h/ pn = 0.03. 

2. The following are the important dimensions of a cathode ray 
tube: 

distance from anode to screen 33.0 cm 
length of plates 7.8 cm 

distaiuT^ between plates 2.4 cm 

The plates are pla(*.(Hl close t,o th(^ anode. 

(a) In the balance method of determining e/m, the voltage across 
the plates was 2800 volts and the magnetic field was 8.20 oersteds. When 
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only the magnetic field was on, the deflection on the fluorescent screen 
was 2.40 cm. Calculate e/m. 

(b) With the same tube but using the magnetic deflection only, 
when the accelerating potential between the anode and cathode was 
32,600 volts, a magnetic field of 5.6 oersteds produced a displacement of 
2.10 cm on the fluorescent screen. Calculate the value of c/m. 

3. Given the following data on the masses of isotopes: 

= 7.01816 
sLi® - 6.01692 
oni = 1.00893 

Calculate the binding energy of a neutron in a sLi^ nucleus. Express 
the result in both a.m.u. and Mev. 

Arts. 0.00769 a.m.u. or 7.17 Mev. 

4. An electron emitted from a heated filament is accelerated to the 
anode by a difference of potential of 300 volts between the filament and 
the anode. Calculate (a) its kinetic energy in ergs, (b) the velocity of 
the electron when it reaches the anode. 

Ans. (a) 4.8 X lO"^® erg. 

(b) 1.03 X 10® cm/scc. 

6 . An electron moving with a kinetic energy of 5000 cv, enters a 
uniform magnetic field of 200 oersteds perpendicular to its direction of 
motion. Determine the radius of the path of this electron. 

Ans. 1.20 cm. 

6, Singly charged lithium ions of mass numbers 6 and 7, liberated 
from a heated anode, are accelerated by means of a difference of potential 
of 400 volts between the anode and the cathode and then pass through 
a hole in the cathode into a uniform magnetic field perpendicular to their 
direction of motion. If the intensity of this magnetic field is 800 o(a\stods, 
determine the radii of the paths of these ions. 

Ans. 8.83 cm and 9.54 cm. 

7. (a) Show that the path of an alpha particle in the electrostatic 
deflection experiment performed by Rutherford for the determination 
of E/M (§ 32) is a parabola given by 

, JV E\ 

2/ = a; tan q: - 11 - — )-r — 

\d M /Vq^ cos^ a 

where a is the angle which the initial velocity Vq makes with the line 
joining the source S and the slit >Si, and V is the difference of potential 
between the plates. 
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(b) Show that only those alpha particles which are directed initially 
at an angle a given by 


VE L 


will get through the slit Si. L is the distance from S to Si. 

(c) Using the data supplied in this chapter, calculate the value of the 
angle a in this experiment for the alpha particles from radon. The dis- 
tance between the plates is 4 mm and the length of each plate is 35 cm. 

Ans. a = 55 minutes. 


8. Alpha particles from polonium are directed normally against a 
thin sheet of gold of thickness 10“® cm. The density of gold is 19.32 
gm/cm®. Determine the fraction of the incident alpha particles scat- 
tered through angles greater than 90®. 

Am. 8.5 X 10-«. 

9. One method of actually determining masses of isotopes with a 
mass spectrograph is to take a series of doublets, that is, ions differing 
slightly in mass (see Figure 27), and then determining the difference be- 
tween their masses. Three such doublet measurements are given below. 

H.J - Hi* = 1.53 X 10-» a.m.u. 

H| - = 42.19 X 10-* a.m.u. 

- O'® = 36.49 X 10-® a.m.u. 

The term JC means that the carbon was doubly ionized while the others 
wore all singly ionized. From the above data determine the masses of 
the isotopes H', H^, and 

Ans. = 1.00813. 

= 2.01473. 

C“ = 12.00398. 
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40. Early Theories of the Nature of Light 

Ever since the days of Newton and Huygens — that is, since 
the latter part of the seventeenth century — there have been two 
fundamentally different theories concerning the nature of light. 
Newton proposed a corpuscular theory of light without specifying 
definitely the nature of these corpuscles; Huygens proposed a 
wave theory to explain exactly the same phenomena that were ex- 
plained by Newton on his corpuscular theory. In one important 
case, the velocity of light in material media, deductions from these 
two theories led to divergent results. On the basis of Newton’s 
corpuscular theory, light should travel faster in the denser me- 
dium, while on the basis of the wave theory, light should travel 
slower in the denser medium. It was not until the middle of the 
nineteenth century that the velocity of light in a dense medium, 
water, was determined by Foucault and Fizeau, and found to be 
less than that in a vacuum. By this time, the wave theory had 
become fairly well established, mainly because of the work of 
Young, Fresnel, and Arago on the phenomena of interference and 
diffraction of light. Further, the polarization of light by reflec- 
tion, and by double refraction through crystals, could be explained 
on the assumption that light waves were transverse waves. The 
wave theory of light was the only one which could explain satis- 
factorily all the optical phenomena then known. 

41. Maxwell’s Electromagnetic Theory of Light 

Although the wave theory of light was definitely established, 
the nature of the waves remained a puzzle. It was at first thought 
that these waves were similar to the transverse waves which are 
propagated through an elastic solid. A luminiferous ether, filling 
all of space and having some of the properties of an elastic solid, 
was postulated as the medium through which light waves were 
propagated. Maxwell, in his work on electricity and magnetism 
(1864), showed that a disturbance consisting of transverse electric 

86 



§41] MAXWELL’S THEORY OF LIGHT 87 

and magnetic fields should be propagated through the ether with 
the speed of light. Hertz (1887) succeeded in producing electro- 
magnetic waves by means of an oscillatory current and showed 
the correctness of Maxwell’s theory. Modem wireless telegraphy 
and radio are practical developments based upon the work of 
Maxwell and Hertz. 

Serious difficulties arose in connection with the properties of 
the luminiferous ether through which these waves were assumed 
to be propagated. Einstein’s theory of relativity (1905) finally 
resolved these difficulties by showing that such an ether was not 
necessary for the propagation of electromagnetic waves. As a 
consequence of this theory, fight waves are now regarded as elec- 
tromagnetic oscillations, consisting of variations in the intensities 
of transverse electric and magnetic fields, each of which may exist 
in free space, that is, space completely devoid of matter. 

On the basis of classical electrodynamics, it is shown that an 
accelerated charge radiates energy in the form of electromagnetic 
waves. This electromagnetic wave consists of an electric field of 
intensity Y and a magnetic field of intensity H always at right 
angles to each other. The magnitudes of these electric and mag- 
netic intensities at a distance r from 
a charge e are given by 

F = H ^ sin <f), (1 ) 

where a is the acceleration of the 
charge and is the angle between 
r and the direction of the accelera- 
tion, Figure 43. F and II arc nu- 
merically equal when F is expressed 
in e.s.u. and II is expressed in 
e.m.u. Equation (1) holcLs only 
when the velocity of the charge is 
much smaller than the velocity of y jj t,„,gcni 

light. The electric and magnetic to the Kui tacu of thi> sphoro. 
fields ai-e always at riglit angles to 

the direction of propagation and move through spa(;e with the 
velocity of fight. 

It has been shown that the energy per unit volume in an elec- 
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trie field in free space is equal to FVStt, and that the energy per 
unit volume in a magnetic field in free space is equal to 
The energy per unit volume, w, in the electromagnetic wave is, 
therefore, 


P _ P 
8t Stt 47r 


( 2 ) 


Since this energy is propagated with velocity c, the amount of 
energy, 7, which flows in one second through unit area perpen- 
dicular to the direction of propagation is 


I 


cP 

47r 


(3) 


I represents the instantaneous value of the intensity of the elec- 
tromagnetic wave at any point in space. It will be noted, by re- 
ferring to equation (1), that the intensity of the electromagnetic 
wave produced by a charge which is accelerated along the axis is 
a maximum in a direction at right angles to the acceleration, and 
is zero in a direction parallel to the acceleration. 

The rate at which energy is radiated from an accelerated charge 

can be calculated by integrating the 
intensity I over the surface of a 
sphere of radius r containing the 
accelerated charge at its center. 
Figure 44. Consider a small ele- 
ment of surface area included be- 
tween two small circles of radii r sin 
and r sin ((/> + 7<^), and of area 

dA = 27rr sin 

The amount of energy, dS^ which 
passes through this element of surface 
Fig. 44. in one second is 



dS = IdA = 


4t 


27rr2 sin 


Substituting the value of Y from equation (1), and integrating 
over the whole surface, we get 


S 




2 c3 


I pir 

j sm.^<j>d^, 
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_ 

“ 3"c^' 


( 4 ) 


S represents the rate at which energy is radiated frona the accel- 
erated charge ; it depends upon the square of the acceleration and 
also upon the square of the charge. It is thus independent of the 
direction of the acceleration and of the sign of the charge. 

The simplest type of electromagnetic wave is a plane wave in 
which the electric field intensity is in one direction only, say the 
y direction, which vibrates with a single frequency, and which has 
a single wave length X. Such a wave is called a linearly polarised 
monochromatic electromagnetic wave; the direction of polarization 
is taken as the direction of vibration of the vector representing the 
electric field intensity. In the example above the direction of 
polarization is the y direction. Since an electromagnetic wave is 
a transverse wave, its direction of propagation is at right angles 
to the direction of vibration of the electric vector which represents 
the intensity of the electric field. Such a linearly polarized elec- 
tromagnetic wave traveling, say, in the x direction can be repre- 
sented by the following two equations: 

9 _ 

y = Fosin -~(a: - cO (5a) 

H = Ho sin y(x - ct), (5b) 


where Y is the electric intensity at any point in the path of the 
wave at any instant of time, H is the intensity of the magnetic field 
at the same pomt at the same time, but always at right angles to 
the electric vector Y. Both Y and H are in a plane at right angles 
to the direction of propagation. In Figure 45, Y is chosen parallel 
to the y axis and H parallel to the z axis. Y o and Ho are the amph- 
tudes of the electric and ndagnetic intensities, respectively. This 
plane wave is propagated in the x direction with the velocity c. 

The average intensity of the wave is the average value of the 
energy flowing through unit area in unit time. Since the rate at 
which electromagnetic energy flows through unit area is given by 

p 

7 = c 2 “ the average intensity can be obtained by averaging I 
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over a convenient interval of time, say half a period, yielding 

/av = ~ 

2 

or 

lav - (6) 

The average intensity of the electromagnetic wave is thus pro- 
portional to the square of the amplitude of the electric intensity 
which, of course, is equal to the square of the amplitude of the 
magnetic intensity. 



Fio. 46. — Graph showing the values of the intensities of the electric and magnetic 
fields in a plane electromagnetic wave at a given instant of time. 

In the case of light, a plane electromagnetic wave can be pro- 
duced very simply by placing a small source of light at the focus 
of a converging lens or mirror and producing a parallel beam, that 
is, one in which the wave front is a plane. A linearly polarized 
plane wave can be obtained by passing a plane parallel beam of 
light through a Nicol prism, or by reflecting the parallel beam 
from a glass plate set at the polarizing angle, or by passing the 
parallel beam of light through a sheet of polaroid. Again the di- 
rection of polarization is the direction of vibration of the electric 
vector representing the intensity of the electric field of the light 
wave. 

A Nicol prism may also be used as an analyzer to determine 
whether the beam is polarized. The Nicol prism is rotated about 
the beam of light as an axis, and, if a position of the prism can be 
found in which no light can pass through it, the beam is said to be 
linearly polarized. The direction of vibration of the electric vector 



§42] 


THE ZEEMAN EFFECT 


91 


is then easily determined since the Nicol prism does not transmit 
hght in which the direction of vibration is parallel to the long di- 
agonal of the face of the prism. 

An interesting and important type of polarization is produced 
when a linearly polarized beam of light is allowed to pass through 
a thin sheet of some doubly refracting crystal such as mica. If the 
linearly polarized monochromatic beam of light is incident on the 
thin sheet of mica with its direction of vibration at 45° to the avis 
of the crystal, then the electric vector will be resolved into two 
components at right angles to one another which travel through 
the crystal with different velocities. For a certain value of the 
thickness of the crystal one beam will emerge a quarter of a period 
behind the other, or they will be out of phase by a quarter of a 
wave length. Such a crystal is called a quarter-wave plate. The 
vibrations of the electric vectors in the two beams are at right 
angles to one another and they differ in phase by a quarter of a 
period. Thus when one component is a maximum the other com- 
ponent is zero, yielding a resultant vector which describes a circle. 
Such a beam is said to be circularly polarized. The direction of 
rotation of the circularly polarized beam may be either clockwise 
or counterclockwise, depending upon the nature of the crystal and 
upon the angle between the electric vector of the incident beam 
and the crystal axis, i.e., whether the angle is -|-45° or —45°. 
When the circularly polarized beam is passed through a second 
quarter-wave plate with its axis parallel to the first one, the beam 
becomes linearly polarized again. 

42. The Zeeman Effect 

It is known that the light emitted by any element consists of 
sharp lines of definite wave lengths, and hence of definite frequen- 
cies, characteristic of tire element. Tlie light evidently comes from 
the atoms of tlie element and, on the classical theory, is due to the 
periodic motions of tlie cliarges within the atom. Since moving 
charges are affected by electric and magnetic fields, it should be 
possible to produce (ihanges in the emitted light by subjecting the 
source of radiation to electric and magnetic fields. Faraday at- 
tempted to find such an effect by placing a sodium flame in a 
strong magnetic field but failed to detect any change in the char- 
acter of the liglit. Zeeman (189()), with apparatus of greater re- 
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solving power, succeeded in producing this effect and in determin- 
ing the nature of the charge emitting the light. 

To produce the Zeeman effect, the source of light, such as a 
sodium flame or a mercury arc, is placed between the poles of a 
powerful electromagnet. The light coming from the source is ex- 
amined by means of a spectroscope of high resolving power. The 
light may be viewed in a direction perpendicular to the magnetic 
field, or parallel to the magnetic field; to make the latter possible, 
a hole is drilled in one of the pole pieces along the axis of the mag- 
net. If one of the intense lines in the spectrum of the element is 
focused in the spectroscope, then, when the magnetic field is ap- 
plied, it is found that this line splits into several component lines. 
Furthermore, although the original line was unpolarized, each of 
the component lines is polarized. In the simpler normal Zeeman 
effect, there are three components when the light is viewed per- 
pendicular to the direction of the magnetic field and only two 
components when the light is viewed parallel to the magnetic field. 
In the more complex or anomalom Zeeman effect, the line is split 
into many more components. Consideration of the anomalous 
Zeeman effect will be left to a later chapter (Chapter 6), since 
the classical theory is xmable to account for this anomalous 
effect. 

In the normal Zeeman effect, when the light is viewed in a di- 
rection perpendicular to the direction of the magnetic field, three 
component lines are observed, one in the same position as the 
original line, and two components separated by equal distances on 
either side of this central line, Figure 46. By means of an analyzer 
such as a Nicol prism it can be shown that the outer components 
are polarized at right angles to the undisplaced component. The 
direction of vibration of the electric vector in the outer compo- 
nents is perpendicular to the magnetic field, and in the inner com- 
ponent the electric vector is parallel to the magnetic field. When 
the light is viewed parallel to the magnetic field, there is no undis- 
placed line; only the two outer components are present in the 
same positions as in the perpendicular case. These two compo- 
nents are circularly polarized in opposite directions. 

The classical explanation of the normal Zeeman effect is based 
on Lorentz’s electron theory. Assume that an electron in the 
atom is moving in a circular orbit of radius r, Figure 47, under the 
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action of some central force Fq. Then from Newton’s second law 
of motion 


Fo = 


mvo^ 


— mcooV 


( 7 ) 


where Vo is its linear velocity in the orbit and wo is its angular 

V. 


H 




Viewed perpendi- 
cular fo field 


a 





Viewed parallel 
fo field 


Fiq. 46. — Tho normal Zooman effect showing the splitting of a spectral lino when 
the source of light is in a magnetic field. 

velocity. If an external magnetic field is applied which is perpen- 
dicular to the plane of the orbit of the electron, two effects will be 
produced. During the time that tho 
magnetic field is being cstabli.shed, there 
will be an ele(d,iic field tangent to the 
orbit because of the c.m.f. produced by 
the changing magnetic flux thi’ough it. 

At the same time there will be an addi- 
tional force on the electron wliich will be 
perpendicular to the direction of tho 
magnetic field and to tho velocity of the 
electron, that is, the force will be radial. 

A simple analysis shows that if the tan- 
gential electric field is such as to cause an 
increase in the vclociity of the electron, 
the radial force will be directed toward the center, thus providing 
the additional force needed to keep it moving in the same orbit 
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with this higher velocity. Conversely, if the tangential electric 
field is such as to decrease the velocity of the electron, then the 
radial force due to the magnetic field will be directed away from 
the center, thus decreasing the centripetal force to the amount 
needed to keep the electron moving in the same circular orbit at 
the smaller velocity. The simplified analysis given above is a spe- 
cial case of a very famous theorem due to Larmor which wUl be 
discussed in greater detail in Chapter 6. 

Suppose that the velocity of the electron has been increased to 
Vi by the application of the magnetic field of intensity H, then the 
force Fh due to the magnetic field is 


Fff = Hevi = HeuiT 


where 


= UiT. 


Since this force is directed toward the center, the total force acting 
radially is 

Fa -t- Fh = mcoi^. 

Substituting the values for Fa and Fu, we get 

WqcoqV -f Heoiiv = TOWiV. (8) 

Solving equation (8) for coi, we get 


It can be shown that 


m 


«4&)o2; 


therefore we can write coi = coq + ( 9 ) 

Only the positive sign is retained since the effect of the magnetic 
field is small and can produce only a shght change in the magni- 
tude of the angular velocity. If the charge should be rotating in 
the opposite direction, its angular velocity will be decreased by 
the amount eH/2m, so that, in general, its angular velocity will be 

CO = 0,0 + ^- (10) 

This equation may be put in terms of the frequency of rotation 
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with the aid of the equations 

£0 = 


Cdu = ^TTVa, 


where v is the frequency corresponding to the angular velocity co. 
Equation (10) then becomes 


V = Uq 


+ 


cH 

4irm 


( 11 ) 


The quantity eHlirm, whore e is in electromagnetic units, is 
called the normal Zeeman separation in a magnetic field of in- 
tensity H. The quantity e/tn. can thus be determined from a 
measurement of the normal Zeeman separation of a single spec- 
trum line. Most recent determinations of e/ni from measurements 
of the Zeeman effect yield 


- = 1.757 X 10 

m 


e.m.u. 

gm 


which is practically identical with the value of e/m obtained for 
electrons by means of electric and magnetic deflection experi- 
ments. 

To compare prediction with experimental observation, con- 
sider the direction of the magnetic, field 11 as that of the positive x 
axis; the current in the electromagnet producing this field can be 
represented as circular in the Y-Z plane, as shown in Figure 48. 
In the actual soure.e of light,, the atoms will have all possible orien- 
tations. Since light is a transverse wave mot, ion, only tho,se com- 
ponents of the ac(!olcra,tion of the electron whic.h arc perpendicular 
to the line of sight will be effective in sending radiation in this 
direction. Those clec.trons moving in orbits parallel to the Y-Z 
plane will have their frcKiuencies increased or decreased l)y an 
amount ell/Airm. Any uniform (drcular motion ca,u l)c resolved 
into two simple harmonic vibrations at light angles to one an- 
other and differing in time phase by a (luarter of a period. If the 
lig ht coming from f,h(^se (iectrons is viewed along the z axis, only 
the y component of the vibration will be oliservcd and the frequen- 
cies will Ijo 


*'i = Vn -h V • 

Arm 


( 12 ) 
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eH 

= 4 ^- 


(13) 


Since only the y component of the acceleration is effective in send- 
ing light in this direction, these components will be linearly polar- 
ized with the direction of vibration perpendicular to the magnetic 



Fig. 48. — The direction of vibration of the components of a spectral lino exhibiting 
the normal Zeeman effect in relation to the direction of the current producing the 
magnetic field. 

field. If the light is viewed along the x axis, both the y and z vi- 
brations will be effective in sending out radiations and the two 
component lines will be circularly polarized. Experiment shows 
that the higher frequency component is circularly polarized in the 
same direction as that of the current in the electromagnet. An 
analysis of the direction of the force due to the magnetic field 
shows that only a negative charge rotating in the same direction 
as that of the polarization can have its frequency iucreased by the 
magnetic field, Figure 48. The component of lower frequency is 
circularly polarized in the opposite direction and again must be 
due to a negative charge rotating in this direction. Thus it ap- 
pears that the light emitted by an atom originates in negatively 
charged particles for which the value of e/m is identical with that 
observed for electrons. 

To explain the presence of the undeviated component of fre- 
quency I'o, consider those vibrations which are parallel to the x 
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axis. Since the motion of the electron is parallel to the direction 
of the magnetic field, there will be no additional force acting on it 
and its frequency will be unchanged. This component will there- 
fore be observed when the fight is viewed perpendicular to the 
magnetic field; the fight of frequency Va will be linearly polarized 
with the direction of vibration parallel to the direction of the mag- 
netic field. This component will not be observed when the source 
is viewed parallel to the magnetic field since no fight can be 
emitted parallel to the direction of motion of the charge. 

43. Photoelectric Effect 

The photoelectric effect was first observed by Hertz in his 
work on the production of electromagnetic waves. Hertz noted 
that the air in the spark gap became a better conductor when it 
was illuminated by ultraviolet fight from an arc lamp. Hallwachs 
(1888) found that when ultraviolet light was incident on a nega- 
tively charged zinc surface, the surface lost its charge rapidly. If 
the surface was positively charged, there was no loss of charge un- 
der the action of the fight. A neutral surface became positively 
charged when illuminated by ultraviolet liglit. It is evident that 
only negative charges are emitted by the surface because of the 
action of the ultraviolet fight. Measurements of e/m for these 
negative charges by tlic usual electric and magnetic deflection 
methods show tliat these charges are electrons. 



Fig. 49. — Fjxperiinciitul arrangement for meaKuring the photoelectric current. 

A typical arrangement for the study of the photoelectric effect 
is shown in Figure 45). A glass tul)e has a quartz window W sealed 
on to it to permit ultraviolet fight to enter the tube. P is the 
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photoelectric surface to be investigated and (7 is a hollow cylinder 
to collect the electrons emitted by P. A small hole in the base of 
the cylinder permits light to reach the plate P. In this tj^e of 
work it is very important that the surface of the plate P be as 
clean as possible. Not only must the air be pumped out of the 
tube, but the entire tube must be baked during the pumping oper- 
ation to get rid of as much gas as possible if the results of the 
experiment are to have any quantitative significance. Further, 
to insure that no electrons come from the cylinder C because of 
the action of scattered light, C is usually coated with copper oxide 
or some other substance which is comparatively insensitive photo- 
electrically. However, when C and P are made of different ma- 
terials, it is found that a contact difference of potential exists 
between them. This contact difference of potential may be of the 
order of one or two volts. If the contact difference of potential 
between C and P is such as to make C negative with respect to P, 
then the motion of the electrons will be opposed by this contact 
potential difference. In all photoelectric experiments correction 
must be made for this contact difference of potential, and in the 
discussion which follows, the values of the potential difference be- 
tween C and P have been corrected for the contact difference of 
potential. 

When light from some source such as a quartz mercury arc 
lamp is incident on the plate P, the electrons emitted by the plate 
are collected by the cylinder C. A difference of potential is main- 
tained between P and C by means of a potentiometer arrange- 
ment, and the photoelectric current is measured by a sensitive 
galvanometer G. The photoelectric current is found to depend 
upon two factors: (a) the intensity of the incident light, (b) the 
wave lengths of the incident beam. To determine the effect of 
each of these factors, monochromatic light of known wave length 
must be used. There are two points of interest in the photoelectric 
effect: one is the velocity with which the electrons are emitted by 
the surface, and the other is the number of electrons emitted under 
known conditions. 

44. Velocity of the Photoelectrons 

If monochromatic light of wave length X and intensity 1 is in- 
cident upon the surface P, the electrons emitted from the surface 
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will be acted upon by the electric field between the plate P and the 
collecting cjdiuder C. With a potentiometer arrangement, the 
electric field can be varied by varying the difference of potential 
between P and C. If C is made positive with respect to the plate 
the electroiiis will be accelerated toward C; if (7 is made negative, 



Kig. 50, — Curves of the photoelectric current produced by a monochromatic beam 
of ligh-t. 

the electrons will be retarded. The current, as registered by the 
galvanometer, is proportional to the number of electrons per 
second reaching the cylinder. If the photoelectric current i is 
plotted against the difference of potential V between C and P, 
Figure 50, it is found that for all positive values of V the current 
is constant, but as C is made negative with respect to P, the cur- 
rent decreases rapidly and becomes zero at some value Fo. If the 
intensity of tlie monochromatic beam of light is increased from h 
to J 2 , nnd the expciimeiit is repeated, the photoelectric current is 
increascjd in the same ratio for aU positive values of F. As F is 
miadc negative, the photoelectric current decreases sharply and 
roaches zoro at the same value of the voltage Fo. Fo is called the 
sto'pqmuj ■potential for tliis particular wave length X. 

Thoi-e arc two results of great importance that have been ob- 
tain ed in tl lis experiment. The direct proportionality between the 
maximnm. current and the intensity of the light indicates that the 
numbci' of electrons per second emitted by the surface P is directly 
pi'oportioiuil to the intensity of the incident beam of light. The 
fact that the stopping potential Fo is independent of the intensity 
of the l)cani can be interpreted only by assuming that the kinetic 
energy of the electrons emitted by the surface does not exceed a 
certain maximum viilue give by 

Fo6 = 


( 14 ) 
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Those electrons which leave the surface with kinetic energies less 
than the maximuin are stopped by smaller values of the potential 
difference. This explains the decrease in the current when the 

potential difference between C and P is 
V'oe=|mv2^x made negative. 

/ The dependence of the stopping 
potential on the wave length of the 
light was investigated by Millikan 

(1916) in a series of very careful exper- 
iments using sodium and potassium 
as the photoelectric surfaces. The 
surfaces were illuminated by light of 

different wave lengths. The stopping 

Vo V ^ potential, Vo, was determined for each 

Fig. 51. — Dependence of the particular wave length. The results of 

Mimkan's experimente can best be 

represented in a graph, Figure 51, in 

which Foe is plotted against the frequency, v, of the light inci- 
dent upon the given surface. The curve is a straight line given 
by the equation 

FoC = = h{v — Vo) = hv — hvo, (15) 


where h is the slope of the line and Vq is the smallest frequency 
which can cause the emission of an electron from the surface. The 
frequency Vo is known as the threshold frequency and depends upon 
the nature of the surface. The slope h, however, is a constant 
which is independent of the nature of the surface. This constant 
h is known as the Planck constant and plays an exceedingly impor- 
tant role in atomic phenomena. The value of the Planck constant 
h determined photoelectrically depends upon the value of the 
electronic charge. Using the early value e = 4.77 X 10“*® e.s.u., 
Millikan found that = 6.55 X 10~*’ erg seconds. If the present 
value e = 4.802 X 10"^® e.s.u. were used, the value of h would be- 
come 6.59 X 10“^^ erg seconds. More recent determinations of 
this constant, particularly from measurements of the short wave 
length limit of the continuous X-ray spectrum, have yielded more 
precise values for the Planck constant. The present accepted 
value is 


h = 6.624 X 10~” erg sec. 
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45. Einstein’s Photoelectric Equation 

The direct dependence of the energy of the photoelectron upon 
the frequency of the incident light cannot be explained by the 
electromagnetic wave theory of light. On this classical theory 
there should be a relationship between the intensity of the incident 
light and the energy of the photoelectron. The intensity of an 
electromagnetic wave depends upon the square of the amplitude 
of the electric vector and is independent of the frequency of the 
light. To explain the photoelectric effect, Einstein (1905) made 
use of the concept of a quantum of energy, a concept which was first 
introduced into physics by Planck (1900), in order to explain the 
distribution of energy among the various wave lengths in the radi- 
ation from a “black body” at temperature T. According to 
Planck’s theory, whenever radiation is emitted or absorbed by 
such a body, the energy is emitted or absorbed in whole quanta, 
where a quantum of energy is given by 

(? = /w' ( 16 ) 

in which v is the frequency of the radiation and h is the Planck 
constant. Such a quantum of energy has since received the name 
-photon. The energy of a quantum or a photon is directly propor- 
tional to the frequency of the radiation. In Einstein’s explanation 
of the photoelectric effect, the entire energy of a photon is trans- 
ferred to a single electron in ilie metal, and when the electron 
comes out of the surface of the metal it will have an amount of 
kinetic energy given by 

= hv — p. (17) 

Equation (17) is known as Einstein’s photoelectric equation and 
is identical with equation (15) if p = hva- 

The photoelectric effect is not confined to the action of light 
upon metallic surfaces. It can occur in gases and liquids as well 
as in solids. The nature of the liglit effective in producing the 
photoelectric effect inedudes the whole range of electromagnetic 
waves from the very short gamma and X rays, down into the in- 
frared region of wave lengths. The quantity p should yield val- 
uable information conc.erniug the origin of the photoelcctrons. For 
example, in the case of the surface photoelectric effect in conduc- 
tors, it was assumed that p is equal to the work done by the elec- 
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tron in getting through the surface of the metal. According to the 
modem theory of electron conduction in metals, however, the con- 
duction electrons have a wide range of energy values while they 
are inside the metal. This energy range depends only slightly 
upon the temperature of the metal. If Wi represents the energy 
of an electron in the metal and W, the work necessary to go 
through the surface of the metal, then 

p = W, — Wi. 

For the electron which comes through the surface with the maxi- 
mum kinetic energy, 

p = -TF„=M, (18) 

and therefore 

= hv - {W. - TF„). (19) 

W, is called the work function of the particular surface, and Wm, 
according to the theory of conduction, is given by 



where h is the Planck constant, m the mass of the electron, and n 
the number of free electrons per unit volume. The results of the 
determinations of the work function W, from photoelectric meas- 
urements are in agreement with data on thermionic emission of 
electrons and on the refraction of electrons in crystals. 

46. Discovery of X Rays 

X rays were discovered by Rontgen in 1895. He found that 
the operation of a cathode ray tube produced fluorescence in a 
platinum-barium-cyanide screen placed at some distance from the 
tube. The source of the rays causing this fluorescence was traced 
to the walls of the cathode ray tube. In further experiments he 
found that the interposition of various thicknesses of different 
substances between the screen and the tube reduced the intensity 
of the fluorescence but did not obliterate it completely. This 
showed that these “X” rays, as Rontgen called them, had very 
great penetrating power. It was also found that these rays could 
blacken a photographic plate and could ionize a gas. 
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The X rays, or Rontgen rays, traveled in straight lines from 
the source and were not deflected in passing through electric or 
magnetic fields. They were thus not charged particles. Rontgen 
tried to reflect and refract them but without success. Haga and 
Wind, in 1899, tried to diffract X rays through a narrow aperture. 
They actually succeeded in getting a diffraction pattern, but the 
effect was so small that their results were not generally accepted 
as conclusive. It was not until 1912 that the wave nature of 
X rays was definitely established by Laue’s experiments on the 
diffraction of X rays by crystals. Barkla’s experiments on the 
polarization of X rays established the fact that these rays were 
transverse waves similar to light waves. 

47. Production of X Rays 

X rays are produced whenever fast-moving electrons strike a 
substance. In Rbntgen’s experiment the cathode rays struck the 
walls of the tube so that the glass waU became the source of the 
X rays. The gas-filled type of X-ray tube is a modification of 
the cathode ray tube. Instead of allowing the cathode rays to 
strike the walls of the tube, the cup-shaped cathode C focuses 
them onto a metal target, T, Figure 62. 

The anode, or anticathode. A, is usually put in a side tube and 
connected to the target T. The gas pressure in the tube is of the 



order of 0.001 mm of Hg, and the difference of potential between 
the cathode and anode is usually of the order of 30,000 to 50,000 
volts. The electrons from the cathode are stopped by the target, 
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which then becomes the source of X rays. These X rays proceed 
in all directions from the target. 

The Coohdge type of X-ray tube is a thermionic tube in which 
the cathode is a tungsten filament; one common design of a Cool- 
idge tube is shown in Figure 53. When the filament is heated to 
incandescence by means of a current supplied either by a storage 



battery or by a step-down transformer, electrons are emitted by 
the filament. These electrons are accelerated to the target by a 
difference of potential maintained between C and T. The filament 
is usually placed inside a metallic cup, not shown in the figure, in 
order to focus the electrons on to the target. The tube must be 
highly evacuated so that no electric discharge can take place in 
the residual gas under normal operating conditions. One great 
advantage of the Coolidge type of tube is that the emission, and 
hence the current in the tube, can be controlled by varying the_ 
temperature of the filament. In general, the Coolidge tube is more 
stable in operation than the gas type of tube. 

Coolidge X-ray tubes have been designed to operate at volt- 
ages which range from a few hvmdred volts to about one million 
volts. Various types of high voltage sources are used in operating 
X-ray tubes. In special cases small lead storage cells have been 
connected in series to supply voltages from a few hundred volts 
up to one hundred thousand volts. The most common type of 
high voltage source is the step-up transformer with its secondary 
coil well insulated from the primary coil. If the A.C. voltage 
from the secondary is applied directly across the cathode and the 
target of the X-ray tube, the tube acts as its own rectifier, that is, 
current flows in the tube only during that half of the cycle in 
which the target is positive with respect to the cathode. In those 
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experiments in which it is necessary to have a constant direct cur- 
rent tlirough the tube, the transformer terminals are connected to 
a rectifier circuit consisting of two or more high voltage rectifiers 
together with a large capacitor and inductance cods. The recti- 
fied, constant D.C. voltage is then applied to the X-ray tube. 

When an X-ray tube is to be operated continuously with com- 
paratively large amounts of power, special arrangements must be 
made for cooling the target. One common method for doing this 
is to mount the target material on a hollow copper tube and to 
circulate water through this tube. Almost any substance can be 
used as the target of an X-ray tube, depending upon the problem 
vmder investigation. The targets of general purpose X-ray tubes 
usually are made of tungsten or molybdenum because these metals 
have high melting points. 

48. The Betatron 

An entirely new type of X-ray tube has recently been devel- 
oped by D. W. Kcrst (1941) ; this tube is called a betatron. In the 
older type of X-ray tubes, the electrons which strike the target 
acquire their energy by the application of a high voltage between 
the filament and the target. In the betatron, the electrons acquire 
their energy by the action of the force exerted on them by the elec- 
tric field which accompanies a changing magnetic field. One tube 
now in operation (1940) accelerates electrons so that they have 
energies up to 100 Mev when they strike the target and produce 
X rays. These X rays have l^cen used in nuclear experiments as 
described in Oliaptcr 8. 

In the operation of the betatron, electrons from the heated 
filament F are injected into the circular or doughnut-shaped tube 
by applying a difference of potential between the filament and the 
plate P, see Figure 54. The electrons are focused with the aid of 
the grid G. When an alternating magnetic field is applied parallel 
to the axis of the tube, two effects arc produced : an electromotive 
force tangential to tlie electron orbit is produced by the changing 
magnetic flux and gives the electrons additional energy; a i-adial 
force due to the action of the magnetic field, which is perpendicular 
to the electron velocity, keeps the electron moving in a circular 
path. The magnetic flux through the orbit has to be chosen in 
such a way that the electrons will move in a stable orbit of fixed 
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radius R. The electrons make several hundred thousand revolu- 
tions in this circular path while the alternating magnetic field is 
increasing in intensity from zero to a maximum, that is, during a 



quarter of a cycle. With each revolution they gain additional 
energy. When the electrons have acquired the desired amount of 
energy, a capacitor is discharged through two coils of wire, one 
directly above and the other directly below the stable orbit pro- 
ducing a sudden addition to the magnetic flux. This destroys the 
condition for the stability of this orbit and the electron beam 
moves out to larger radii until it strikes the back of the injector P 
which acts as the X-ray target. 

In the operation of the 20 Mev betatron, about 15 to 20 kilo- 
volts are applied to the injector, and electrons are injected into 
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the tube for only a short' time, about 8 microseconds, when the 
magnetic field just starts increasing. The magnetic field alternates 
180 times per second, but the electrons are accelerated during only 
one quarter of a cycle or 1/720 of a second. The tube is kept on 



Fig. 55. — Photograph showing the original 2.3 Mev betatron in front of the 
20 Mcv lictatron. Each machine has its doughnut-shaped vacuum tube in place be- 
tween the poles of the magnet. (From a photograph supplied to the author by Pro- 
fessor D. W. Kerst.) 

the vacuum pumps continuously. Figure 65 is a photograph show- 
ing both the 2.3 Mev betatron and the 20 Mev betatron with the 
doughnut-shaped tube between the poles of the electromagnet m 
each case. 

We can think of the circular electron path of fixed radius R as 
a circuit, and the e.m.f. V induced in this circuit by the changing 
magnetic flux is, according to Faraday’s law. 



where $ is the instantaneous value of the magnetic flux which is 
perpendicular to the plane of the circuit. The work done on an 
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electron of charge e is therefore 

Ve = 




^dt' 


This work can also he expressed in terms of the tangential force F 
which, acting on the electron over a distance ds, does an amount of 
work dW given by 

dW = F ■ ds 

from which F = 

ds 


Thus the tangential force acting on the electron is equal to the 
W'ork done per umt length of path. Evaluating this for one revo- 
lution for which the path length is 2TrR, we get 

p _ JTe ^ ^ 

2xJB ~ 2x1? dt ' 

Now, from Newton’s second law 


h'ence 


or 



e d^ 
2x1? dt 


d{mv) = 



( 21 ) 


Because of the presence of the magnetic flux perpendicular to 
the plane of the electron orbit, the electron will experience a radial 
force inward given by 


Hev 


mv^ 

~R 


where H is the value of the magnetic field intensity at the electron 
orbit of constant radius R. From the above equation 

mv = HeR] 

therefore d{mv) = eR • dH. (22) 

Comparing equations (21) and (22) we see that 


e 

2xi? 


d# = eRdH, 
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from which = 2TrR‘dH. 

Integrating this equation between the limits of zero and and 
zero and H respectively, we get 

$ = (23) 

for the instantaneous relationship between the total magnetic 
flux $ and the intensity of the magnetic field H at & distance R 
from the center. This equation shows that the magnetic flux 
within the orbit of radius R is always proportional to the intensity 
of the magnetic field at the orbit, and, furthermore, that the mag- 
netic flux through the orbit is twice what it would have been if the 
magnetic field intensity were uniform throughout the orbit at the 
value H. This distribution of magnetic flux is obtained in an air 
gap between specially shaped pole faces of an electromagnet. 

Since the magnet and its coils correspond to an inductance, by 
adding sufficient capacitors we can produce resonance in this cir- 
cuit at the desired frequency, which in this case is 180 cycles per 
second for the 20 Mev betatron. The magnetic pole faces of the 
20 Mev betatron are 19 inches in diameter and the radius of the 
equilibrium orbit is 7.5 inches. The magnetic structure weighs 
about 3.5 tons. The operating power when producing 20 Mev 
electrons is about 25 kilowatts. The efficiency of X-ray produc- 
tion is very great; about 65 per cent of the electron beam energy 
is conv(!rtcd into X rays, the rest into heat. 

49. Measurement of the Intensity of X Rays 

The intensity of a beam of X rays may be measured by any one 
of its effects, such as the blackening of a photographic plate, the 
rise in the temperature of a piece of lead which absorbs these rays, 
or by the ionization produced in a gas or vapor. The photographic; 
effect and the ionization effect are the ones most commonly used 
in quantit.ativc measurements. 

A typi(!al ionization chamber used for measuring the intensity 
of a beam of X rays is shown in Figure 56. The ionization cham- 
ber consists of a metal (‘.ylinder C containing some convenient gas 
or vapor such as air or methyl bromide, at about atmosplieric pres- 
sure. A metal rod R, insulated from the cylinder, runs parallel to 
the axis of the cylinder. The X-ray beam enters the chamber 
through a thin window W, usually made of mica or thin aluminum, 
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and ionizes the gas in the chamber. A battery B maintains a dif- 
fi..ronce of potential between R and C so that the ions are set in 
motion toward C and R just as soon as they are formed. This 



Pig. 56. — Ionization chamber and elec- 
trometer for measuring the intensity of 
X rays. 


ionization current is meas- 
ured by the electrometer E. 
Experiment shows that the 
ionization current is directly 
proportional to the inten- 
sity of the X-ray beam. 

The intensity of the X 
rays coming from any tube 
depends upon two major 
factors, the element used 
as the target and the power 
supplied to the tube. The 
intensity of the X rays 


coming from any target is 
directly proportional to the atomic number of the element con- 
stituting the target. The total energy emitted in the form of X 
rays is less than 1 per cent of the energy supplied to a tube oper- 
ating at about 50,000 volts. 


50. Diffraction of X Rays 

The explanation of the origin of X rays on the basis of classical 
electrodynamics is that X rays are emitted in the form of electro- 
magnetic pulses or groups of waves when the electrons are stopped 
by the target of an X-ray tube. The existence of a wave motion 
can be definitely established only by diffraction and interference 
phenomena. The conditions under which these phenomena occur 
are well known for waves in the visible region of the spectrum. 
For example, if yellow light is allowed to pass through a diffraction 
grating having about 6000 lines to the centimeter, a diffraction 
pattern is obtained consisting of a central image or undeviated 
Ime, then a first-order image which is deviated by about 20° from 
the original direction, and farther on a second-order image, and so 
on. An analysis of the action of the grating shows that the spac- 
ing between the lines ruled on the grating should be of the order of 
magnitude of the wave length of the light used. The results of the 
early experiments on the diffraction of X rays indicated that their 
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wave lengths were of the order of 10~® or 10““ cm. It occurred to 
von Laue (1912) that the ordered arrangement of atoms or mole- 
cules in crystals fulfilled all the conditions essential for the dif- 
fraction of such short wave lengths. The spacing between these 
atoms or molecules was known to be of the order of 10“® cm. A 



Fio. 57. — Arrangement of apparatus for producing a Laue diffraction pattern. 

crystal differs from an ordinary diffraction grating in that the dif- 
fracting centers in the crystal are not all in one plane; the crystal 
acts as a space grating rather than as a plane grating. 



Fig. 58. — Photograph of Laue diffraction pattern of rock salt. ( From photograph 
by J. G. Djush.) 

Following von Laue^s suggestion, Friedric'.h and Knipping car- 
ried out the following experiment. A narrow pencil of X rays was 
allowed to pass through a tliin crystal of zinc blende (ZnS). The 
emergent beam fell on a photographic plate P, Figure 57. The 
diffraction pattern obtained consisted of the central spot at 0 and 
a series of spots arranged in a definite pattern about 0. 
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Figure 58 is a photograph of the Laue diffraction pattern ob- 
tained by passing a narrow pencil of X rays through a thin crystal 
of rock salt perpendicular to its cleavage planes; these cleavage 
planes are parallel to a surface along which a crystal can be readily 

split or broken. From a knowledge of the 
structure of the crystal, some of the wave 
lengths in the incident radiation could be 
computed. A simple interpretation of 
the diffraction pattern was given by 
W. L. Bragg. He assumed that the dif- 
fraction spots were produced by X rays 
which were scattered from certain planes 
within the crystal, which contained large 
numbers of atoms. That some planes are 
richer in atoms than others can be seen 
by considering a two-dimensional array of 
points, and drawing lines through these 
points, Figure 59. These lines corres- 
pond to planes in a three-dimensional crystal. 

It is easy to derive the condition imder which the X rays scat- 
tered from a series of atomic planes will produce an intense spot. 
Consider a series of parallel atomic planes spaced a distance d 



Fia. 59. — Orientation in 
a crystal of planes which, 
are rich in atoms. 



apart. Suppose a narrow beam of X rays from some source is in- 
cident upon these planes at an angle 0, Figure 60. The beam will 
be scattered in all directions by the atoms in the various atomic 
planes. Let us consider that portion of the beam which is scat- 
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tered at an angle 6 to the atomic planes so that the angle of reflec- 
tion is equal to the angle of incidence. Consider two rays such as I 
and II, which are scattered by two particles A and B in adjacent 
planes. Ray II travels a longer path than ray I ; this difference 
in path is evidently CB -|- BD. In the figure, the spacings are 
greatly enlarged; actually these two rays are so close together that 
they produce a single impression on a photographic plate. When- 
ever the difference in path CB -1- BD is a whole wave length, X, 
or a whole multiple of the wave length, nX, then the waves will re- 
inforce each other and produce an intense spot. The condition 
for reinforcement is thus 

CB -t” BD = n\, 

and from the figure 

CB = d sin 0 


and 

BD = d sin 6; 

hence 

nX = 2d sin 6. (24) 

This is known as Bragg’s equation and gives the condition for the 
reflection of X rays from a series of atomic planes. If the distance 
between atomic planes is known, the wave length of the X rays 
can be calculated; or the converse, using X rays of known wave 
lengths, distances between atomic planes can be computed. 

In Bragg’s equation n is always an integer. Wlien n = \, the 
difference in patli between waves reflected from any two adjacent 
planes is one wave length. For this case, 

\ = 2d sin 6 1 

gives the condition for the first-order reflection of wave length X 
from the crystal. For n = 2, the equation becomes 

2X = 2d sin 

that is, the second-order reflection of the same wave length will 
occur at a larger angle of incidence and reflection, d^. 

The analysis used in deriving the Bragg equation can now be 
used to explain the Laue diffraction pattern. The X rays which 
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penetrate the crystal are scattered from the different atomic dif- 
fraction centers. We can construct sets of parallel atomic planes 
inside the crystal as shown in Figure 61 and apply the Bragg 



equation to each set of paraUel planes. The value of the incident 
angle will be different for each set of planes, and each set of parallel 
planes wUl have its own particular value for the distance d, but 
these distances will be related in a simple way to the distance be- 
tween planes which are parallel to the cleavage face because of the 
geometry of the crystal. The X rays scattered from any set of 
parallel planes will reinforce each other only if the particular wave 
length which will satisfy the Bragg equation is present in the in- 
cident beam. Furthermore, an examination of Figure 61 will 
show that there are comparatively few sets of parallel planes 
which are sufficiently rich in atoms to produce intense diffraction 
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spots. Hence, even if the incident radiation contains a wide range 
of wave lengths, which is the most conamon method of producing 
a Laue pattern, the number of intense diffraction spots produced 
will be small in spite of the large number of atomic diffraction 
centers in the crystal. 

51 . Single Crystal X-Ray Spectrometer 

The Laue diffraction patterns are very complex and difficult 
to interpret. Instead of using a crystal as a transmission grating, 



Fig. 62 . — Single crystal X-ray spectrometer, with photographic plate. 


Bragg set up the crystal as a reflection grating. A typical experi- 
mental arrangement is shown in Figure 62. Two lead slits Si and 
Si define a narrow beam of X rays coming from the target T. This 
beam of X rays strikes the crystal C at some angle 6, and is re- 
flected by it to the photographic plate P. The crystal C is mounted 
on a spectrometer table and can be rotated so that the glancing 
angle 6 may be varied. 

At each particular setting of the crystal only the particular 
wave length X which satisfies Bragg’s equation 

nX = 2d sin 6 

will be reflected to the photograpliic plate. As the crystal is ro- 
tated, other wave lengths will be reflected by the crystal. In this 
way a spectrum of the incident beam is obtained. The spectrum 
may consist of several orders. If, in Bragg’s equation, nX = 
2d sin 6, n has the value unity, the spectrum is said to be a first- 
order spectrum; if n = 2, a second-order spectrum is obtained, 
and so on. 
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In many experiments, the photographic plate is replaced by 
an ionization chamber which can be rotated about the same axis 
as the crystal. The ionization chamber is usually used to make 
accurate measurements of the relative intensities of various wave 
lengths. 

The choice of crystal to be used in an X-ray spectrometer is 
determined by several factors, such as the range of wave lengths 
to be examined, the ease with which a good surface can be ob- 
tained, and the reflecting power of the crystal. Crystals most 
commonly used are calcite, quartz, and rock salt. It is obvious 
that for use in measuring X-ray wave lengths, the distance d be- 
tween atomic planes in the crystals must be known from other 
data. Sufficient data can be obtained from crystallographic stud- 
ies for some of the simpler crystals, such as rock salt and calcite, 
for an independent determination of the spacing between atonoic 
planes. 

52. The Grating Space of Rock Salt Crystals 

The distance between atomic planes, or the grating space of a 
crystal, can be calculated when the structure of the crystal is 
known. Rock salt, one of the best known and one of the simplest 
of crystals, has the geometrical structure of a simple cube, with 
ions of sodium and chlorine arranged alternately at the corners of 
a cube, as shown in Figure 63. The distance between atomic 
planes can be found by determining the volume of one of these 
elementary cubes. If M is the molecular weight of NaCl and p is 
its density, then the volume of one mole of NaCl is 

M 

V = — 

P 

Since there are 2N ions or diffracting centers in a mole, the volume 
associated with each ion will be 



where N is Avogadro’s number. The distance d between ions will 
therefore be 



( 25 ) 
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The molecular weight of sodium chloride is 58.45 and its density 
is 2.164 gm/cm®. Substitution of the value of N yields d = 
2.814 X 10“® cm. This was the value known in 1913. The meas- 



PlG. 63. — AminKomont of sodium ions and olilorinc ions in a sodium chloride 
crystal. 


urements of X-ray wave lengths soon achieved very high precision. 
Siegbahn, from whoso laboratory came a great many of the precise 
determinations of X-ray wave lengths, adopted the value 

d = 2.81400 X 10-« cm at 18°C 

for the grating space of rock salt. Large, good, single crystals of 
rock salt of the type needed for X-ray measurements are not 
readily available, and when available, have the defect of being 
hygroscopic;; calcite is a mu(;h better crystal for such measure- 
ments and is more readily obtiunable as good, large, single crys- 
tals. Careful comparisons between calc.ite and rock salt c.rystals 
made with monochromatic X rays led to the adoption of the 
value 

d = 3.02945 X 10-« cm at 18°C 

for the grating space of calcite. Unless otherwise noted, all X-ray 
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wave length measurements are based upon the above value for the 
grating space of calcite. (See § 58.) 

53. Typical X-Ray Spectra 

With a knowledge of the grating space of a crystal and the use 
of Bragg’s equation, it is possible to measure the wave lengths of 
the X rays emitted by the target of an X-ray tube. When resolved 
by means of a crystal spectrometer, the heterogeneous beam of 
X rays from a target is found to consist of two distinct types of 
spectra: 

(1) A continuous spectrum; 

(2) A sharp line spectrum superposed on the continuous 
spectrum. 

T3q)ical X-ray spectra, obtained by Ulrey, are shown in the curves 
in Figure 64, in which the intensity of a given wave length is 
plotted against the wave length in angstrom units. The curve for 
tungsten shows the continuous spectrum of the X rays coming 
from the tungsten target of an X-ray tube operated at a voltage 
of 35 kilovolts. The curve for molybdenum was obtained under 
similar conditions and shows two sharp lines characteristic of the 
element molybdenum superposed on the continuous spectrum. 
These lines are known as the and lines of molybdenum. To 
get the Ka and lines of tungsten, the tube would have to be 
operated at about 70 kilovolts (§ 103). 

54. Continuous X-Ray Spectrum 

The continuous X-ray spectrum presents several interesting 
features. It will be noted from Figure 64 that there is a definite 
short wave-length limit Xmin to the continuous X-ray spectrum 
independent of the material of the target. Figure 65 shows the 
distribution of intensity with respect to wave length for different 
accelerating potentials. When the voltage across the tube is in- 
creased, the short wave-length limit Xmin, is shifted toward smaller 
values. Duane and Hunt showed that the short wave-length 
limit of the continuous spectrum varies inversely as the voltage 
across the tube. Put in terms of frequencies, 

c_ 

T^max. — -y ^ 

Amin 
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Ve = (26) 

Ainia 



Fici. f)4. — Tyiiicnl X-ray Hpootni obtained from tungsten and 
molybdenum i, argots, respectively. 

where V is the volt<xgje ticrojss the tube, c is the electronic charge, 
and h is the Planck constant. Fe represents the energy with which 
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an electron strikes the target. Duane and Hunt earned out a 
series of careful experiments on the determination of the short 



V/avelengfh in A 


Fig. 65. — The continuous X-ray spectrum from a tungsten target showing < Im- 
pendence of the short wave-length limit on the voltage across the tube. 


wave-length limit of the continuous X-ray spectrum for vaidous 
voltages across the X-ray tube and determined the value of Uio 
Planck constant h to be 

h = 6.556 X 10“^^ erg sec. 

This is in good agreement with the value of h determined by means 
of the photoelectric effect. One may look at this phenomenon as 
the inverse of the photoelectric effect, since the maximum kinetic 
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energy of an electron striking the target is 

Another method for determining h by means of X rays is to 
keep the crystal fixed at some arbitrary angle 6, and to increase 
the voltage across the tube until 
the wave length corresponding 
to this angle first appears. The 
wave length is then determined 
from Bragg’s equation. A typical 
curve of this type, obtained by 
Feder, using a rock salt crystal 
set at 0 = 14“ 00.5', is shown m 
Figure 06. The voltage at which 
the wave length first appeared 
was 9045 volts. From a scries 
of such experiments Feder ob- 
tained the value 

h = 6.5405 X 10~-^ erg sec. 

This X-ray method provides one of the most accurate ways of 
determining h, but it nuist be rcmcmbci’od that tlic value of the 
electronic (ihargo c must be known in order to calculate h. In the 
above determinations of h, Millikan’s original value of e ( = 4.77 X 
10~'“ o.s.u.) was used. 

55. Wave Lengths of Gamma Rays 

In examining the radiations from radioactive materials, it was 
found that gamma rays were not alTected by electi'ic and magnetic 
fields. It is now known tliat gamma i-ays are short elecitromag- 
netic waves of the same nature as X rays, except that they are 
emitted from tlic nucleus of tlic atom. The wave lengths of some 
of the gamma rays liave bocji measured by X-ray crystal diffrac- 
tion methods. 

Rutherford and Andrade (1914) made use of the Bragg spcc-- 
tromcUu’ foi' determining the wave lengths of gamma rays frort) 
radium B. A narrow beam of gamma rays fronx t.lic radioactive 
preparation, R, Figure 07, after passing tbrough a fine slit in a 
lead block, was reflected by tiie rock salt crystal, C, on to tlic 



Fio. GO. — Detormination of the volt- 
age at which a given X-ray wave lengtii 
first appears. 
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photographic plate, P. By rotating the crystal from 0® to about 
15°, a series of sharp lines was obtained corresponding to the 
gamma-ray wave lengths emitted by radium B. This method 
has been used for measuring the wave lengths 
of the gamma rays from many other radio- 
active substances. The smallest gamma-ray 
wave length measured with the crystal spec- 
trometer is \ = O.OICA, one of the lines emitted 
by radium C. In order to produce X rays of 
the same wave length, the X-ray tube would 
have to be operated at a difference of poten- 
tial of 770,000 volts. X-ray tubes capable of 
being operated at such high voltage have been 
developed and are now in use in many labora- 
tories. 



Tig. 67. — Crystal 
reflection method of 
determining gamma- 
ray wave lengths. 


56. X-Ray Powder Crystal Diffraction 

Comparatively few substances are available 
in the form of large single crystals for use in the Bragg type of 
spectrometer. Most substances exist as aggregates of very small 
crystals. Methods have been developed for stud3dng the crystal 
structure of a substance even though these crystals may be very 
minute. If the substance is made into a very fine powder, it may 
be considered as made up of a multitude of very small crystals. 



Fig. 68. — Method of obtaining X-ray diffraction patterns using a powder. 

Suppose a very narrow pencil of monochromatic X rays of wave 
length X is incident on this powder at S, Figure 68. Since these 
small crystals are oriented at random, there undoubtedly will be 
some crystal oriented at just the right angle to satisfy Bragg’s equa- 
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tion nX = 2d sin 0 for tliis particular wave length X. The scattered 
beam will have maximum intensity at an angle 26 with respect to 
the incident beam of X rays, and because of the random orienta- 



W Powder 
(b) 


Fig. 60. — (a) X-ray ixnvdnr diffraction pattern of aluminum. (Reproduced witli 
the pormiHsion of A. W. Hull.) 

(b) X-ray powder diffraction pattern of tunftHten obtained with a film bent in the 
form of a circle. Radiation from ,‘i coppfu* target was used in making this photograph. 
(From a photograph made by L. L. Wyman and supplied by A. W. Hull.) 

tions of the crystals, these maxima will lie on a cone of central angle 
40 . If the X rays scattered by the powder are incident on a photo- 
graphic plate placed perpendicular to the incident beam, concen- 
tric circles will l)e registered on it corresponding to the different 
orders of rcflcclioii. Another method is to bend a thin strip of 
photographic film in the form of a circle with the powder at the 
center of this (drclc. Small holes arc cut in this film to permit the 
direct beam of X rays to enter and leave the camera without 
blackening the pliotograpliic film. 

Frequently, instead of a monochromatic l)eam, X rays from a 
target which emits a few intense cliaracteristic; lines arc used for 
these powder photographs. Since the relative intensities of these 
characteristic lines arc known, it is not difficult to determine 
which circles correspond to the different wave lengths. Typical 
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powder crystal diffraction patterns are shown in Figure 69. This 
method of crystal analysis was first developed by Debye and 
Scherrer and by Hull, and is one of the most valuable aids in 
studying crystal structure. 

57. Refraction of X Rays 

Several of the early experimenters, including Rdntgen and 
Barkla, tried to find out whether X rays are refracted when they 



Fig. 70. — Refraction of X rays on penetrating a crystal. 

enter a material medium. The phenomenon of refraction, how- 
ever, was not discovered until 1919, when Stenstrom observed 
that Bragg’s law nX = 2d sin 6 did not yield the same value for X 
in the different orders of reflection of a monochromatic beam from 
a crystal. The explanation of this apparent failure of Bragg’s law 
is that the X rays are refracted when they penetrate the crystal. 
Because of refraction, the wave length in the crystal is different 
from that outside. If is the index of refraction, X the wave 
length in a vacuum, and X' the wave length in the crystal, then 



Further, the angle of incidence upon the inner crystal planes is not 
the angle between the incident beam and the surface of the crystal, 
but is the angle between the refracted ray and the atomic planes 
in the crystal. The deviations from Bragg’s law show that the 
angle of refraction 6' is less than the grazing angle of incidence 0; 
that is, that the X rays are bent away from the normal upon pene- 
trating into the crystal. This means that the index of refraction 
for X rays is less than unity. In Figure 70, if 0 is the angle be- 
tween the incident ray and the surface of the crystal, and 6' the 
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angle of refraction, then Snell’s law of refraction takes the form 

cos 6 


p, = 


cos 6' 


(29) 


The angle 6' is not only the angle of refraction, but is also the 
angle that the ray makes with the atomic planes, so that inside the 
crystal Bragg’s law is 

n\' = 2d sin 6'. (30) 


However, the angle that is actually measured is the angle d, 
and the wave length usually desired is the wave length X in a 
vacuum. A modified foi’m of Bragg’s law containing X, 6, and p 
can be obtained by combining equations (28) and (29) with (30). 
Remembering that 

sin 0' = (1 - cos^ 


and substituting the values of cos d' and X' from equations (28) 
and (29), we find that equation (30) becomes 

wX = 2d(p^ - cos^* 6)^^, 

or n\ = 2d{p^ - 1 + sin* 0)^''*; 


and by factoring out sin 6, we have 


nX = 2d sin 



(31) 


Equation (31) is a modified form of Bragg’s law. For purposes of 
calculation, this equation can be simplified by expanding tlie 
quantity in the bracket by means of the binomial theorem; thus 


fi = 

/ ^ sin* e J 


— 1 

1 -I- 1- 


_ 1 . (m + 1)(m-1) 

“ ^ " sin* e 


Experiment shows that p does not differ appreciably from unity , 
and to a very close approximation p + 1 = 2, so that the bracket 
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■can be •written as 



and the modified form of Bragg’s law is then 

, nX = 2d‘ri — ^ - . - , - ^ 1 sin0. (32) 

- L sm^ dj 

The more common method of expressing the results is to give 
the quantity S = 1 — fi, which shows how the index of refraction 
differs from unity. For example, the iudex of refraction of calcite 
for the wave length X = 0.708A differs from unity by the amo'unt 

5 = 1 - ju = 1.85 X 10-«. 

Two interesting conclusions can be dra'wn from the fact that 
the index of refraction of X rays in material media is less than 



Fig. 71. — Path of a beam of X rays refracted through a prism. The beam is bent 
away from the normal on entering the prism. 

unity. One is that when X rays pass through a prism, the beam 
■will be de-viated in a direction opposite to that for ordinary hght. 
The path of an X-ray beam through a prism is shown in Figure 71. 
The other conclusion is that at a certain critical angle Be, the X-ray 
beam should not be refracted into the medium at all but should be 
totally reflected. At this critical angle of incidence, cos Q' = 1 and 

p, = cos 0s. (33) 

For all angles smaller than Be, there should be no refraction at all, 
only total reflection of the X-ray beam. 

An experimental method for the determination of this critical 
angle is sho'wn in Figure 72. A narrow beam is obtained by pass- 
ing the X rays from the target T through two shts Si and &. The 
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crystal C reflects a particular wave length X on to the plane sur- 
face M of the material. If the grazing angle of incidence d is less 
than the critical angle 6c, the beam will be totally reflected to the 



Fig. 72. — Method of reflecting monochromatic X rays from a mirror. 


photographic plate P, and the surface M will act as a mirror. As 
the angle of incidence is increased, the beam continues to be re- 
flected until 6 = dc, after which the beam is refracted into the 
material medium and the intensity of the reflected beam becomes 



D R 


Fio. 73. — Tleflection of monochromatic X rays (AgKy line) from a palladium 
mirror near the critical angle. D is the direct beam and R is the reflected beam. 
(From photograph by the author.) 

practically zero. A photograph of a beam of X rays reflected from 
a palladium surface is shown in Figure 73. 

According to the classical theory of dispersion, when an elec- 
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tromagnetic wave of frequency v passes through a substance con- 
taining n electrons per unit volume, the index of refraction of the 
substance is given by 


ne^ 

2Trmp^’ 


(34) 


provided that the natural frequency of the electrons is small in 
comparison with v, and that absorption is negligible. Equa- 
tion (34) can be rewritten as 


1 - M 


ne^ 

2Tmv^ 


Setting 


V 


c 


= X’ 


'=W <35) 

Now ju = cos dc. 

Since de is small, cos dc can be expanded in terms of 6c, yielding 

6 ** 

cos 0, = 1 - ^ + . . . , 

so that 


or 



= = Y 


ne^ 

Trmc^ 


X- 


(36) 


Measurements of the critical angle show that it is directly propor- 
tional to the wave length of the X rays and to the square root of 
the density of the material except in the neighborhood of an ab- 
sorption limit (§ 103). This is in good agreement with equa- 
tion (36). However, the classical theory is inadequate to explain 
refraction in the neighborhood of an X-ray absorption limit. A 
quantum theory of dispersion has been developed wliich preclicd..s 
results in fair agreement with experimental data. A discussion of 
the quantum theory of dispersion is beyond the scope of this book. 

The index of refraction of a medium for an electromagnetic 
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where c ( = 3 X 10'“ cm/sec) is its velocity in a vacuum, and w 
is the velocity the wave in the medium. Since the index of re- 
fraction for X rays is less than unity, its velocity in a material 
medium is greater than c. At first sight tliis may appear to be in 
contradiction to the fundamental postulate of the special theory 
of relativity which states that electromagnetic waves are always 
propagated with the same velocity c. Actually there is no con- 
tradiction. On the microscopic point of view, a material body is 
not a continuous medium but consists of nuclei and electrons 
separated by distances which are large relative to their sizes. 
These particles may be imagined to be situated in empty space. 
The incident wave, in traversing tliis space, sets the charges into 
vibration, causing them to emit electromagnetic waves. Two sets 
of waves, therefore, travel through this space : the incident wave, 
and the waves produced by the forced vibrations of the electrons. 
These elementary waves travel through the space with velocity c. 
But, through superposition of the elementary waves, a new wave 
form is produced, wliich, on the macroscopic (largo scale) point 
of view, consists of a train of waves traveling througli the material 
body with a velocity w wliich may be greater or smaller than c. 
But the energy carried by the incident wave and the energy radi- 
ated by the forced vibrations of the electrons always travel with 
velocity c. 

The refracted wave thus consists of a train of waves traveling 
with a velocity w whose magnitude depends upon the binding 
forces acting on the electrons. The dielectric constant k of the 
material medium is determined by the magnitiule of these binding 
forces, and it can be shown, on the l)asis of Maxwell’s electromag- 
netic theory of light, that the index of refraction, /x, is given by 
the equation 

M = V7c = ^- (38) 

It is this equation whi(;h is used in deriving the expression for the 
index of refraction given by equation (34). 
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58. Measurement of X-Ray Wave Lengths by Ruled Gratings 

An extremely important application of the total reflection of 
X rays is in the measurement of X-ray wave lengths using a ruled 
grating with a known number of lines per millimeter. As long as 



th^razing angle of incidence 6 is less than the critical angle de == 
y/2b, the X-ray beam will be totally reflected from a polished sur- 
face. This surface can be made into a diffraction grating by ruKng 
a series of uniformly spaced lines a distance d apart. The spaces 
between the rulings will act as diffracting centers producing vari- 
ous orders of diffraction on either side of the regularly reflected 
line. In Figure 74, if the rays are incident at an angle 6 to the 
surface of the ruled grating, an intense maximum will be produced 
at some other angle {6 -1- a), provided the difference in path be- 
tween two adjacent rays is a whole number of wave lengths. The 
difference in paths between rays I and II is 

CB — AD = d cos 8 — dcos (6 + a), 

so that the condition for an intense Tna,xiTmTm at this angle of re- 
flection is 

d [cos 8 — cos (8 -h O')] = nX, (39) 

where n is an integer and may be either positive or negative. The 
regular reflection at the angle 6 is called the zero order; the other 
orders of reflection are called positive if a is positive and negative 
if q: is negative. 

Diffraction gratings for X rays have been made of glass, spec- 
ulum metal, silver, and gold, and the number of lines per nxilli- 
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meter has ranged from 50 to 600. Since the grating space d is ac- 
curately known and the angles 6 and (0 -f- a) can be measured 
with a high degree of precision, this method can be used as a check 
on the wave lengths measured with crystal gratings. A compar- 
ison of some wave lengths measured by ruled gratings and by 
crystals is shown in Table VI. 

In every case the wave length measured with a ruled grating 
is greater than that measured with a crystal grating. The possible 
sources of error in the ruled grating measurements were investi- 
gated by many physicists, but in no case could they account for 
this large discrepancy — about 4 of 1 per cent. This led to a re- 
examination of the basis on which crystal grating wave-length 
measurements depend, namely the grating space d. It will be re- 

TABLE VI 


Comparison of Wave Lengths Measured by Rueed 
Gratings and by Crystals 

Line 

by Grating 

by Crystal 

Xp Xg 

in Per Cent 

Observer 

Mo L„ 

5.4116A 

5 . 3950 A 

-1-0.31 

Cork 

Mo L^ 

5.1832 

5.1665 

-1-0.33 

u 

CuK„ 

1.54172 

1.5387 

-fO.20 

Bearden 

CuK,, 

1.39225 

1.3894 

-1-0.20 

Ci 

CrK„ 

2.29097 

2.2859 

-1-0.22 

u 

Cr K,, 

2.08478 

2.0806 

-fO.22 

u 


called that this distance, for rock salt, is given by the equation 


d = 



(25) 


and for crystals which arc not simple cubes, such as calcite and 
quartz, this cciuation becomes , 


d = 




M 


2pN<i>i^y 


(25a) 


where </)(/3) is a function of the angles of the crystal lattice. The 
least accurately known constant entering in the computation of d 
is Avogadro’s number N. Avogadro’s number is computed from 
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the relationship 

F =Ne, 

■where F is the Faraday constant and e is the electronic charge. 
F is very accurately known from many experiments extending 
over a long period of time. To get agreement between the ruled 
grating and the crystal grating measurements of X-ray wave 
lengths, it is necessary to increase the value of e from Millikan’s 
value 4.77 X e.s.u. to about 4.803 X e.s.u. As stated 
in Chapter 2, § 19, redeterminations of the value of the electronic 
charge have led to the adoption of the value 

e = 4.802 X 10-“ e.s.u. 

Within recent years improved methods have increased the 
accuracy of the determinations of the densities of crystals. Chem- 
ically pure crystals of NaCl, KCl, and LiF have been prepared 
artificially, and the grating spaces of these crystals have been de- 
termined by measuring the Bragg angle for monochromatic X rays 
whose wave lengths are known from ruled grating measurements. 
Using the known molecular weights of these crystals, we can de- 
termine values of the Avogadro number with the aid of equation 
(25). Birge has stated that the Avogadro number determined 
in this manner, together with the known value of the Faraday 
constant, leads to the most reliable determination of the electronic 
charge. 

$9. Absorption of X Rays 


When a parallel beam of X rays passes through any material. 



Fig. 75. 


the intensity of the emergent 
beam is less than that of the in- 
cident beam. The decrease in 
intensity of the beam when it 
traverses a small tliickness dx of 
the material. Figure 76, depends 
upon the thickness and upon the 
intensity I of the beam, or 

— dl = jxidx 


where —dl represents the decrease in intensity of the beam, and n 
is a factor of proportionality. The above equation can be written 
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as 



and upon integration becomes 

I = (40) 

where 7o is the initial intensity of the beam, and I is its intensity 
after it has traversed a tliickuess x of the material, ja represents 
the fraction of the energy removed from the beam per centimeter 
of path, and is usually referred to as the total absorption coefficient 
of the material. 

There are two ways in wliich the atoms of a substance can re- 
move the energy from the incident beam. One process is that of 
scattering in which the electrons of the atoms are set into forced 
vibrations and then radiate this energy in all directions. The 
second process is the absorption of some of the energy by the 
atom, which then radiates a now type of X rays characteristic of 
the atom. This radiation is called fluorescent radiation and is also 
emitted in all directions. 

The total absorption coefficient can bo written as the sum of 
two terms 

= a + (41 ) 

where cr is the scattering coefficient and r is the fluorescent trans- 
formation coefneient. Tlicsc cocflicieids c^aii be interpreted in a 
slightly difl^erent way by referring to a beam wliose cross-sectional 
area is 1 cm®. Tn this case, M represents the total fraction of the 
energy removed from tlie l)eam by 1 env* of tlie material, c repre- 
sents the fraction of the energy scattered by I env', and t repre- 
sents the fracition of the energy transformed into fluorescent 
radiation by tins unit volume. The nuiss absorption coeflident 
is defined as m/P where p is the density of the material. Also 

^ = ^-1-1. (42) 

P P P 

The mass absorption coefficient p/p is chara,cl.erist.i(i of the materi- 
al and represent, s the fraction of the energy removed from a beam 
of unit cross section by one gram of the substance. Similar inter- 



134 ELECTROMAGNETIC RADIATION [ § 60 

pretations hold for the mass scattering coefficient o/p and the 
mass transformation coefficient r/p. 

60 . Scattering of X Rays 

When a beam of X rays passes through a substance, the elec- 
trons in this substance are set into vibration and radiate X rays 
in all directions. The radiation emitted by these electrons is called 
scattered or secondary radiation. If is the electric intensity of 
the incident wave, the acceleration of the electron will be 

Ee 
a = — ) 
m 

where e is the charge of the electron and m is its mass. The elec- 
tric intensity E^, of the scattered wave at a distance r from this 
electron is 



Fig. 76. 


where ^ is the angle between E and r, Figure 76. Substituting the 
value for the acceleration in equation (1), we get 


rr Ee^ . ^ 

= —2 sin 


Since the intensity of the wave is proportional to the square of the 
electric vector, the ratio of the intensity I of the incident radi- 
ation to the intensity I 4 . of the wave sent out along r is 

7 ^ _ _ 6 * . 5 , 

I ~ E^ ~ 


( 44 ) 
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Choose a set of axes so that the incident or primary beam is propa- 
gated parallel to the x axis. The electric intensity E will then be 
in a plane parallel to the y-z plane. Since the position of the y 
and z axes can be chosen arbitrarily in this plane, let the y axis be 



Fig. 77. 


taken in the plane determined by the direction of the scattered 
ray OP and the primary ray, Figure 77, and let the electron be at 
the origin of coordinates. The electric vector E may be resolved 
into two perpendicular components, Y and Z, such that 

W = Y^ + Z\ 

so that the intensity of the wave is 

= jfj/ + 

where ly is the intensity of the y component of the incident wave 
and is the intensity of its z component. Since the primary ray 
is unpolarized, the intensities of the y and z components arc equal, 
yielding 



Now the intensity, 7i, of the scattered beam at the point P due 
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to the y component of the incident wave is, from equation (44), 

(45) 


j j sin® <f>i ^ e* cos^ d 
- J-y ~ 




where 4>i is the angle between OP and F, and 6 — ir/2 — (l>i- 
Similarly, the intensity, J 2 , of the scattered beam at the point P 
due to the z component of the incident wave is 


j ^ T e* sin^ 02 ^ ^ 

2 » 


(46) 


where <1)2 is the angle between OP and Z, and is always t/2. The 
total intensity, le, of the scattered wave at P due to the energy 
radiated by a single electron is thus 


Ic - h + h = + COS2 0). 


(47) 


If there are n electrons per unit volume of material, and if we make 
the assumption that each electron is effective in scattering the 
X rays independently of all the other electrons, then the intensity 
of the scattered wave at point P, coming from a unit volume of the 
scatterer, will be given by 


This analysis of the intensity of the scattered X-ray beam 
leads to three conclusions, each of wliich can be investigated ex- 
perimentally. One is that a measurement of the total energy scat- 
tered should yield the number of electrons per unit volume effective 
in scattering, and hence the number of electrons per atom effective 
in scattering. Another is that when the scattering angle is 90°, the 
scattered beam should be linearly polarized with the direction of 
vibration of the electric vector parallel to the z axis. The third is 
that equation (48) predicts a definite distribution of intensity of 
the scattered beam as a function of the angle of scattering with a 
minimum intensity at 90°. 

61 . Determination of the Number of Electrons per Atom 

The rate at which energy is scattered by the electrons in a 
cubic centimeter of matter can be calculated by integrating Is 
over a large sphere of radius r with its center at the scatterer. A 



§61] 


NUMBER OF ELECTRONS PER ATOM 


137 



Fig. 78 . 


convenient element of surface area is one over which la has a 
constant value and is, from 
Figure 78, 

dA = 2xr sin 6 • rdd. 

p 

The amount of energy, Wa, 
which is scattered by unit 
volume in one second is there- 
fore 

Wa = riadA 

Jo 

_ r ^ gin 

wVjo 

Rtt ne* r a „ 

^ "3 

, ^ Wa Sir tie‘‘ , ^ 

- T - -3 (5«) 

O’ is called the scattering coefficient of the substance and represents 
the fraction of the energy removed from tlio incident beam by tlie 
process of scattering when traversing one centimeter of the ma- 
terial. A measurement of o- would make possible an evaluation of 
the number of electrons effective in s(;attering. One of the eai-licst 
determinations of the scattering coefficient was made by Barkla 
(1911), and later repeated with greater acicuraesy by Hewlett, iising 
carbon as the scattering clement. Hewlett measured the intensity 
of the scattered beam over a range of angles 6 from about 0 to tt, 
thus performing tlic integration experimentally. The wave length 
of the incident beam was 0.71 A. The result obtained for the mass 
scattering (ioefficient is <r/p = 0.2, where p is the density of carbon. 
Solving equation (50) for n, we got 


n = (T 


87re‘ 


Since n is the number of electtrons per cubic cicntimeter, n/p Ls the 
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number of electrons per gram of material and is given by 

p~ p' ^ 

Putting in the experimentally determined values on the right- 
hand side of equation (51) yields 


- = 3 X 10 ^ 
P 


electrons 

gram 


6 02 y 10^® 

There are = 5.01 X 10^^ atoms per gram of carbon. 

-i-A 

Therefore the number of electrons per atom effective in scattering 
is 

3 X „ 

5 X 10^2 


which is the atomic number of carbon. Hence the number of 
electrons effective in scattering is equal to the atomic number of 
the scattering element. This is in excellent agreement with the 
results of the experiments on the scattering of alpha particles, and 
is a direct determination of the number of electrons outside the 
nucleus of the atom. 

It must be remarked that such good agreement between the 
results of the experiments on the scattering of X rays and Thom- 
son’s theory has been obtained only with scattering substances of 
low atomic number and then only with X rays of wave length.s 
greater than 0.1 A. The theory of the scattering of X rays will he 
discussed further in § 64. 


62 . Polarizafion of X Rays 


This classical theory of scattering predicts that the beam scat- 
tered at an angle of 90° should be linearly polarized. This can ho 
seen by a glance at equations (45) and (46). For d = 90°, the in- 
tensity due to the y component of the electric vector will be zero, 
while the intensity at any point in the X-Y plane due to the z com- 
ponent of the electric vector is independent of the angle. Thus iii 
the y direction the scattered beam will be linearly polarized with 
the direction of vibration parallel to the z axis. To detect this 
polarization another scatterer is used as an analyzer. Barkla was 
the first to show the polarization of the beam scattered at an angle 
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of 90®. More recently (1924), Compton and Hagenow repeated 
this experiment with improved apparatus. Figure 79 shows a 
diagram of their apparatus. A narrow beam of X rays from a 



Fig. 79. — AiTangomeiit of apparatus for determining the polarization of X rays 
scattered through 90°. 


tungsten target was scattered by Si to a second scatterer placed 
at Si so that the scattered beam made an angle of 90° with the 
original beam. The scattering materials were blocks of paper, 
carbon, aluminum, and sulphur. The beam scattered by & was 
examined in two directions at right angles to one another and 
perpendicular to the direction SiSt. The intensity in the direction 
Si-x was found to be a maximum, while that in the direction S^-z 
was practically zero within the limits of error of the experiment. 
This is in complete agreement with the electromagnetic theory, 
since, if only the z component of the electric vector is present in 
the beam scattered from Si to St, then the intensity in the direction 
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Sr-z shoTild be zero for a transverse wave; similarly the beam 
should have maximum intensity in the direction S^-x. 

63. Intensity of the Scattered X Rays 

Many measurements have been made on the distribution of 
intensity in the scattered X-ray beam as a function of the angle of 
scattering. For X-ray wave lengths greater than 0.2 A the distri- 
bution follows the (1 -f cos^ 6) law fairly well except for small 
angles of scattering, in which cases the intensity of the scattered 
beam is much greater than that predicted by equation (48) . See 
Figure 80. This large intensity of the scattered beam at small 
angles can be explained on the assumption that the phase differ- 
ences of the rays scattered at these angles are small so that the 
waves scattered by neighboring electrons reinforce each other. 

However, for wave lengths much smaller than 0.2A, the inten- 
sity falls off rapidly at large angles; the scattering coefficient is 
much smaller than that predicted by the classical theory. The 



Fig. 80. — A comparison of the theoretical and experimentally determined values 
of the intensity of the scattered X rays as a function of the angle of scattering. 

lowest curve in Figure 80 shows the intensity of the rays scattered 
by iron; the incident rays were hard gamma rays of wave length 
0.017A. 

Evidently the classical theory of scattering is not completely 



THE COMPTON EFFECT 


141 


§ 64 ] 


satisfactory. To account for the small intensity of the beam at 
large angles of scattering, A. H. Compton proposed a quantum 
theory of scattering, in which the X rays, considered as photons, 
cause the ejection of electrons from the atom as a result of the 
scattering process. As will be shown in the next section, the 
greater the angle of scattering, the greater is the amount of energy 
removed from the beam by these ejected or recoil electrons. 

64. The Compton Effect 

In the experiments on the scattering of X rays loy matter, it 
was noted that for wave lengths of the order of lA, the experi- 
mental results were in good agreement with the classical theory of 
scattering, but for shorter wave lengths there was great divergence 
between the classical theory and experimental results. In working 
with scattered radiation, A. H. Compton (1923) observed that the 
wave length of the radiation scattered by a block of paraffin, in a 
direction at right angles to the incident beam, was greater than 
the wave length of the incident beam. The theory of this effect 
was given by Compton and also by Debye at about the same time. 

Consider the incident radiation as consisting of photons, or 
quanta, of energy hv traveling in the direction of the primary ray 
with velocity c. From the relationship between mass and energy 
derived from the theory of relativity, a photon of energy hv has a 
mass given by hv/c^. Since the momentum of a particle is tlie 
product of its mass by its velocity, the momentum of the photon 
becomes hv/c. Suppose that 
this plioton strikes a compara- 
tively free electron at rest. If 

we assume tliat the principles hv 

of conservation of energy and Primary ray ^ 
conservation of momentum 
hold during this process, then „ rm n * ce <■ 

as a result of this collision, trio 

electron will acriuire a veloruty n in a direction making an angle 9 
with the direction of motion of the incident photon, and a photon 
of energy hv' will be scattered at an angle (j> with the original 
direction. Figure 81. From the principle of conservation of energy 
we get 



hv = hv' -h mac^iK — 1), 


( 52 ) 
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where moc*(X — 1) is the kinetic energy of the electron as de- 
rived on the basis of the special theory of relativity, and K is 
(1 - 

Resolving the momentum vectors into two rectangular com- 
ponents, along and at right angles to the direction of the incident 
photon, and using the principle of conservation of momentum, 
we get 

hv hv' , 

-— = — cos <t> + Km^v cos 6) ( 53 ) 

c c 


0 = — sin 0 — Km^v sin Q. 
c 


( 54 ) 


The solution of these equations (Appendix VIII) yields the 
following results: 


X' - X = 


(1 — cos d>), 

moC^ 


<l> 

cot 2 


= — (1 -f a) tan d, 


E = — 1) = hv 


2a cos® 6 


(1 -f a)® — a® cos® d’ 


( 55 ) 

( 56 ) 

( 57 ) 


where a = hv/moc^, € is the kinetic energy of the recoil electron, 
and the wave lengths X' and X corresponding to the frequencies v' 
and V have been introduced. 

Equation (55) states that the wave length of the ray scattered 



Fig. 82. — Method of determining the wave length of the scattered X rays. 


at any angle ^ should always be greater than the wave length of 
the incident radiation. Fiirthermore, this difference in wave 
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length should not depend upon the nature of the scattering ma- 


terial but should depend only on 
the angle of scattering. 

Equation (56) gives the rela- 
tionship between the direction of 
motion of the recoil electron and 
the scattered photon, while equa- 
tion (57) gives the kinetic energy 
of the recoil electron in terms of 
the energy of the incident photon 
and the angle B. 

A t3q)ical experimental ar- 
rangement for studying the Comp- 
ton_ effect is shown in Figure 82, 
X rays from some target T, giving 
out strong characteristic radia- 
tion, are scattered in all directions 
by the body A. The radiation 
scattered in some direction <f> is 
then allowed to fall on the crys- 
tal C of an X-ray spectrometer, 
wrhich analyzes the beam into its 
component wave lengths. This 
radiation may be measured with 
aid of an ionization chamber B, 
or with a photographic plate in 
place of B. 

The results of a typical set of 
measurements are shown in Fig- 
ure 83. In tliis case the Ka line 
of molybdenum was scattered by 
graphite, and measurements were 
made at scattering angles of 45°, 
90°, and 135°. Each scattered 
beam is seen to consist of two dis- 
tinct lines. One line, P, has a 
wave length corresponding to tlie 
wave length of the incident radi- 



Angle of the crystal 


Fio. 83. — CurvoH showing tho dis- 
placomont of tho ^‘modified” lino in 
tho CJoinf)ton ofToot for three different 
anglca of scattering. 


ation. The second line, M, has a longer wave length, X', which 
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depends upon the angle of scattering. The wave length of 
this modified line is in good agreement with that calculated from 
equation (55). Similar results were obtained when other sub- 
stances were used as scatterers. In all cases, the wave length of 
the modified line was found to depend only upon the angle of 
scattering and not upon the nature of the scattering substance. 

The presence of a line with the same wave length as the inci- 
dent radiation is not predicted by equation (55). In deriving this 
equation it was assumed that the electron which took part in the 
scattering was a ''free’' electron and that it was ejected from 
the atom. The unmodified line is due to the interaction between the 
incident quanta and bound electrons. In this case the bound elec- 
trons do not receive energy or momentum from the incident quan- 
tum and there is no change in the wave length of the scattered 
photon. In light atoms, such as Be, C, and Al, the electrons are 
probably bound more loosely than in the heavier elements. The 
modified line should be relatively more intense than the unmodi- 
fied line for light elements, wliile the reverse should be true for the 
heavier elements. This has actually been confirmed by the scat- 
tering experiments. 

In addition to a change in wave length, the theory of the 
Compton effect predicts that every collision should be accom- 
panied by the ejection of a recoil electron. According to equa- 
tion (56) these recoil electrons will be ejected at angles 6 less than 
90 and those ejected in the forward direction will have maximum 
energy. These predictions have been verified experimentally in 
several ways. The most common method is to photograph the 
tracks formed by these recoil electrons in a Wilson cloud chamber 
when X rays pass through the gas in this chamber. In another 
type of experiment, the maximum energies of the recoil electrons 
ejected from a thin foil are measured by bending them in circular 
paths with the aid of a magnetic field, and determining the radii of 
these paths. 

The results of the experiments on the Compton effect leave no 
doubt that, in its interaction with matter, radiant energy behaves 
as though it were composed of particles. A similar behavior was 
observed in the photoelectric effect. It will be shown later that in 
the processes of emission and absorption light behaves as though 
it consists of corpuscles. But the phenomena of interference and 
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diffraction can be explained only on the hypothesis that radiant 
energy is propagated as a wave motion. We are thus led to the 
conclusion that radiant energy exhibits a dual character, that of a 
wave and that of a corpuscle. The relationship between these two 
concepts, wave and corpuscle, will be examined more fully in the 
next chapter. 
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PROBLEMS 

1 . A Coolidge type of X-ray tube is operated at a voltage of 50 kv. 
Electrons striking the silver target with maximum kinetic energy are 
completely stopped in 10“® cm of silver. Assuming that the acceleration 
is uniform, calculate the rate at which electromagnetic energy is radiated 
from the electron. 

Ans. 0.44 erg/sec. 

2. A calcium arc is placed between the poles of an electromagnet 
The line X =* 4226. 7 A is found to exhibit the normal Zeeman pattern in 
a field of 30,000 oersteds. Calculate (a) the difference in frequencies be- 
tween the displaced and undisplaced components, and (b) the difference 
in wave lengths between these components. 

Am. (a) 4.2 x 10^° sec”^ 

(b) 0.25A. 

3 . When a copper surface is illuminated by the radiation of wave 
length X = 2537A from a mercury arc, the value of the stopping potential 
is found to be 0.24 volts. 

(a) Calculate the wave length of the threshold value for copper. 

(b) On the assumption that there are two free electrons per atom of 
copper, calculate the value of TTm. 

(c) Using the above values, calculate the work done in taking an 
electron through the surface of the copper. 

Ans, (a) 2665A. 

(b) 11.2 ev. 

(c) 15.8 ev. 

4. The photoelectric threshold of tungsten is 2300A. Determine 
the energy of the electrons ejected from the surface by ultraviolet light 
of wave length ISOOA, 

Ans, 1.5 ev. 

5 . Calculate the grating space d of calcite from the following data: 
molecular weight M = 100.091, density p = 2.71029 gm/cm^ and 
ct> (/3) = 1.09594. 

A7^s. 3.0357 X 10~® cm. 

6. The radiation from an X-ray tube operated at 40 kv is analyzed 
with a Bragg X-ray spectrometer using a calcite crystal cut along its 
cleavage plane, (a) Calculate the short wave-length limit of the X-ray 
spectrum coming from this tube, (b) What is the smallest angle be- 
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tween the crystal planes and the X-ray beam at which this wave length 
can be detected? 

Ans, (a) X = 0.309A. 

(b) 0 = 2° 55.4'. 

7 . Monochromatic X rays are reflected in the first order from a cal- 
cite crystal set with its cleavage planes at an angle of 13° with respect 
to the X-ray beam. These X rays are allowed to fall on a silver mirror 
at a very small angle to the plane of the mirror. The mirror is then 
rotated until the critical angle is reached, (a) Calculate the wave length 
of the X rays incident on the mirror, (b) Calculate the index of re- 
fraction of silver for this X-ray beam, (c) Deteimine the critical angle. 
The density of silver is 10.5 gm per cm®. 

Ans. (a) 1.363A. 

(b) 5 = 1 - AC = 24 X 10-«. 

(c) do = 23.8'. 

8. A ruled glass surface covered with a thin layer of gold forms a 
diffraction grating with 200 lines per mm. A very narrow beam of the 
copper Ka radiation, X = 1.541 A, is incident upon the grating at an 
angle of 20 minutes to its surface, (a) Show that for small angles equa- 
tion (39) can be put in the form 

n\ ^ d ^ad + 

by expanding the cosine functions. 

(b) Calculate the angle between the first-order and the zero-order 
beams. 

Ans, OL = 13.5'. 

9. The radiation from a molybdenum target, X = O.TOSA, is 
scattered from a block of carbon, and the radiation scattei'ed through an 
angle of 90° is analyzed with a calcite crystal spectrometer, (a) Calcu- 
late the change in wave length produced in the scattering process, 
(b) l^eterminc the angular separation in the first order between tlie 
modified and unmodified lines produced by rotating the crystal through 
the required angle. 

Ans. (a) X' - X = 0.024A. 
(b) 27.9 mill. 

10. (a) Calculate the angle between the diroettion of motion of the 
recoil electron and the incident photon in problem 9. 

(b) Determine the energy of the recoil elec-tron. 

Ans. (a) d = -44° 2'. 

(b) 9.37 X lO"^'^ erg = 586 ev. 
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11. Monochromatic X ray^ of wave length X = 0.124A are scattered 
from a carbon block, (a) Determine the wave length of the X rays 
scattered through 180°. (b) Determine the maximum kinetic energy of 
the recoil electrons produced in this scattering process. 

Ans. (a) X' = 0.172A. 

(b) 2.813 X 10* ev. 
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Refraction of Particles and Waves on Newtonian Mechanics 


In the explanation of the photoelectric effect and the Compton 
effect, it was found necessary to assume that radiant energy, in its 
interaction' with matter, behaves as though it consists of cor- 
puscles. Newton had also assumed that light corvsisted of a stream 
of particles; but on the basis of Newtonian morihanics, it is possible 
to distinguish between the behavior of particles and waves. As an 
example, consider the phenomenon of refraction, which occurs 
whenever a beam, either of waves or of particles, suffers a change 
in velocity when it goes obliquely from one medium to another. 
Snell’s law of refraction, which is an empirical law, states that 


sin i 
sin r 


( 1 ) 


where ^ is the relative index of refraction of medium TI with re- 
spect to medium I, i is the angle of incidence, and r is the angle of 
refraction. Suppose that a beam of particles goes from the me- 
dium I in which the velocity of a particle ?)iis c.haracteiistic! of the 
medium, into medium II in which it has a new velocity ih char- 
acteristic of this second medium. To acaiount for the abrupt 
change in velocity at the boxindary of the two media it is neces- 
sary to assume the existence of foixtcs whicdi act through vciy 
small distances, of the order of magnitude of atolni(^ dimensions. 
If we resolve the velocity of a particle into two ciomponents, one 
parallel and the other normal to the btmndary surface, only the 
normal component of the velocity will change because of the 
action of these short-range forces. This will pi'oducc a change in 
direction of the l)oam of particles as it crosses the boundary. 

Referring to Figure S4, let AO be the direction of the incident 
beam and OD that of the refracted beam. Let OC b(! a (jontinu- 
ation of AO drawn so tliat its IcTigth is proportional to Vi. OE and 
EC arc then proportional respectively to the normal and parallel 
components of the velocity Vi. "Wlien the beam goes into the 
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second medium, only the normal component of the velocity is 
changed. Draw OD so that its component parallel to the surface, 



Fra. 84. 


FD, is equal to BC. Then 
EC 

— ^ /o> 

^ ~ sin r ~ ~ vi ^ ' 

OD 

As the beam of particles 
crosses the boundary between 
the two media, the short- 
range forces will produce a 
change in the normal com- 
ponent of the velocity of each 
particle and hence a change 
in the energy of each particle. 
If we assume the principle of 
conservation of energy to hold 
in this case, we can write 


Ui -f im(vi cos =‘ Ut + cos r)* 


(3) 


where Ui is the potential energy of a particle in the first medium 
and Uz is the potential energy of the particle in the second me- 
dium. Setting 


we can write 



U -b im(vi cos iy = cos r)®, ( 4 ) 

where U is the difference in potential energy of the particle in the 
two media. If 


U = — \m{vi cos 

the left-hand side of equation (4) becomes zero and the angle r 
becomes 90°. The angle of incidence i is then the critical angle. 
If ?7 is less than — im(vi cos i)*, the particle will be totally reflected 
at the boundary at an angle of reflection equal to the angle of 
incidence. 
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From equation (2) we know that 


Vi sin i = Vi sin r; 


hence we can write 

sin = ^m(v 2 sin r)“. 
Combining equations (4) and (5), we get 

U + ^mvi^ = 
and solving for Vi, we get 


Vi 



( 5 ) 


The relative index of refraction fj. of the two media can therefore 
be written as 


IJ. = 


ih 

Vi 



+ 


U 


( 6 ) 


If the relative index of refraction of the two media is measured for 
a beam of particles and if the kinetic energy of the particles in the 
first medium is known, then equation (6) can be used to dctennine 
the difference in potential energy U as the particle goes from one 
medium into the other. 

The relative index of refraction of the two media can also bo 



expressed in tcirms of the velocities of the wave in the two media. 
Referring to Figure 85, lot MP represent a wave front traveling 
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with velocity wt in medium I, and let PN be the distance traversed 
by this wave in imit time. QN represents the refracted wave 
front and MQ is the distance traveled in the second medium dur- 
ing the same unit of time. Evidently 

PN _ Vh f-y. 

MQ ~ w,' ^ ^ 


Hence 


PN 


' sin { _ MN _ ^ 
sin r ~ MQ ~ wz 
MN 


( 8 ) 


A comparison of equations (6) and (8) shows that there is a 
marked difference between the refraction of waves and the refrac- 
tion of particles; one equation is the, reciprocal of the other. It 
will be recalled that Fizeau and Foucault measured the velocity 
of light in water and showed it to be less than that in air. Since 
the index of refraction was known to be greater than unity, the 
results of these experiments could only be explained on the hy- 
pothesis that light is propagated in the form of a wave motion. 


66. De Broglie’s Hypothesis 

In order to explain the results of some of the experiments in- 
volving the interaction between radiant energy and matter, such 
as the photoelectric effect and the Compton effect, it was neces- 
sary to assign to radiant energy some properties characteristic of 
particles rather than waves. The amount of energy assigned to 
such a particle of radiant energy, or photon, is given by 

e = hv, (9) 


where h is the Planck constant and v is the frequency of the radi- 
ation. It is important to note that tliis frequency p is not a 
directly measurable quantity but must be computed from measure- 
ments of the tvave length X of the radiation using the relationship 

y = (1 0) 


where c is the velocity of light. The wave length X can be meas- 
ured only by some experiment which involves interference or dif- 
fraction, phenomena characteristic of wave motion. In spite of 
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the fact that radiation possesses this dual character, it never ex- 
hibits both characteristics in any one experiment. In a given ex- 
periment it behaves either as a wave or as a corpuscle. 

According to an hypothesis introduced by L. de Broglie (1924), 
this dual character, wave and particle, should not be confined to 
radiation alone, but should also be exhibited by all the funda- 
mental entities of physics. On tliis hypothesis, electrons, protons, 
atoms, and molecules should have some type of wave motion asso- 
ciated with them. De Broglie was led to this liypotliesis by con- 
siderations based upon the special theory of relativity and upon 
tlie quantum theory. 

Returning for a moment to a consideration of liglit of wave 
length \ we fin d that the energy of a photon can be written as 


by combining equations (9) and (10). If m is the mass of the 
photon, then, on the Inisis of the special tlieory of relativity. 


Tlie momentum p of this pliotoii is 


p = me 


The quantity 1/X is (commonly used l)y spectros(!opisl,s and is 
known as the ivave number or the nuinlxn' of waves pc'-r (‘.entimeter 
in the monociliromatic Ijeam of light.. If we kit 


then 

p = hk. (15) 

Since momentum is a vector quantity whose magnitude is given 
hy p, and h is a scalar (piantity, k may l)e interpre(.(!d as the mag- 
nitude of a ve(;tor (luantity whose direcition is tliat ol the direction 
of propagation of the light waves of length X. 

De Broglie carried these considerations over into the dynam- 
ics of a particle. On de Broglie’s hypothesis a wave length X is 
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associated with each particle and is related to the momentum p 
of the particle by the equation 


h 



(13) 


If TW is the mass of the particle and v its velocity, then 


so that 


p = mv, 



mv 


(16) 

( 17 ) 


Equation (17) gives the relationship between the wave length X 
associated with a particle and the mass 7 n and velocity v of the 
particle. The existence of these waves was demonstrated experi- 
mentally by Davisson and Germer (1927) and G. P. Thomson 
(1928). 


67. Wave-Particle Parallelism 


It is instructive to carry this parallelism between wave and 
particle a little further. According to the special theory of rela- 
tivity , the mass of a particle depends upon its velocity as follows: 



where mo is the mass of the particle when it is at rest with respect 
to the observer, mo is frequently referred to as the rest mass of the 
particle. The momentum of the particle is 


V 


= mv 


mnV 



(19) 


If <? is the total energy of the particle, then from the principle of 
equivalence of mass and energy. 


€ = mcK (20) 

Suppose that the total energy of the particle consists of just two 
kinds of energy, kinetic energy and rest-mass energy m^\ then 


= me* — moc^] 


( 21 ) 
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and substituting the value of m from equation (18), we get 



as the expression for the kinetic energy of a particle whose rest 
mass is mo and whose speed is v. When the speed of a particle is 
small in comparison with the speed of light, the above expression 
reduces to the more familiar form ^mav\ 

Since the momentum of any particle can be written as 

£• 

p = mv = -V, (23) 

then, by eliminating v from equations (19) and (23), we get 

^ WoV, 


or 




(24) 


If we carry over the quantum relationship between energy and 
frequency 

S = hv, (9) 


and make use of the equation 

h 

^ = 


(13) 


the expression for the rest mass of a particle becomes 

mo = -J"! - (25) 

Any wave motion of wave length X has a frequency v associated 
with it, governed by the equation 

p\ = w, (26) 

where w is the velocity wit-h which tlie wave motion is propagated. 
The velocity of propagation of the wave, w, can be determined by 
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substituting in equation (25) the value of v from equation (26) 
and solving for w, yielding 

■m - cyi+^x>. (27) 

For any material particle, mo > 0, so that the wave velocity w 
associated with this particle is greater than the velocity of light, c. 
The relationship between the wave velocity w and the velocity v 
of the particle can be determined from the equations 

(26) 
(9) 

(13) 


— } 
V 


(28) 

For a material particle, v is always less than c, so that w is always 
greater than c. 

As a special case of de Broglie waves, consider those waves 
wliich are propagated with a wave velocity w = c. This corre- 
sponds to the propagation of electromagnetic waves. The velocity 
of the associated particle, the photon, is therefore also equal to c. 
If the value to = c is substituted in equation (27), we find tliat 
the rest mass of the photon mo = 0, that is, there is no such thing 
as a photon at rest. Photons always move with the velocity c. 

68. Electron Diffraction Experiments of Davisson and Germer 

De Broglie’s hypothesis that material particles should exhibit 
a dual character, that of a wave and that of a corpuscle, has led 
to many interesting and far-reaching consequences. The wave 
length associated with any particle of mass m moving with velocity 


and 


yielding 


or 


w = v\, 
€ = hv, 



wv = c\ 
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V is 



mv 


( 17 ) 


where h is the Planck constant. If the particle is an electron which 
has acquired its velocity v under the action of a difference of po- 
tential V, its kinetic energy, if v is small in comparison with c, is 

= Ve, (29) 


and the wave length associated with it can be expressed as 

h 


X = 


■\/2m V e 


(30) 


For a difference of potential of 100 volts, for example, 
X = 1.22 X 10”* cm = 1.22A. 


This wave length is of the order of magnitude of the distances be- 
tween atomic planes in crystals. This fact immediately suggests 



Fia. 86. — Outlino of t-lio cxporimoiiiiil arnuigemont in tlio (ileoiron diffiTiotiori ex- 
periment of Davisson and (lenner. 

the possibility of showing tlic existence of these waves by using 
crystals as diffraction gi-atings for electrons in a manner analogous 
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to their use with X rays. Such a series of experiments was first 
carried out by Davisson and Germer (1927). 

The experimental arrangement used by Davisson and Germer 



IS shown in Figure 86. Electrons from a hot tungsten filament are 
accelerated by a difference of potential V between the filament F 
and the plate P. Some of these electrons emerge from a small 
opening in the plate P and strike the surface of a nickel crystal at 
normal incidence. The electrons are scattered in all directions by 
the atoms m the crystal. The intensity of the electron beam scat- 
tered in any given direction is determined by allowing the elec- 
trons to enter a chamber or bucket, B, set in the appropriate 
position, and then measuring the deflection produced by a gal- 
vanometer connected to the bucket. By rotating the bucket B 
about the crystal as an axis, the intensity of the scattered beam 
can be measured as a function of the angle of scattering. The re- 
sults of one such set of measurements are shown in the set of 
curves of Figure 87. These curves are plotted in polar coordi- 
nates; the length of the radius vector is proportional to the in- 
tensity of the scattered beam and the angle between the radius 
vector and the y axis is the angle of scattering. The crystal is 
held in a fixed position throughout this set of measurements. 
When the difference of potential between F and P is 40 volts the 
curve is fairly smooth. At 44 volts, a distinct spur appears on the 
curve at an angle of about 60°. The measurement of the distribu- 
tion of intensity in the scattered beam is repeated at higher volt- 
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ages. The length of the spur increases until it reaches a maximum 
at 54 volts at an angle of 50°, then decreases and disappears com- 
pletely at 68 volts at an angle of about 40°. 

The selective reflection of the ''54-volt’’ electrons at an angle 
of 50° can be explained as due to the constructive interference, 



Fig. 88. — Diffraction of electron waves by a crystal. 


that is, reinforcement, of the electron waves from the regularly 
spaced atoms of the nickel crystal, (k)nsi(lei* a regular array of 
atoms such as that shown in Figure 88. Sevcn'ul sots of parallel 
planes rich in atoms (uin bo drawn through i-his array in a manner 
identical with tliat used in the explanal<iou of tlu^ Lauo X-ray dif- 
fraction patterns. Tlie parallel linos drawn in tlio figure represent 
the traces of one such set of planes perpeiidi('ular to the plane of 
the figure. A beam of electrons iiK-ident on l.lu^ crystal will make 
some angle d with the normal to these plan(\s. If the wave length 
of the de Broglie waves associated wit.li these ele(‘trons is such as 
to satisfy Bragg’s law 

nX = 2d cos 6, (31) 

then the waves scattered from these planes will have the correct 
phase relationships to reinforce one another and will produce an 
intense beam reflected at an equal angle 0 to t.he normal. Bragg’s 
equation can 1)0 put in a more useful form by noting that the dis- 
tance d between at.omic planes is relatcMl to thc^ distance D be- 
tween atoms in the surface layer by the simple equation 


d ^ D sin 0. 
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Substitution of this value of d in equation (31) yields 
n\ = 2i) sin 0 cos 0 = Z) sin 26, 

from which 


where 


n\ = D sin <t>, 


(32) 


0 = 26. 

The angle <j> would represent the angle between the incident beam 
and the direction of the most intense part of the scattered beam, 



provided the beam was not refracted. But, just as in the case of 
light and X rays, we should expect the beam of electron waves to 
be refracted. Referring to Figure 89, we find that the incident 
beam is not deviated since it enters the crystal normal to the sur- 
face, but the emergent beam will leave the surface of the crystal 
at an angle (f>' to the normal. If X is the wave length in a vacuum 
and X' the wave length in the crystal, then the index of refraction 
IX is 

_ ^ sin 4>' _ sin 4>' 

^ ~ X' ™ sin (j> ~ sin 20 

from which 

. X' sin <j>' 

^ ~ sin 20 ’ 

Now, in the crystal 

nW = 2d cos 9; 
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X = 


2d cos d 
n sin 2d 


• sin <()' 


or 



n\ 

and since 

D 

we have 

n\ 


2d cos d . 

= ^r ~- — s z • sm <f>' : 

2 sin d cos d ’ 

= — , 
sin d 

= D sin <!>'. 


( 33 ) 


The angle (j>' represents the angle betweini incident beam and the 
direction of the most intense part of the scattered beam, that is, 
the angle that the spur on the curves of Figure 87 makes with the 
incident beam. It will bo noticed that equation (33) has the same 
form as the equation for a plane diffraction grating using light at 
normal incidence, with n an integer representing the order of the 
diffraction pattern. 

The above equation can be applied dii-octly to the measure- 
ments made by Davisson and Gerincr. For the case of the 
“54-volt” electron beam, 4>' = 50° and = 1; from X-ray data 
D is known to bo 2. 15 A; hence 

X = 2. 15 A X sin 50° = 1.65 A. 


This wave length can bo compared witli the value olitaincd by 
substituting V = 54 volts in(.o cciuation (30). The latter yields 
X = I.CGA. Similar mcasureincnts were made with higher energy 
ele(!trons, and comparable results were obliained in each c.ase. The 
results of these experiments are in good agrciomcnt with do Bro- 
glie’s hypothesis. 

In one variation of this expeiimcnt, an ol>li(iue angle of inci- 
dence was used. An examination of tlic intensity of tlic scattered 
beam showed that there was an intense maximum at an angle of 
“reflection” equal to the angle of incidence, in a.cc,ord with Bragg’s 
law of rcflcc.tion from a (irystnl grilling. In liiis case the atomic 
planes producing the diffraction pattoi'n arc parallel to the surface. 

With the angle of incidence kojit fixed, measurements were made 
of the intensity of tlic beam reflected iit this angle when the energy 
of the incident electrons was varied. Figure 90, in which the in- 
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tensity of the reflected beam is plotted against the square root of 
the voltage between filament and plate, shows a series of maxima 
a ost equally spaced. Each maximum represents a different 



u\ — 2d cos (31) 

where 0 is now the angle between the incident beam and the 
w^have ° this with equation (30), 


^ _ \/2y7Z6 j/jy2 _ ^ 

X h 2d cos 6 


(34) 


Whenever the wave length is such as to satisfy Bragg’s law, there 
w 11 be an intense maximum at an angle of reflection equal to the 

st/f ^ constant, 2d cos 6 is also con- 

stant, there will therefore be an intense maximum for each new 

tim? of diffraction, as 7 is changed. Prom equa- 

tion (34), the spacings between maxima should all be the same and 

proportional to 2 ^^- Actually the positions of the maxima 

differ slightly from the calculated positions as shown by the posi- 
tions of the arrows in Figure 90. This discrepancy can be ex- 
plained as due to the refraction of the electron beam in the crystal 
since foi the higher voltages the electrons do penetrate the crystal! 
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The index of refraction fj, can be calculated with the aid of the 
modified form of Bragg’s law, which is 

n\ = — sin^ Oy^'K (35) 

Values of the index of refraction arc plotted against in 
Figure 91. For low-energy electrons /j, is large and greater than 



Fig. 91. — The index of refraction of iiickel plotted against 


unity; at higher energies fx decreases and approaches unity. This 
is in agreement with the equation (C) for the index of refraction of 
a medium for a beam of particles. By substituting the measured 
values of jLi into tins equation, wc can determine the energy, U, 
of the electrons in the nickel crystal. For example, the index of 
refraction of a 100 ev electron beam, as ol)taincd from Figure 91, 
is 1.1. Substituting this value hr equation (G), we get 

1.1 = Jl -b i7^ 

1 100 ev 

from wliich U = 21 ev. 

This large value for the potential energy of an eloc.tron inside a 
metal is in agreement with the modern electron theory of metals. 
(See § 45.) 

69. Electron Diffraction Experiments of G. P. Thomson 

G. P. Thomson (1928) was able to secure electron diffraction 
patterns by passing a narrow beam of cathode rays tlirough very 
tliin films of matter. The cathode rays were produced in a gas- 
discharge tube operated at potentials varying from 10,000 to 
60,000 volts. The cathode rays, after passing through the thin 
film F, were received on a pholographic plate at P, Figure 92. 
The pattern on tlic photographir; plate consisted of a scries of well- 
defined concentric rings about a central spot. Figure 93. This 
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pattern is very similar in appearance to X-ray powder diffraction 
patterns. 

Ordinary metals, such as gold, silver, aluminum, are micro- 
crystalline in structure, i.e., they consist of a large number of 



Fig. 92. — Schematic diagram of the electron diffraction experiments of G. P. 
Thomson. 

very small crystals oriented at random. If any wave of length X 
is incident upon a thin film of such a microcrystalline substance, a 
definite circular diffraction pattern will be obtained; the wave 



Fig. 93. Diffraction pattern obtained by passing a beam of electrons through 
gold foil. (Reproduced from Thomson, Wave Mechanics of Free ELectronSj Cornell 
University Press. ) 

length X can be determined if the lattice constant, d, of the micro- 
crystals is known. In Thomson’s experiments, a beam of electrons 
moving with speed v was used instead of the X-ray beam, and a 
circular diffraction pattern was obtained. The wave length X 
associated with the electron can be calculated with the aid of 
Bragg’s formula, using the value of d from X-ray data. Actually, 
Thomson determined the wave length of the electrons from the 
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de Broglie formula 



mv 


and then calculated the crystal grating constant d, and compared 
it with X-ray determinations. The following table gives a few of 
the results of Thomson’s experiments: 


TABLE VII 


Values of Gratino Constant d in A 

Metal 

X Hay 

Cathode Rays 

Alumiiuim 

4.05 

4.00 4.00 

Gold 

4.0() 

4.18 3.99 

Platinum 

3.91 

3.88 

Lead 

4.92 

4.99 


The results of these experiments confirm de Broglie’s hypothe- 
sis that there is a wave motion associated with every moving 
electron. 


70. Waves Associated with Matter 

Since de Broglie’s formula applies to any mass pai-ticlo moving 
with speed Vj it should be possible to secure diffraction and inter- 
ference effects with a.toins and molecules as well as with electrons. 
The diffracd-ion of atoms and molecuiles by crystals was first clearly 
demonstrated by Stern and his co-workers. In these experiments 
they investigated the diffra.(dion of hydrogen and liclium mole- 
cules, using crystals of litfiium fluoiidt'. and sodium chloride. A 
stream of molecules from an oven at a known temperature T was 
directed against, the surface of the crystal at sonie angle 6. The 
surface of the lithium fluoride crystal in this case l)ehaves in very 
much the same manner as a ^ha*ossed” diffract.ion grating docs in 
optical expen-iments, that, is, t.he diffra(d.ing centers are at the cor- 
ners of scjuares. The incadent beam is scat.tered in all directions, 
and intensity maxima for any given wa,ve length occur only at 
those j)oints where the waves from the different diffracting centers 
meet in phase. 
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In the case of the molecular beam scattered by the crystal, the 
points of maximum intensity correspond to regions of maximum 
pressure of the gas. Hence, Stern used a very sensitive manom- 
eter, ilf. Figure 94, to locate the diffraction pattern produced by 



Fig. 94. — Schematic diagram show- 
ing the arrangement of apparatus used 
in the diffraction of atoms and mole- 
cules. 

of the reflected beam, the press 


the crystal. This manometer 
could be rotated about an axis 
at right angles to the face of the 
crystal and could thus measure 
the intensity of the scattered 
molecular beam at various 
points. Figure 95 is a typical 
curve showing the diffraction 
pattern obtained by reflecting 
helium from the LiF crystal. 
The intensity maximum at 0° 
corresponds to the regularly re- 
flected beam in which the angle 
of reflection is equal to the angle 
of incidence. Then, as the ma- 
nometer is rotated on either side 
re is found to drop to a mini m u m 



Fiq. 95. The diffraction pattern obtained with helium reflected from a lithium 
fluoride crystal. ' - ' 

value at about 5“ and to rise again to a maximum on either side 
at 10° from the directly reflected beam. These two maxima cor- 
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respond to the first-order diffraction patterns obtained with a 
grating. 

The wave length associated with the heliuna atoms can be cal- 
culated, using the known spacing of the atoms in the lithium 
fluoride crystal and the positions of the first-order diffraction pat- 
terns. The wave lengths calculated in tliis manner are in excellent 
agreement with those predicted by the de Broglie formula 



} 

mv 


where m is the mass of the helium atom and v is the average veloc- 
ity of the helium atoms calculated from a knowledge of the tem- 
perature of the helium in the oven. Many experiments were 
performed using temperatures varying from 100° abs to 650° abs. 
Diffraction patterns were obtained in all cases. Similar experi- 
ments wei-e performed with hydrogen molecules, II 2 , and the wave 
lengths obtained were found to be in agreement with de Broglie’s 
hypothesis. 

A similar experiment was performed by T. II. Johnson in which 
a beam of hydi’ogoii atoms Wiis reflccitcd from a lithium fluoride 
crystal and allowed to strike a plate coated with molybdenum 
oxide. The oxide was reduced t,o metallic molybdenum wherever 
the hydrogen stru(;k the plate, and the pattern thus formed was 
tluMi photographed. The diffraction patterns obtained agreed 
with the predictions based upon do Broglie’s hypothesis and with 
the results obtained by Stern. 

71. Heisenberg’s " Uncertainty Principle ” 

An interesting interpretation of the duality, wave and particle, 
of bolii matter and radiant energy has been given by Heisenberg. 
The concepts of a particle and of a wave have been built up on the 
basis of experiments performed on a comparatively large scale; 
these coiu^epts are mental pictures formed on the basis of such 
expeniments. Whciii applied to experiments involving ciuantitics 
of the order of rnagnitnde of atomic dimensions, these concepts 
can have the validity of analogies only. The cioncept of the elec- 
tr-ori as a particle, for example, was derived from the results of 
experiments on the motion of the ekicdron through electric and 
magnetic fields. The proljlem of particle dyrramics is to predict 
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the position and velocity of the particle at any time t when its 
initial position and velocity are known. But the experiments on 
electron diffraction show that this is not always possible. Elec- 
trons starting with the same initial conditions are not all scattered 
through the same angle by the crystals; the result is a diffraction 
pattern showing a definite distribution of these electrons with re- 
spect to both position and momentum. But a diffraction pattern 
is the best evidence that we are dealing with a wave phenomenon. 
To apply the wave concept to a single electron, the electron may 
be pictured as a small bundle or packet of waves extending over 
some small region of space As. The association of a wave packet 
with an electron means that the position of the electron at any 
instant of time t cannot be specified with any desired degree of 
accuracy; all that can be said of the electron is that it is some- 
where within this group of waves which extends over a small region 
of space As. 

Heisenberg’s uncertainty principle refers to the sfmultaneous 
determination of the position and the momentum of tlie particle 
and states that the uncertainty, Ax, involved in the measurement 
of the coordinate of the particle and the uncertainty Ap^ involved 
in the simultaneous measurement of its momentum are governed 
by the relationship 

Ax • Ap^ ^ h, (36) 

where h is the Planck constant. 

An examination of a few idealized experiments will serve to 
show how the wave concept acts as a limitation on the particle 
concept, giving rise to the uncertainty principle. One such ideal- 
ized experiment was given by Bohr. Suppose it is desired to de- 
termine the position of an electron, using some instrument such 
as a microscope of very high resolving power. It can be shown 
that the resolving power of a microscope is given by 


where Ax represents the distance between two points which can 
just be resolved by the microscope, X is the wave length of the 
light used, and a is the semivertical angle of the cone of light com- 
ing from the illuminated object. Ax represents the uncertainty 
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in the determination of the x coordinate of the position of the 
electron. To make Aa; as small as possible, light of very short 
wave length must be used, either hard X rays or gaiuTUfl, rays. 
The minimum amount of light that can 

be used is a single quantum hv. Wlien Lens'''''\ 

the electron scatters tliis quantum into -p- y 

the microscope. Figure 96, the electron \ / 

will receive some momentum from the \ / 

quantum (Compton effect). Since the \ ^ / 

scattered quantum can enter the micro- \ / 

scope aiunvliere within the semivertical — — 

angle a, its contribution i.o the x (Kun- — Schomatic dia- 

. n xi j r ii 1 cniin of tho Kiininm-ray micro- 

ponent of the momentum of tlic elec- sepe exporiment. 
tron is unknown bj'^ an amount 


A ^ • 

Ap^ = 2]) mi a = sino: 

where h/\ is the momentum of the quantum. The product of the 
uncertainties in the determination of tlie simultaneous values of 
tlie position and momentum of the electron is therefore 


Ax • Apj, = 


2 sin a 


Another illustration of the unc.ertainty principle is supplied by 
an experiment in which a lx3am of electrons ptisses throu^j^h a ]iar- 
row slit, and is then recorded on a photographic ])late jdaced some 
distance away, Fi^urc^ 07. Every elec*, tron whic^h is rc^gistcred on 
the ph()to^ra])hi(^ plate must luive pa.ssc(l throuji!;h the slit, and if 
its width is A/y, thcai the y coordinate of tlie elecd^ron is indeter- 
minate by an amount, A/y. Making- this widt.li smaller increases 
the ac(uii*a(\y in the knowlo(lji;c of the y coordiiuiU^ of tlie electron 
at the instant it passes through the slit. But, wit,h a very narrow 
slit a very detinit,e difTi-ac-tion pattern is observed on the photo- 
grapliic plat,e. The iiit,erprotati()n of this dirfra(‘.t,ion pattern is 
that the ele(d,ron receives additional momentum parallel to the 
slit at the instant that it, ]msses throuj 2 ;li t,lie slit. If p is the mo- 
mentum of the eloedron, the component in t he y (liro(d,ion is p sin 6, 
where d is the anp;le of doviat-ion. Tljc electron may be anywhere 
within the diffraction pattern, so that if a is the angular width of 
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the pattern, the uncertainty in the knowledge of the y component 
of the momentum of the electron is 

Apy = 2p sin a. 



Fio. 97. — Diffraction of electrons by a slit. The intensity pattern obtained is 
shown on the right. 

The angular width of the diffraction pattern is determined by the 
slit width Ay and is given by the equation 

2Ay sin a = \. 

Hence the product of the uncertainties in the simultaneous deter- 
mination of the y coordinate and y momentum of the electron in 
its passage through the slit is 

Ay • Apy = 2p sina • = p\. 

From de Broglie’s h 3 qjothesis 

h 

P =X’ 

therefore 


Ay • Apy = h. 

Another set of variables can be used to express Heisenberg’s 
uncertainty principle. If S is the energy of the system at time t, 
then it may be shown that 

AS • At h, 


(37) 
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where A(? is the uncertainty in our knowledge of the value of the 
energy S and At is the uncertainty in the knowledge of the time. 

72. Probability Concept 

The wave-particle parallelism must be extended to include an 
interpretation of the intensity of light and also the intensity of the 
electron beam. According to the wave theory of light, the in- 
tensity is determined by the square of the amplitude of the electric 
vector at the point under consideration. On the corpuscular the- 
ory the intensity of the beam of light must be determined by the 
number of photons per second wldch pa.ss through a unit area per- 
pendicular to their direction of motion, or 

N ~ (38) 

where Yo is the amplitude of the electric vector and N is the num- 
ber of photons per unit volume of the beam; also Nc is the number 
of photons passing through unit area in unit time. The intensity 
relationship N ~ ToS while adequate for intense beams, is no 
longer satisfacitory when dealing with very weak beams for which 
N is a very small number (A « 1). In this ease it becomes diffi- 
cult to determine the exact location of each particle in the 
continuous wave ; that is, the expression N Yo involves an inde- 
terminacy with respect to the position of these photons in space. 
An alternative approach to the prol)lem is through a statistical 
interpretation. The square of the amplitude, can be thought 
of as proportional to the jyrohabilUy of a photon crossing unit 
ar(!a perpendicular to the direction of motion in unit time at the 
point under consideration. 

For example, if a beam of light passes through a narrow slit and 
is incident upon a photographic plate, a definite diffraction pattern 
will be obtained showing regions of great intensity alternating with 
regions of very small intensity. On the slatistical interpretation, 
the probability of a photon striking the photographic plate is very 
great whore the inten.sity is great and is very small where the in- 
tensity is small. In the case of a very weak beam of light, say, one 
in which a single photon passes througli the slit every minute, it is 
impossible to predict just where any individual photon will strike 
tlie photographic plate. All that can be said is that the probability 
of the photon striking a certain portion of the plate is large just 
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where the wave theory predicts large intensity and the probability 
is small just where the wave theory predicts small intensity. If 
only a few photons strike the photographic plate, their arrange- 
ment will undoubtedly be haphazard. But if a sufficient time is 
allowed to elapse so that a large number of photons reach the 
photographic plate, the result will be the diffraction pattern pre- 
dicted by the wave theory. 

The above mode of description can be applied to the diffraction 
of an electron beam by a narrow slit. The wave associated with 
the electron is the de Broghe wave. There is a certain probability 
that an electron after passing through the sht wiU strike a given 
point on the photographic plate; this probability is proportional 
to the square of the amplitude of the associated do Broglie wave. 
While it is impossible to predict just where any one electron will 
strike the plate, yet after an interval of time, sufficient to allow a 
large number of electrons to strike the plate, a definite diffraction 
pattern will be observed, and the intensities at the different points 
will correspond to the amplitudes of the diffracted waves at those 
points. 

The phenomena of transmission and reflection at a plane sur- 
face can be explained in a similar manner. If a system of waves 
is incident on a plane surface, part of it will be reflected and part 
transmitted, and their intensities will be proportional to the 
squares of the amplitudes of the reflected and transmitted waves 
respectively. According to the corpuscular theory, the particle 
associated with the incident wave has a certain probability of be- 
ing reflected and a certain probability of being transmitted, these 
probabUities being proportional to the squares of the amplitudes 
of the corresponding waves. 

From the discussion of the last two sections it can be asserted 
that while there is an indeterminacy in the description of phenom- 
ena from the corpuscular point of view, there is no lack of deter- 
minacy from the point of view of the wave theory. The wave 
functions necessary to describe these phenomena are continuous 
functions of the coordinates and the time. These wave functions 
are obtained from the solutions of the appropriate wave equations : 
in general, second-order partial differential equations involving 
the coordinates and the time. For the case of light, these wave 
functions are obtained from the solutions of the differential equa- 
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tions which form the basis of the electromagnetic theory of light, 
For the case of material particles, these wave functions are ol>> 
tained from the solutions of a wave equation first formulated by 
Schrodinger and forming the basis of a new division of physics 
called wave mechanics. 


73. Schrbdinger's Equation for a Single Particle 

A typical wave equation in Cartesian coordinates is 

3=17 3=17 3=17 1 ^ 
dx^ + 3y2 + dz^ u;= 31= ’ 

where U is the wave function which is propagated with the wave 
velocity w. For example, in the case of electromagnetic waves, 
f/ may represent any one of the components of the electric vector 
or of the magnetic vector wliich is propagated through space. 
Schrodinger’s contribution was the incorporation of de Broglie’s 
waves associated with material particles into the above equation. 

For the case of a single particle of mass m, velocity v, and total 
energy S, the following equations have been shown to apply 

e = hv, (9) 

p = (13) 


. (? hv , 

w = Xv = - = — (26) 

V V 

Since the kinetic energy of tlui pjirtiide is the diffei’cncc between 
the total energy £ and the potential energy V, we (lan write 

mv- = ‘1{£ — V), 

assunung that v ^ c so that the relativity expressions need not be 
used. 

Now 

p = mv = ■\/2in(£ — V), (16) 


so that 


Jw 

VirnCe-Vf 


(40) 


In general, only t.hose wave functions 1/ which are harmonic 
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functions of the time are of physical significance. Such wave func- 
tions can be expressed as sin 2Trvt or cos 27ri^i, or combinations of 
sine and cosine fi mction s represented by the exponential function 
, where i = V — 1. Suppose 

U = ue^‘ 

represents the wave function where « is a function of the coordi- 
nates only. Two successive differentiations of the function with 
respect to the time only yield 

d^U 


= — 


(41) 


Substitution of the values from equations (40) and (41) into the 
wave equation yields 


d^U d^U d^U 

dx'^ ■*" dy^ dz* 


SiThn 

~W 


- Y)U, 


(42) 


which is one form of Schrodinger’s wave equation for a single parti- 
cle. By canceling the exponential factor from each term of the 
wave equation, a similar equation is obtained for the amplitude u, 
which is 


d°tt d^ 

dx^ dy^ dz^ 


87r*TO,„ 

- V)u. 


(43) 


It will be noticed that the time does not enter explicitly into this 
amplitude equation; in the wave mechanics of a particle, the func- 
tion u is usually referred to as the wave function. The potential 
energy V is, in general, a function of the coordinates. The prob- 
lem in wave mechanics is to put in the appropriate value for V and 
seek solutions of Schrodinger’s equation. It is beyond the scope 
of this book to solve these partial differential equations, but the 
results of such solutions will be made use of wherever necessary in 
the discussion of atomic physics. 

The interpretation of the wave function has already been indi- 
cated in the previous section in the discussion of the de Broglie 
waves associated with matter. Solutions of Schrodinger’s equa- 
tion will give -u as a continuous function of the coordinates, and 
hence its value will be determined for every point in space. The 
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square of this wave function or amplitude, is proportional to 
the probability of finding the particle at any given point in space. 
Or if the product uHv is formed, it can be considered as a measure 
of the probability of finding the particle in this volume element dv. 
Summing up these products over all space, and equating this sum 
to unity, or expressing it mathematically, 

f uHv = 1 , ( 44 ) 

ft/space 

is equivalent to saying that it is certain that the particle is some- 
where in space. If the wave function u is chosen to satisfy the 
above integral equation, the function is said to be normalized and 
the product uHv now measures the absolute value of the proba- 
bility of finding the particle in the particular volume element dv. 
While the above discussion has been limited to a single particle, 
the effect produced by a large number of particles is simply the 
sum of the elementary effects produced by the individual particles. 
Thus, in wave mechanics, the problem of determining the motion 
of a single particle is reduced to that of determining the probabil- 
ity of finding the particle in any particular place at a given time. 

74. Electron Optics 

Nearly all the phenomena that are usually associated with 
light and X rays, and which form the sul)ject of optics, (uin also be 
ol)served with electrons. Electrons can bo reflected and refracted; 
interference and diffraction phenomena can be produced at will; 
electrons from a point source may be focused by passing them 
through properly shaped electric or magnetic fields; such fields 
play the role of lenses. A completely new branch of science, 
known as electron optics, has boon developed within recent years, 
and investigations in this subject not only have led to a better 
understanding of physical phenomena but have also produced 
several important instruments which have wide applications. 
One of those is the electron microscope. 

A microscope is used to provide an enlarged imago of a small 
object as well as to show greater detail in its structure. The latter 
property is determined by the resolving power of the microscope. 
We have already seen that the limit of the resolving power of a 
microscope is determined by the wave length of the incident radi- 
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ation. In the case of optical microscopes, the limit of the resolv- 
ing power of the optical microscope is of the order of magnitude 
of the wave length of visible light, which we may take as 5000 A 
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But, since the wave lengths associated with electrons are deter- 
mined by the relation 


X = 


h 

mv 


it is possible to get much smaller wave lengths by using appropri- 
ate accelerating voltages on the electrons and thus to produce 



Fio. 100. — Plioi.op’n.pli of somn vnry fino zinc oxide crystals to show the resolving 
power and tlui luagnifieation produced i>y the small electron microscope. Scale: 1 cm 
on plate reprcwenls 0.001 nnn. ((ioiirtesy of KC1A Tjaboratories.) 


microscopes witli much greater i-esolviiig power. Electron micr^ 
scopes have been produced with resolving powers of about 20A, 
using accelerating voltages from 30 kv to 100 kv. 

Figure 08 sliows a simj)lilied cross section of a compact, high- 
resolving-powei’ (electron mici'oscope, and Figure 09 is a photo- 
graph of the cxjwrinienl.al model with the control panel. This 
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microscope uses magnetic fields both for the objective lens and for 
the projection lens. Either an electromagnet or a permanent 
magnet may be used for these lenses. The specimen to be investi- 
gated has to be very thin so that electrons of about 30 kev energy 
can be transmitted through it without loss of energy. The instru- 
ment is designed so that the image can be focused on a fluorescent 
screen for visual examination, and is also arranged so that a photo- 
graphic plate can be put in front .of the screen to photograph the 
image. A diffusion pump is connected to the microscope to pro- 
vide a vacuum of about 5 X 10”® mm of mercury pressure. An 
idea of both the resolving power and the magnification of this 
microscope can be obtained from Figure 100, which is a photograph 
of some very fine zinc oxide crystals. This instrument can also be 
provided with an adapter so that it can be used as an electron dif- 
fraction camera. Other electron microscopes' have been designed 
for the study of the surfaces of thick specimens by the reflection 
of electrons from the surface. 

The development of the electron microscope has provided a 
powerful tool for the study of the structure of large molecules, the 
structure of bacteria, the photography of viruses and other very 
small objects. Further developments in this field will undoubtedly 
increase the resolving power to better values. 
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PROBLEMS 

1. Calculate the length of the wave associated with a particle of one 
gram mass moving with a velocity of 200 cm/sec. Discuss the proba- 
bility of performing a successful diffraction experiment with a stream of 
such particles. 


Ans. 3.3 X 10“ ^‘‘'cm. 
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2. Calculate the wave length associated with an alpha particle 
emitted by the nucleus of an atom of radon. Compare this wave length 
with the diameter of the nucleus. 

Ans. 6.13 X 10“^^ cm. 

3. It can be shown that the rate at which a gas at absolute tem- 
perature T moves out of an orifice in an oven is the same as that of 
a gas moving out of the aperture with a uniform velocity equal to 
where c is the average velocity of the molecules. Further, the average 
kinetic energy of the molecules of a gas is given by 

where 


fc is Boltzmann's constant and is equal to 1.37 x 10“^® crgs/molecule/deg. 

(a) Derive an expression for the length of the waves associated with a 

stream of molecules of a gas at temperature T. (b) Calculate the wave 
length associated with a stream of helium molecules issuing from an 
oven at 300° abs. (c) Devise an experiment for showing the existence of 
these waves giving approximate dimensions of the essential parts of the 
apparatus. 

Ans. (a) X = 

JMkT 

(b) X = 3.14A.' 

4. Electrons from a heated filament arc accelerated by a difference 
of potential between the filament and the anode of 30 kv; a narrow 
stream of electrons coming through a hole in the anode is transmitted 
through a thin sheet of aluminum, (a) Assuming Bi-agg’s law to hold, 
calculate the angle of deviation of the first-order diffraction pattern. 

(b) Determine the velocity of these waves in the aluminum foil. 

A -ns. (a) (^ = 20 = 55 min. 

(b) w = 9.04 X 10^” cm/sec. 

6. A stream of electrons of 240 ev energy is incident upon the sur- 
face of platinum at an angle of 30° to the normal. The electron energy 
U in platinum is known to be about 12 ev. (a) (Calculate the index of 
refraction of platinum for these electrons, (b) Dei.errnine the angle of 
refraction, (c) Determine the wave velocity of the electron waves in 
platinum, (d) Determine the velocity of the electrons in ])latinum. 

An,s. (a) M = 1.025. 

(b) 29°. 

(c) 9.5 X 10’^ cm /see. 

(d) 9.48 X 10^ cm/sec. 
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The Hydrogen Atom 

75. Spectrum of Hydrogen 

Hydrogen, the simplest of all the elements, has been investi- 
gated most extensively both experimentally and theoretically. 
The knowledge obtained from this study has acted as a guide to 
the study of the more complex elements. One of the greatest aids 
in determining the structure of the atoms of any one element has 
been the study of the radiation emitted and absorbed by the ele- 
ment. Wlien the light from an element in the gas or vapor phase 
is analyzed with the aid of a spectroscope, it is found to consist of 
a series of very sharp lines of definite wave lengths characteristic 
of the clement emitting the radiation. Most of the atomic spectra 
are very complex, and their analysis involves exceedingly careful 
and painstaking measurements of the wave lengths and their rela^ 
tivc intensities. As a result of this work many of the spectral linfts 
of each clement were found to bo related in a simple manner ex- 
pressed by means of a simple equation suggested by Rydberg 
(1889) in which the recipi-ocal of the wave length, tliat is, the wave 
number, of a line is given as the difference between two numbers, 
or two terms. In this chapter wo shall limit our considerations to 
the hydrogen atom. 

As long ago as 1885, Balmcr succeeded in obtaining a simple 
rclationsliip among the wave numbers of the lines in the visible 
region of the hydrogen spectrum. Balnaer’s equation expressed in 
modern notation is 

^ = 72 . 1(21 - (w = 3,4,5...), (1) 

where X is the wave lengtli and v is the wave number of the spec- 
tral line. Rn is a (ioiistani, known as Rydberg’s constant for hydro- 
gen and 71 is an in(,egcr greater than 2. The empirical value of 
Rydberg’s consfrant for hydrogen is 

Till = 109,077.70 cm“h 

By substituting for n in equation (1) the successive values 3, 4, 
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5, 6, . . . , we obtain the wave numbers of the lines in the Balmer 
series. Figure 101 is a photograph of the lines of the Balmer series. 
The relative positions of these lines on a wave number scale are 
shown in Figure 102. It is obvious from the equation that as n 
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Fig. 101. — Photograph of the emission spectrum of hydrogen showing the Balmer 
series lines in the visible and near ultraviolet regions. Hoo shows the theoretical po- 
sition of the series limit. (Reprinted by permission from Hertzberg, Atomic Spectra 
arid Atomic Structure^ Prentice-Hall, Inc.) 



Fig. 102. — Graph of the positions of the Balmer series lines on wave number and 
wave length scales. 

approaches infinity, the lines crowd together and approach a limit 
known as the series limit. The value of the limit of the Balmer 
series is Rii/2^ = 27,419.44 cm-^. 

Another way of expressing the Balmer formula is by writing 
the wave number of each line as the difference between two terms 

V ^Ti-T, ( 2 ) 

where Ti — Ria/2^ is the value of the series limit, and T = Ru/’n? 
is the variable term. This mode of expressing the series relation- 
ship will be found very useful for more complex spectra. 

76. Bohr’s Theory of the Hydrogen Atom 

The first quantitatively correct derivation of the Balmer 
formula on the basis of an atomic model was given by Bohr (1913), 
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in his theory of the hydrogen atom. This theory has played such 
an important role in the development of atomic physics that, even 
though it has been modified and extended by the later develop- 
ments in quantum mechanics, it will be worth while to present 
the original simplified theory. Bohr adopted Rutherford’s nuclear 
model of the atom; on this basis the hydrogen atom should consist 
of a singly charged positive nucleus and an electron outside the 
nucleus, since the atomic number is equal to unity. Assuming 
Coulomb’s law of force and Newton’s laws of motion to be appli- 
cable in the atomic domain, the path of the electron around the 
nucleus should be a conic section. As a first approximation assume 
that this conic section is a circle of radius r with the nucleus fixed 
at the center of the circle. If E is the charge on the nucleus and e 
the charge on the electron, then from Coulomb’s law, the force of 
attraction between the nucleus and the electron is 


F 




( 3 ) 


since the atomic niunber Z = 1 and E = —Ze = -e. From 
Newton’s second law of motion 


F = ina 


tniP 

— 3 

r 


( 4 ) 


where 7n is the mass of the electron, a is its centripetal acceleration 
and V is its velocity. The minus sign indicates that the accelera- 
tion is directed toward the center of the circle. Equating (3) and 
(4), we get 

_ inv- 

ip2 


from which 

- 6 ^ 
mv^ = — • 
r 


( 5 ) 


Tlic potcniuil at any point distant r from the charge E is E/r so 
that the potential (aiergy of the electron is 


Ee _ 
r r 


( 6 ) 


The kinetic energy of the elecl.ron is Itnv-. Therefore the total 
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energy £, which is the sum of the potential and kinetic energies, is 

£ — ( 7 ) 


which, upon the substitution of equation (5), becomes 



( 8 ) 


Since in. this discussion the nucleus has been considered stationary, 
equation (8) represents the total energy of the atom excluding the 
rest-mass energy of the two particles. It will be noticed that 
£ =0whenr = <»; that is, the zero level of energy is taken as that 
of the ionized atom. The minus sign shows that the energy of the 
atom is decreased as the electron comes closer to the nucleus. It 
is reasonable to assume that this decrease in energy is given out 
in the form of light. 

On the basis of classical electrod 3 Tiamics, the atom should 
radiate energy continuously at a rate proportional to the square 
of the acceleration of the electron. This would give rise to a con- 
tinuous variation in the total energy £, so that the radiation would 
consist of a continuous spectrum instead of the sharp line spectrum 
which is observed. To explain the observed sharp line spectrum 
of hydrogen, Bohr introduced two fundamental postulates. The 
first postulate is that of all the electron orbits, only those orbits 
are permissible for which the angular momentum of the electron 
is a whole multiple of h/2ir, and that no energy is radiated while 
the electron remains in any one of these permissible orbits. Since 
the angular momentum of the electron in any orbit is mvr, only 
those orbits are permissible which satisfy Bohr’s postulate, which 
may be stated as 

mw = ^ . (9) 


where n is an integer. These orbits are sometimes called stationary 
orbits. 

The second postulate is that whenever radiant energy is 
emitted or absorbed by an atom, this energy is emitted or ab- 
sorbed in whole quanta of amoimt hv, and that the energy of the 
atom is changed by this amount, thus 

£i — £/ = hv, 


( 10 ) 
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where €i represents the initial value of the energy of the i 
£/ represents the final value of this energy, v is the frequency oi 
radiation emitted or absorbed by the atom, and h is the Plaixi^*. 
constant. If is greater than <?/, energy is radiated, and if <ff is 
less than £V> energy is absorbed by the atom. Thus on Bohr’s 
theory, the atom radiates energy only when an electron jumps 
from a stationary orbit of higher energy to one of lower energy. 

The radii of these permissible orbits can be calculated by elim- 
inating V from equations (5) and (9), yielding 

O') 


The smallest orbit will be that for which n = 1 ; its radius n can 
be determined by substituting the empirically determined values 
of the constants h, m, and e. This yields 

Ti — 0.529 X 10~® cm = 0.529A. 


It will be noticed that this numerical value is of the same order of 
magnitude as that obtained on the basis of the kinetic theory of 
gases. 

The radius Vn of any other orbit of (luantum number n is given 
by 

r„ = nhy, 


so that radii of successive orbits increase as the square of n. 

The energy of the atom when the electron is in the station- 
ary orbit characterized by the quantum number n can now be 
determined by eliminating r from equations (8) and (11), yielding 


_ ' 2Trhne* 
~ nW 


( 12 ) 


According to Bohr’s second postulate, the frequency v of the 
energy radiated when an electron goes from orbit rii to orbit % is 


so that 



2x^77?^'' / I 1 \ 
/d \n/ 71, V 


(13) 

(14) 


Equation (14) has exactly the same mathematical form as Balm- 
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er’s formula. To compare this equation with spectroscopic data, 
it will be more convenient to write it in terms of wave numbers 
where 


V 



(15) 


yielding 


V - {J_ 1 \ 

~ c/i* \n/ riiV 


(16) 


The identity of equation (16) with Balmer’s formula can only be 
established by comparing the numerical value of Ru obtained 
spectroscopically with the numerical value of the factor 


2'Khne*‘ 


using the values of m, e, c, and h determined by independent ex- 
periments. Putting in the values of these constants yields 




109,740 cm“i, 


in excellent agreement with the value of Rn within the linoits of 
error of the experiments. The numerical value of the above factor 
may be changed slightly by better determinations of e and h, but 
the impetus given to atomic physics by Bohr’s original theory 
cannot be diminished. 

In this simple model of the hydrogen atom the nucleus is at 
the center of the atom, while the electron may be in any one of the 
circular orbits characterized by the quantum numbers n = 1, 2, 
3, 4, ... . As long as the electron remains in its orbit no energy is 
radiated, but whenever an electron jumps from an outer orbit to 
an inner orbit, energy is radiated in the form of light. A line of 
the Bahner series corresponds to a jump of the electron fi’om an 
initial orbit of quantum number n greater than 2 to the final orbit 
for which n = 2 (see Figure 103). The red line or lino of the 
Balmer series corresponds to a transition from orbit of quantum 
number tij = 3 to orbit of quantum number n/ = 2. Any one 
atom at any instant can emit only one photon of frequency v, but 
since there are always many atoms in any quantity of hydrogen 
which is exa min ed spectroscopically, there are always other atoms 
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which emit photons of different frequencies so that the result is the 
series of lines actually observed. The relative number of atoms in 
which the electrons go from a given initial state to a given final 



Fia. 103. — Quantum jumps giving rise to the difTcrciit spectral scries of hydrogen. 


state del, ermines the relative intensity of the particular spectral 
line corresponding to tliis electron transition. 

In addition l.o the Balmcr scries, other groups or series of spec- 
tral lines of hydrogen have Iwen discovered. The L 3 Tnan series 
lies entirely in 1.1 ic ultraviolet region; the wave numbers of the 
lines of the Lyman scries are given by 


V 


2Tr^me* / 1 1 \ 

c/i.® \12 riiy 


= 2,3,4,.. 


■) 


that is, an clectroiuc jump from any outer orbit to the innermost 
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orbit (% = 1) gives rise to a line of tlie Lyman scries. Wlion the 
electron is in the lowest orbit, n = 1, the hydrogen atom is said to 
be in its normal state. When the electron is in any orbit for which 
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Fig. 104. — Relative positions of the lines of the different spt^ctrtil scries of hy- 
drogen. 


the quantum number n is greater than unity, the hydrogen atom 
is said to be in an excited state. 

Three other series of lines are known for hydrogen; these scries 
are all in the infrared region and are known as the Paschon scries 
for which % = 3, the Brackett series for which n/ = 4, and the 
Pfund series for which W/ = 5. The relative positions of those 
spectral series are shown in Figure 104. 


77. Motion of the Hydrogen Nucleus 

The extraordinary success with which Bohr’s simple hydrogen 
atom model not only explains quantitatively the Balmer series but 
also predicts the existence of the other spectral series encourages 
us to proceed with further refinements of the theory. The simplest 
method is to remove some of the restrictions imposed upon tlic 
ori^al model. One such restriction was that tlie nuedeus re- 
m^ed feed at the center of the circular orbits. This can be true 
only if the nucleus has infinitely large mass. But if the mass of the 
nucle^ IS M, then both the nucleus and the electron will rotate 
about a conmon center of mass with a common angular velocity co. 
The new axis of rotation is on the Une joining the nucleus and the 
electron, and divides this line in the inverse ratio of their masses. 
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If a is the distance of the electron from the axis of rotation and A 
the distance of the nucleus from the same axis, Figure 105, then 



II 

(17) 

and 



from which 

r = a + A, 

(18) 


M 

^ ~^M + m 

(19) 

and 

A W 

^ ~'M + m 

(20) 


* 



.. O a 

A4(2) — 

\ 


r >■ 

.V 


Fid. 105. --- of t.lui nuc.kMis and (dcctroii about a common axis through 0. 


Furtlicr if r is 1,Iio linear velo(uty of the electron and V is the linear 
velocaty of the nucleus, then 


and 


V = (101 

( 21 ) 

V = dco. 

( 22 ) 


The kinetic eiua'gy of (he system is tlie sum of tlic kinetic energies 
of the electron and (Jui nucleus, or 

A'./tJ. = iM P + Imif 

= + J/aaV-. (23) 

Substituting tlu^ vahuis for a and A from exiuations (19) and (20), 
wo reduce the expression foi’ the kinetic energy of the system to 


K.PJ. 


1 niM 

2 M + in 


.2 




( 24 ) 
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where 

_ mM _ m 

M 


( 25 ) 


The expression for the kinetic energy of this system differs from 
that in which the nucleus was considered at rest in that the quan- 
tity /j, replaces the mass m of the electron. An examination of 
equation (25) shows that when M = » , is equal tom; /x is usually 
referred to as the reduced electronic mass. The introduction of the 
motion of the nucleus into the problem has the effect of replacing 
the electronic mass m by the reduced electronic mass /x in equar 
tions for the energy of the system and hence also in the equation 
for the frequency of the emitted lines. If the calculations are 
carried through in detail, the expression for the ‘wave numbers of 
the spectral lines becomes 


p 


2'n^me* 1 /I J^\ 

c/i* 1 I ^ ™iV 


( 26 ) 


or 


where 


and 



_ 2Tr‘^me* 
~ ch^ 


( 27 ) 

( 28 ) 


( 29 ) 


Equation (28) shows that the Rydberg constant is dependent upon 
the mass of the nucleus. The difference between equations (26) 

and (16) lies in the correction factor > which, though small, 

l-L — 

is not outside the limits of accuracy of spectroscopic experiments. 
It will be more instructive to rewrite equation (26) to include the 
atomic number Z explicitly. Remembering that in equation (3) 
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the nuclear charge E was replaced by —Ze, the factor should be 
( — Ze)V or so that equation (26) should read 

V 

ch^ m \n/2 niV 

M 



An examination of equation (30) leads to three very interesting 
conclusions. In the first place, spectral series similar to those of 
hydrogen should exist for ions which have a hydrogenlike struc- 
ture, i.e., a nucleus of chai'ge —Ze and a single external electron. 
For example, singly ionized helium. He, of nuclear charge — 2e 
should give a series of spectral lines whose wave numbers are 
given by the equation 



Except for the small change in the value of the Rydberg constant 
due to the difference in the nuclear masses, these wave numbers 
are four times as large as the wave numbers of the lines in the 
corresponding series of hydrogen. Such lines have actually been 
observed in the spectrum of helium. Other hydrogenlike ions 
whose spectra have been observed are doubly ionized lithium, 
Z = 3, and triply ionized beryllium, Z = 4. The following table 
shows the dependence of the Rydberg constant on the mass of the 
nucleus. 

TABLE VIII 


Depknoenob of Rydbeuo Constant 

ON THE Mass of the Nucleus 

Tlydrogcnlike Ion 

Rydbcj'g C-onstant R 
in cin“‘ 

11 

109,677.76 

TTe+ 

109,722.43 

Li++ 

109,728.89 

Be+++ 

109,730.79 


A second interesting conclusion that follows from equation (30) 
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is that a loiowledge of the Rydberg constant for hydrogen and 
ionized helium can be used to calculate the ratio of the mass of the 
proton to the mass of the electron. Using tlie subscripts H and 
He for the quantities characteristic of hydrogen and ionized 
helium, we get 


Rs 

■Rhb 


1 + 


m 


M 


Ho 


l + JL 


By substituting the value 

Mho = 3.9717Mh 

obtained from mass spectroscopic data into the above equation 
as well as the values of ijln and i?He> we get 

in excellent agreement with values determined by other methods 
(see Chapter 2, § 21), 

A third and extremely important conclusion is that even for 
the same vdue of Z, that is, for the same type of atom, there 
should be lines of slightly different wave numbers for nuclei of 
different masses. This has led directly to the discoveiy of the 
hydrogen isotope of mass number 2, now called deuterium. The 
history of the discovery of deuterium is very interesting. As a 
result of Aston’s very precise measurements of the masses of many 
isotopes, the relative chemical atomic weights could be computed, 
taking into consideration the fact that oxygen consisted not only of 
the isotope of mass number 16 but also of small quantities of mass 
numbers 17 and 18. The relative chemical atomic weights of hy- 
fn Tn mn''? computed by Aston differed by about 2 parts 

by direct physical and chemical 
methods Birge and Menzel (1931) suggested that this discrep- 

6 6xp amed by assuming the existence of two isotopes 
of hydrogen, and in the ratio of 4500:1. 

Urey, Murphy, and Brickwedde (1932) performed a series of 
^penments on the spectrum of hydrogen to find the isotope W. 
They used a 21-foot concave diffraction grating and photographed 
the Imes of the Balmer series. The dispersion of the instrument 
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was 1.3 A per mm. They first used ordinary tank hydrogen in the 
discharge tube and obtained a faint trace of a line shghtly dis- 
placed from the regular line. On the assumption that this 
faint fine was due to the presence of a small quantity of deuterium 
in the hydrogen, they decided to prepare samples of hydrogen con- 
taining larger concentrations of deuterium and thus increase the 
relative intensity of this lino. To accomplish tliis, they took liquid 
hydrogen, allowed most of it to evaporate, and used the small part- 
that remained. In the process of evaporation, the lighter con- 
stituent evaporates at a greater rate, leaving the residue with a 
greater concentration of the heavier (constituent. Two different 
samples were used: (1) the part that remained after the liquid 
hydrogen evaporated at atmospheric pressure, (2) the part that 
remained after the liquid hydrogen evaporated at a pressure 
slightly higher than the triple point pressure. With these samples, 
the intensity of the displaced line was greatly enhanced, showing 
that they were now much richer in the isotope IP. The results of 
their experhnent on four linos of the Balmer series are given in 
Table IX. 


TABLE IX 


Sepakation of the Balmbu IjInes Due to the Two Isotopes 

OF llyjniooEN 


Spectrum Tiiucs 

Hi - Hi 

Hi - in 

Hi - Hi 

11’ - IP, 

C’ahculated 

1.7t)3A 

I.32()A 

i.is.'iA 

i.iloA 

()l)serve(l using 
ord. 11 


1.34() 

1.20G 

1.145 

Observed using 
evap. 11 fl) 


1.3.30 

1.199 

1.103 

Observed using 
evap. II (2) 

1.791. 

1.313 

1.176 

1.088 


Tlie discovery of deuteTium led rapidly to methods for isolat- 
ing it in comparatively large (piantities, enabling scientists to use 
it in many diff(crent fields of investigation in chemistry and biology 
as well as in ]-)liysi(cs. In pliysics, deuterium and the ionized atom 
known as tiie deuleron lla^"e l)een of iiKcstimable value in the study 
of atomic nuclei (s(ce (dnipter.S). 
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78. Elliptic Orbits for Hydrogen 

Bohr’s original theory, which dealt only with circular orbits, 
was extended by Sonunerfeld to include elliptic orbits. To accom- 
plish this, Sommerfeld generalized Bohr’s first postulate for the 
determination of the permissible orbits to read 



(31) 


where qi is a coordinate which varies periodically, pi is the corre- 
sponding value of the momentum, and Ui is an integer. The sym- 
bol f means that the integration 
is taken over a whole period of 
motion. In the case of circular or- 
bits there is only one coordinate 
which varies periodically, namely 
the angle <i> which the radius vec- 
tor makes with the x axis. In the 
case of elliptic motion, not only 
does the angle <t> vary, but the 
length of the radius vector r also varies periodically (see Figure 
106). The elliptic orbits will therefore be determined by the two 
quantum conditions 



Pig. 106. — Elliptic orbit of the 
electron in the hydrogen atom. 


^ p^d<f> = nji 
^ Prdr = n,h, 


(32) 

(33) 


where is called the angular or azimuthal quantum number and 
Ur is called the radial quantum number. Let the origin of coordi- 
nates be taken at the nucleus which will be considered fixed, and 
let the mass of the electron be constant, that is, neglect the rela- 
tivity variation of mass with velocity. The first integral can be 
evaluated very easily since the momentum corresponding to the 
coordinate ^ is merely the angular momentum, p, of the electron 
in the elliptic orbit, and this, from Kepler’s law, is a constant [see 
Appendix VII: equation (6)^. Integrating equation (32) over one 
period, from 0 to 27r, yields 

p^d(j> = nji 
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or 


V<t 


^ nji kh 
^ ~ 2Tr ~ 2Tr’ 


(34) 


that IS, the angular momentum is always an integral multiple of 
h/2ir ;n^ is now replaced by the letter k since the latter is more com- 
monly used to denote the azimuthal quantum number. 

The second integral, when evaluated (see Appendix IX) 
yields the equation ’ 


- (1 _ - 27rp, (35) 

where e is the eccentricity of the ellipse. Substituting the value 
for p from equation (34) yields 



1 

1 

rH 

11 


or 

= (1 _ 


If we set 
then 

n = Vr + k, 

(36) 


1 — €* = — • 

(37) 


n is called the jirincipal quantum number. The total energy of 
the electron in the elliptic orbil. depends only on l.hc length of its 
semimajor axis (see Appendix IX) and is giviai by 


e = 


2a 


(38) 


The total energy can also lie expressed in kmns of tlie oceentrieil,y 
(see Appendix IX), as follows: 


<? = - 


mZW - €') 


2p^ 


(39) 


Substituling Ihe values for e and p from eciuations (37) and (34) 
respe(!triv(!ly, we get 


2Thiwy/l 

nW ’ 


( 40 ) 
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which is identical with the expression for the energy of the electron 
in a circular orbit of quantum number n. The introduction of 
elliptic orbits does not result in the production of new energy 
terms; hence no new spectral lines are to be expected because of 
this multiplicity of orbits. 

It is interesting to determine the possible electronic orbits for 
any given principal quantum number n. The length of the semi- 
major axis a is obtained from equations (38) and (40) : 



a = 

, Cto 

Z’ 

(41) 

while the 

semiminor axis is given, by 




6 = a(l - €2)1/2, 


(42) 

so that 

6 = nk 


(43) 

where 





I? 

= 4^^ = ^-^29 X 10-^ cm 


is the radius of the first Bohr orbit. These equations show that the 
length of the semimajor axis is determined solely by the principal 
quantum number n, wliile the length of the semiminor axis de- 
pends upon the azimuthal quantum number h. . For the first orbit 
corresponding to the lowest energy level or the normal state of 
hydrogen, the principal quantum nmnber n = 1. Since the sum 
of Ur and k must be unity, and each must be an integer, when 
Ur = 0, k = I, and when Wr = 1, A: = 0. On the basis of this 
theory of the structure of the atom, it was decided that k can never 
be zero since that would moan that the ellipse would be reduced to 
a straight line and that the electron would have to pass through 
the nucleus twice during every period. The smallest possible value 
for k is thus always unity. With n = k = 1, the first orbit is a 
circle identical with the first Bohr orbit. With n = 2, k may have 
the values 1 or 2, so that there are two possible orbits for n =2, 
a circle and an ellipse. Similarly there are three possible orbits 
.^or n = 3, a circle and two ellipses. Figure 107. For ionized he- 
lium, Z =2, the orbits are similar but the radius of the first orbit 
is ao/2. The orbits for the other hydrogenlike atoms can be con- 
structed in the same manner. 
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It may at first sight appear strange that with the introduction 
of two quantizing conditions instead of one, no new energy levels 
and no new spectral lines are predicted. An examination of these 




k=3 

Fin. 107. — Fossiblo (ilectrouic orbits for a §);ivon total quantum number n. 


two conditions shows, however, that, hot li of liiom liave exactly 
the same periodicity; tiuit. is, as tiie a.ngl(i 0 goes from 0 to 2Tr, the 
radius vcctx)r r goc^s from it.s inaxiinuni value through the mini- 
mum value and bacdc t,o its inaxiinuni value. A mathematical 
examination of multiply periodui syst.(Mns shows that whenever the 
ratio of two of tiu' piu’iods of siudi a system is a rational number, 
the two (luantum (conditions degenerat.e into a. single quantum 
condition. But. if tiie ratio of tlie two periods is an irrational num- 
ber, tliat is, if the t.wo pei'iods are incomnucnsurable, then there 
will he two indep(Mid(cnt (luantuni c.ondit.ions. In general, there 
will be as many independent, (juantum eondit.ions of the form 



as there are incoinni(uisurable periods in the motion. In such 
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cases the system is referred to as a nondegenerate system. One 
method for removing this degeneracy in the case of the elliptic 
motion of the electron in hydrogen, is to take into consideration 
the relativity change of mass as the velocity of the electron in its 
orbit changes. Sommerfeld has carried out this calculation and 
has shown that the path of an electron is a rosette, Figure 108, 
which may be considered as an ellipse whose major axis processes 



Fig. 108. — Rosette figure of electron path when the relativity correction is taken 
into consideration. 


slowly in the plane of the ellipse about an axis through one of the 
foci. The equation of the path of the electron is 

1 _ 1 + e cos ^<j> 
r ~ a(l — 

which differs from that of an ellipse in that the angle <^> is replaced 
by the angle \p(j>, where ^ is a number less than unity and is given 

by 


^ = 1 


cy 
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When the angle 4> is increased by 27r, r does not return to its origi- 
nal value but reaches it only after the angle has been increased 
by 2ir, or when 4> has been increased by the angle 2Tr/\{/. Hence 
the radius vector r returns to its original value only after the axis 
of the ellipse has precessed through an angle 



The effect of the relativity correction on the expression for the 
total energy of the orbit is to introduce an additional term in equa- 
tion (40). This additional term is 


where 


AS =- 


2Tr^me^ 



_ 2'?re''‘ 
~ ch 


7.284 X lO-’ = 


1 

137 


is known as the Sommerfold fine structure constant. This term 
shows that the energy docs depend upon the azimuthal quantum 
number h which has the effect of .splitting up the energy level into 
n terms very close together. The energy of the finst oi'l^it, « = 1, 
can have only one possil)le value siiuie k = 1, or there is only one 
energy level for n = 1. For priiudpal (piantuin number n = 2, 
the energy can have two pos.siI)lc values (iorrewpouding to fhe two 
values of h, 1 and 2; that is, there are Iwo enci-gy levels for n = 2. 
Similarly there arc thn^e i)().s.sil)le (MUirgy values or energy levels 
for n = 3, and so on. For the first line of the Hahner serie.s, corre- 
sponding to the change in the priinapal (luanlum numbers Wi = 3 
to 71/ = 2, there are six po.ssible t.ransit.ions for t.he dilTerent values 
of k. This means that, witli a speet.roseopc of very high resolving 
power, the 1[„ line .should appear t,o consist of six lines very close 
together. Aet.ually the II„ line has fewer components. To make 
experiment and theory agree, .some of the t ransitions have to be 
ruled out by some sdcdioii, principle. The .selection principle 
cho.sen is that the a.zimuthal qua.nt.um number k can change only 
by 4-1 or —1 or, expressed in mat.hemat.ical form, 

Ak = ±1. 


The application of t.his .seleet.ion rule t.() the Balmcr scries shows 
that each line should eon.sist of t.lirec components; .similarly, each 



202 


THE HYDROGEN ATOM 


[§79 


line of the Paschen series should consist of five components, while 
the lines of the Lyman series should all be single lines. The fine 
structure of the Balmer lines and some of the lines of ionized he- 
hum have been carefully studied but the agreement with the 
theoretical predictions is not very good. Most of these discrep- 
ancies were later removed by the introduction of the hypothesis 
of electron spin (see Chapter 6), Further discussion of the fine 
structure of spectral lines will be postponed until the subject of 
electron spin has been considered. 

79. Energy Level Diagram for Hydrogen 

The results of the discussion of the spectrum of hydrogen can 
be presented in graphical form by means of an energy level dia- 
gram which makes use of the fact that the wave number of any 
spectral line is the difference between two terms which represent 
the energies of the initial and final states of the atom. The energy 
level diagram for hydrogen, neglecting fine structure, is shown in 
Figure 109. The energy levels are drawn as horizontal lines and 
the wave number scale, in cm-i, is shown in the figure. The lowest 
energy level corresponds to the normal state of hydrogen . Transi- 
tions to this level from any liigher level give rise to the Lyman 
series of lines. The origins of the other spectral lines are indicated 
in the figure. It will be noted that the energy levels crowd to- 
gether as the principal quantum numljcrs get large, since each 
term is of the form 



From this it follows that the lines of a spectral series will converge 
toward the series limit. 

Transitions from higher to lower energy levels can occur spon- 
taneously. In order to get into one of these higlier energy states, 
the atom must be excited by some external ageiu^y. Such excita- 
tion may take place because of the transfer of energy during col- 
lisions between atoms in a gas at high temperature. Atoms may 
also be raised from the normal to the excited states by impact with 
electrons having the riglit amount of kinetic energy. A simplified 
experimental arrangement for producing colhsions between elec- 
trons and hydrogen atoms is shown in Figure 110. The tube con- 
tains hydrogen at low pressure. Electrons liberated from the hot 
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filunuiiit F iir(! toward tho }>;ri(l G by a difference of 

potential When l.hey enter tho region bel.weon tho ^dd G and 


204 THE HYDROGEN ATOM [ § 79 

the plate P, these electrons will have an amount of energy equal 
to Ve - imv^. If these electrons suffer no energy loss on collision, 
they will travel to the plate and be registered by the galvanometer. 



Fig. 110. — Method of determining the ionization potential of hydrogen. 

As the voltage is increased, the current to the plate will be in- 
creased until the energy of the electrons is just the right amount 
to raise the hydrogen atom from the normal state to one of its ex- 
cited states. When this value is reached there will be a drop in 
the current to the plate indicating that many electrons have given 
up their energy to hydrogen atoms to raise them to an excited 
state. As the voltage is increased still further, a point will be 
reached at which ionization of the gas will set in, resulting in a 
very large increase in the current through the tube. At this value 
of the voltage, known as the ionization potential, the electrons 
from the filament have just sufficient energy to ionize the hydro- 
gen atom; that is, to remove the electron from the lowest orbit of 
hydrogen, n = 1, to ?^ = oo ^ i.e., outside the atom. The numerical 
value of this ionization potential can be computed from the values 
of the two energy levels and <fi, and is 

V = 13.53 volts. 

The value of the ionization potential determined empirically is 
13.54 volts, in good agreement with the Bohr theory. 
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In the energy level diagram a shaded region of continuous 
energy values is shown extending beyond the last quantized orbit, 
n = 00 . This corresponds to the fact that the electrons which are 
knocked out of the hydrogen atom have kinetic energies repre- 
senting the differences between the ionization energy and the 
energies of the incident electrons. The electrons outside the hy- 
drogen orbits are not subject to quantum conditions since their 
motion is not periodic. The kinetic energies of these electrons 
may have any values whatever. When an electron in the neigh- 
borhood of a hydrogen ion falls into one of its orbits, the system 
will radiate energy. If the initial kinetic energy of the electron is 
zero, and it falls into orbit n = 2, the system will radiate an 
amount of energy corresponding to the limit of the Balmer series. 
If the initial kinetic energy of the electron is greater than' zero, 
then when it falls into orbit n = 2, the system will radiate a greater 
amount of energy. The frequency of this radiation will be greater 
than the frequency of the series limit. Since the initial kinetic 
energy can have any value whatever, a continuous spectrum should 
appear at the end of the Balmer scries beginning at the position of 
the scries limit. The continuous spccti’um at the end of the 
Balmer scries has actually been observed. 

Another imporlatit method of raising the liydrogen atom from 
the normal t.o one of i(,s (excited states is through the absorption of 
light. If the iiundcnt light contains one of the wave lengths of the 
Lyman scri(!s, say 1()25.8A, tlien those atoms whic.h absorb this 
liglit will be raised frenn eiuirgy kwel n = 1 to t.he higher energy 
level n = 8. TI\e atoms in t.his bigbor state can return to the 
normal state l)y the emission of radiation either in a single step 
with the emission of the same wave length, or in two successive 
stages, from ii. = 8 t.o n = 2, and t.licn from n = 2 to n = 1. In 
the latUa- cause two lines will be ernitied, t.he TI„ line of the Balmer 
series and t.lie first, line of t.he Lyman series, X = 1215.7A. Fluo- 
rescent radiation is the; name' given to the light emitted by atoms 
which liavci bcce.n exeitcal I)y tlie ahsorpt.ion of liglit. 

The liydrogen atom may be ionized by t.he absorption of light 
of freciuency greater tlnui that of the Lyman series limit, i.e., of 
wave number grea(.er t han An- The kinetic energy of t.he electron 
knocked out of the hydrogen al.om will t.hen be the difference be- 
t.wccn t.he energy of the incident ra.dia(.ion and the energy of the 
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hydrogen atom in the normal state, or 

\mvi^ = hv — huh. 

But this is Einstein's photoelectric equation in which Vh is the fre- 
quency of the Lyman series limit, and v is the frequency of the 
incident radiation. 

The energy level diagram of hydrogen can be used in the dis- 
cussion of hydrogenlike atoms by merely changing the scale, since 
the energy terms differ only by the factor neglecting relativity 
terms. 


80 . De Broglie's Hypothesis and the Quantization of Orbits 

The older quantum theory sketched in the preceding sections, 
while very successful when applied to the hydrogen problem, could 
only be applied either in a semiempirical or in a qualitative man- 
ner to other problems in atomic physics. Schrodinger's wave me- 
chanics, based upon de Broglie’s hypothesis, has been much more 
successful in obtaining rigorous mathematical solutions for many 
of these problems. It is interesting to see how Bohr’s quantization 
hypothesis comes out of this new theory and what the modern 
picture of the hydrogen atom is. 

On de Broglie’s hypothesis, the wave length associated with an 
electron is given by 

x.A. 

mv 

Instead of an electron moving in a stationary orbit, we must now 
think of a series of waves moving in this orbit. In order that the 
waves should not cancel one another by interference, they must 
move in such a manner as to produce a stationary or standing 
wave in the orbit. The necessary condition that must be fulfilled 
is that the length of path should be a whole multiple of the wave 
length. Or stated mathematically, 

2xr = n\ 

where n is a whole number and r is the radius of the orbit. Sub- 
stituting the value for X, we get 

mv 
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or 

nh 

which is identical with Bohr’s quantization hypothesis. 


81 . Application of Wave Mechanics to the Hydrogen Problem 

In wave mechanics, Schrodinger’s equation is used as the basic 
dynamical equation and in the case of the hydrogen problem, this 
equation and the appropriate restrictive conditions replace all of 
Bohr’s postulates. In this problem an electron of charge e is at a 
distance j" from a nucleus of charge J? = —Ze so that the potential 
energy of the electron with respect to the nucleus is 


7 = - 


r 


With this value of the potential energy substituted in Schro- 
diugcr’s equation (Chap. 4, § 73), it becomes more convenient to 
use spherical coordinates (r, B, cj)) instead of Cartesian coordinates 
(.c, y, z). Thei’o is a regular formal procedure for solving such 
sc(!ond-ordcr partial differential equations (see references at end 
of cliaptcr). In the solution of this equation, wave functions u 
arc souglit su]:)jcct to tlie restrictive conditions that they must be 
cvcrywliore finite, single-valued, and continuous, with continuous 
first derivatives. It is found tliat solutions satisfying the above 
(muditions exist for all positiv'c values of the total energy £“, and 
for those negative values of the total onci-gy which satisfy the con- 
dition that 

where n is a positive integer. The above equation is identieahwith 
the expression for the energy of a stationary state characterized 
by the principal ([uantuni nunilxn' a in the Bohr theory. It must 
be i-emark(«l that no additional hypotheses or assumptions are 
intr-odiKicd in the solution of Hchrixlingcr’s equation. The fact 
that (lertain (piantit.ies rest.rictcd to integral values appear as the 
result of solutions of part/ial differential o(iuations is not new in 
inat.hematical physics. ’FIki solutions of liie differential equations 
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governing the vibrations of strings and membranes, particularly 
those involving stationary modes of vibration, are solutions in 
which integers play a very important part. For example, a at, ring 
fixed at both ends can have stationary modes of vibration set up 
in it only when the length of the string is an integral multiple of 
X/2, where X is the length of the wave traveling along the string. 
Thus, in the new wave mechanics, the quantum number n appears 
naturally as the result of the solution of a fundamental equation, 
although Bohr introduced it without any apparent reason, except 
that it did predict the correct values for the frequencies of the 
spectral lines of hydrogen. 

The complete solution of Schrodinger’s equation introduces 
not just the single integer n, but three integers usually denoted 
by the letters n, I, and m. (The letter m is not to be confused with 
the mass of the electron.) While the quantum number n may 
have any integral value, the quantum numbers I and m are re- 
stricted in values by the conditions of the problem. The quantum 
number I may have the values 

Z = 0, 1, 2, • • . (w - 1). 

By comparing these values with the values of the azimuthal quan- 
tum number k of the older theory, it is seen that I may be identi- 
fied with /c — 1. The quantum number m may take all integral 
values from -I through 0, to -|-Z; that is, it can have 21 1 values. 

For example, for I = 2, m may have the values -2, -1, 0, -|-1, 
-t-2. The quantum number m is usually called the magnetic quan- 
tum number; it will be considered in greater detail in the next 
chapter. 

The wave function u is, of course, dependent upon the values 
assigned to the quantum numbers n, I, and m. The functions 
which satisfy Schrodinger’s equation for the discrete energy states 
are usually called proper functions. While no immediate physical 
significance can be attached to these proper functions, it will be 
recalled that v?dv can be interpreted as the probability of finding 
the electron in the volume element dv. Of greater interest is the 
probabihty of finding the electron at a given distance r from the 
nucleus. If is multiphed by the surface area of a sphere, 4xr^, 
then the term represents the probability of finding the 

electron within a spherical shell of radius r and thickness dr. In 
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Figure 111, rhi^ is plotted against the distance r for quantum num- 
bers n = 1, Z = 0;n = 2, Z = 1; n = 3, Z = 2. These quantum num- 
bers correspond to those representing the circular orbits in Bohr’s 



Ftg. 111. — Chirvos showin^i; t.lio probability of findin^^ tbo electron in the liydrof^en 
atom within a spherical sliell of radius r and thickness dr for some values of n and 1. 

theory. From the figuro, it is seen that the probability of finding 
the cle(d.ron at any dist.aneo from l.lio nucleus has a maximtim at 
the (listaiUH^ eclual to the radius of tlic (corresponding Bohr orbit. 

Th(^ pict ure of tlie liydrogcui a, tom from the standpoint of wave 
mcchankes (can be prccscnUcd in ariotlucr manner. The term euHVj 
where e is the (clocct.i’onic cchargcc, represents the probaliility of find- 
ing the (cle(ctri(c (cliargci in t,he volume (dement dv. This is some- 
times (calkcd tbe (kensity distinbiition of the ele(ctri(c charge in the 
atom or the electronic cloud around the mucleus. It must not be 
assunued that tbe (clect.ronic, (charge is smeared out over the atom, 
although (*al(culat.ions ])a.s(c(l on this assumption lead to (correct 
results. The (kensity a,t any point in the (ckcetronic cloud repre- 
sents the ))r()bM.l)ilit.y of finding th(c ekMctron in the particular vol- 
ume (ckcinent in t he neighborhood of that point. 

It may be argiucd tbaX Bohr's simpke piet.ure of the hydrogen 
atom has Ixcon giv(Mi up for a. sonucwliat. nelnilous pict.urc of the 
atom without, gaining anything th(cr(cby. However, many tilings 
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which were inexplicable on Bohr’s theory come naturally out of 
further refinements of wave mechanics. For example, Bohr had 
to postulate that an atom in a stationary state should not radiate, 
contrary to classical electrodynamics. In the wave mechanical 
theory of radiation, it is shown, in a manner analogous to the clas- ' 
sical theory, that an atom in a stationary state will not radiate 
energy because the radiations from the different parts of the elec- 
tronic cloud will cancel each other by interference. Further, it is 
shown that only those frequencies will occur in the spectrum of the 
atom which are formed by the differences in the frequencies of 
two atomic states. This leads directly to Bohr’s frequency con- 
dition, 

e, - £, 

Another important contribution is the calculation of the intensity 
of a spectral line. A surprising result of this calculation is the pre- 
diction that the most intense lines will be those for which the 
changes in the quantum numbers I and m obey the rules that 

Al = ±1 

and Am = 0, or ± 1. 

These selection rules apply not only to the hydrogen type of atom 
but to other atoms in which a single electron is responsible for the 
changes in the atomic energy states. There are no selection rules 
for the quantum number n. 
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PROBLEMS 

1 . Discuss the relationship between the frequency of rotation of the 
electron in the circular Bohr orbits and the frequency of the radiation 
emitted when the quantum number changes by unity. Show that for 
very large quantum numbers, the frequency of rotation of the electron 
and the frequency of the radiation emitted when the quantum number 
changes by unity approaches the value v = 2cRJn^, 

2. Derive an expression for the total energy of the hydrogen atom, 
taking into consideration the motion of the nucleus. Using this expres- 
sion for the energy, derive equation (20) for the frequency of the emitted 
radiation. 

3. Using the data from Table VIII, plot a curve showing the de- 
pendence of Rydberg’s constant on the nuclear mass. Determine the 
value of Roq from this curve. 

4 . Assuming that an amount of hydrogen of mass number three 
sufficient for spectroscopic examination can be put into a tube contain- 
.ing ordinary hydrogen, determine the separation of the Ho- lines that 
should be observed. 

Arts, AX = 2.38A. 

6. (a) Draw an energy level diagram for the energy levels charac- 
terized by the principal cpiantum numbers n = 2 and 7i == 3, taking the 
relativity corrections into consideration. Show the transitions per- 
mitted by the selection rule, (b) Draw a diagram showing the positions 
of these lines relative to the position of the line predicted without rela- 
tivity correction. 
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82 . Introduction 


The study of atomic spectra has yielded invaluable informa- 
tion concerning the arrangement and distribution of the electrons 
■within the atom. Most of the principles and rules used in spec- 
troscopy have been obtained empirically, but within the past few 
years, -with the development of wave mechanics, many of them 
have been placed on a good theoretical fomidation. One of the 
most important of these principles is Bohr’s frequency condition, 
which states that the frequency of any line of the spectrum is pro- 
portional to the difference between the values of the energies of 
two states of the atom emitting the radiation; that is 


Si-e, 


( 1 ) 


where v is the frequency of the emitted radiation, is the energy 
of the initial state of the atom, £“/ is the energy of the final state of 
the atom, and h is the Planck constant. Expressed in terms of the 
corresponding wave number v, this equation becomes 


V 


^ 

ch cti 


( 2 ) 


where c is the velocity of light. Equation (2) shows that the wave 
number of any spectral line can be expressed as the difference be- 
tween two terms: 


V = Ti - Tf, ( 3 ) 

where each term, T, expressed in wave numbers, represents an 
atomic energy state or energy level. 

Atomic spectra can be grouped in two general classifications: 
(1) optical spectra and (2) X-ray spectra. For any given element, 
the wave numbers of the lines in the X-ray spectra are much 
greater than those in the optical spectra. From this it can be in- 

212 
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ferred that the difference in energies between two states of an atom 
which emits an X-ray spectral line is very large and that the 
energy values of these atomic states are also very large. The 
wave numbers of the lines of the optical spectra are compara- 
tively small. It will be shown not only that the difference between 
two atomic energy states is small, but that the energies of the 
atomic states giving rise to these optical lines are also small. In 
general, the optical spectrum of any given element is much more 
complex than tlxe X-ray spectrum of the same element. In this 
chapter, a few t3''pical optical and X-ray spectra will be considered, 
together with the relationship of these spectra to the extranuclear 
structure of the atom. 

83. Optical "Speefra I Series 

A great deal of work had been done in analyzing optical spectra 
in the century preceding the publication of Bohr’s theory of hydro- 
gen. The spectral lines of an element had been arranged in several 
series, and as aids in selecting lines belonging to the same series, 
various types of evidence were usetl such as (1) the physical ap- 
pearance of the linos, wliothor “sharp” or “diffuse,” (2) the meth- 
ods used in producing the spectra, whether witli the aid of an arc 
or a spark, and (3) the behavior of the lines when the emitting 
atoms were subjected to e.xt.ernal elect, rie and magnetic fields, 
e.g., the Zeeman effect. 

Rydl)crg (ISSO) sxiggestcd that, the optical! series then known 
could he arranged in such a way t.hat the wave number of any lino 
in the series would bo given liy tluc diffccreiK^e Ix'.twecn two terms 
as follows 

- - m 

V (4) 

in whidi 7? is 'R,y(l])orp;’s coiist.iuii, n is an iniof]!;or and <i> Ls a fraction 
less than unity \vlu(*li is ])racii(*.ally ('onslcnnt for all lines of the 
scries, Th(^ s(n-i(\s jipproiu^hos a. limit for very la.r^*o vahios of n; 
the term is ihe wave nTiinher a.ppron,(*.h(Ml by t.lu'. series in the 
limit as a,pproa,(^h(»s infinity. Z lias th(', valiK’i unity for series 
due to noul.ral atoms, the value two for singly charj^ed ions, three 
for (loulily char^(‘d ions, and so on. The similarity lietweon Ilyd- 
berg\s formula and Bohr’s fr(M]uen(\y eondiiion is obvious. In 
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each case the wave number of a line of a spectral series is given as 
the difference between a fixed term and a variable term. The 
fixed term is the wave number of the series limit represented by 
either Pm or Ti. The variable term assumes different values by 
assigning different integral values to n. 

Of the several series of spectral lines from any one element, the 
most intense are the principal series, the sharp series, the diffuse 
series, and the fundamental or Bergmann series. In terms of 
Rydberg’s formula, these series are represented by the following 
equations : 

principal series 


V = P 

R 

(n = 2, 3, 4, • . 



V — jT M 

(n + PY 

•); 


sharp series 





V =-S„ 

R 

{n = 2, 3, 4, • • 

•); 


{n + SY 


diffuse series 




(5) 

V = Foo 

R 

(n = 3, 4, 6, • • 



In + DY 

• ); 


fundamental series 




V — F 

R 

(n = 4, 5, 6, • 

• •). 



{n -H P)2 


The fixed term 

» is replaced 

by Pm, Soij Fm, or Pm? 

and the con- 


stant 4> in the variable term is replaced by F, S, F, or F in Ryd- 
berg’s formula. The constants P, S, D, and F all have different 
values. It has been found empirically that the fixed terms have 
the following values; 

P = ^ 

" (1 - 1 - 

cr -R 

” " (2 + PY’ 

D = ^ 

“ (2 + PY’ 

and 

F ^ 

" " (3 + DY' 
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It wiU be noticed that the sharp and diffuse series both have the 
same series limit. A shorthand notation is frequently used in 
writing the equations for the different series. This is done by 
using the letters which appear in the denominator of the particular 
term to represent the term. Thus nP is written as an abbreviation 

of the term nS for nD for and so on. 

In this notation, the hnes of the different series are written as 
follows: 


principal series 

V = IS — nP 

sharp series 

V = 2P — nS 

diffuse series 

V =2P - nD 

fundamental series 

r = 3D - nP 


{n = 2, 3, 4, 5, • • • ); 

(w = 2, 3, 4, 5, • • • ); 

( 6 ) 

{n = 3, 4, 5, 6, • • • ); 

(n = 4, 5, 6, 7, . • . 


From the analyses of their spectra, term values have been com- 
puted for many of the energy states of all the elements. While the 
wave numl)er of any line can be expressed as the difference be- 
tween two terms, the converse is not always true; that is, not all 
the differences that cum be formed between the term values of an 
atom reprcisent spcicti'al lines. In order to account for the non- 
appearance of certuiin linos, seJeetion rules are necessary. Such 
selection rules, originally formulaied empirically, can be derived 
by means of wave mcichanics. They arc best stated in terms of 
possible; (;liange,s in quantum numbers intimately related to the 
structure of the at,om. The simplest formulation is in terms of an 
atom model, f.he so-(;a.lled ?>cdor model of the atom. Many other 
points, sucli as t.lie fine stru(;turo of some spectral lines, and the 
Zeeman effec;!., arc b(;st. explained with the aid of this vector 
model. 


84. Vector Model of the Atom: Orbital Angular Momentum 

It will be rccalh'd that, in Bohr’s i.lieory of the hydrogen atom, 
the ole(;tron was a.ssuni(;d (.o be moving in a circular orbit with 
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angular velocity oi. Angular velocity is a vector quantity and is 
represented by a vector along the axis of rotation, perpendicular 
to the plane of the orbit. Because of this angular velocity, the 
electron has a definite angular momentum, p^, which, on Bohr’s 

theory, was a whole multiple of h/2Tr represented by k where k 

is the azimuthal quantum number. In the vector model of the 
atom, the quantum number k is replaced by the quantum num- 
ber I, and the electron is assigned the orbital angular momentum 


p^ 


-zA. 

*27r 


(7) 


Of course, angular momentum is also a vector quantity and is 
represented by a vector along the axis of rotation. If the unit of 
angular momentum is chosen as h/2Tr, then the angular momen- 
tum-vector will be I units long. It will be convenient to use I to 
represent the orbital angular momentum. It must be remarked 
here, however, that wave mechanics shows that the magnitude of 
the angular momentum of an electron has the value 


■VTir+v^; 


( 8 ) 


While it will be more convenient in the discussion of the vector 
model of the atom to use the vector I, in any calculations that 
have to be made, its magnitude I will be replaced by the correct 
value VT^T+T). It wiU be recalled that I can have the values 0, 
1, 2, • • • (n — 1), where n is the principal quantum number. 

In considering the more complex atoms, each electron outside 
the nucleus is assigned an orbital angular momentum as well as a 
principal quantum number n. The total orbital angular momen- 
tum of the atom, denoted by the letter L, is the vector sum of the 
orbital angular momenta of the individual electrons. However, 
this vector sum, L, is restricted by quantum conditions to integral 
values. Bor example, in the case of two electrons for which I = 2 
and Z = 1, the sum L may have any one of the three values 3, 2, 
or 1. The method of adding these vectors is shown in Figure 112. 


85. Electron Spin 

In order to account for the fine structure of the lines in the 
spectral series of some of the elements and also to account for the 
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anomalous Zeeman effect, Uhlenbeck and Goudsmit (1925) intro- 
duced the hypothesis that the electron rotates or spins about an 
axis just like a top. The angular momentum of the electron due 
to its spin, Pj, is assigned the value 

h 

P, (9) 

where s has the value Vcctorially this can be represented by s of 



Ftg. 112. — Mot.liod of addition of angular momentum vectors. 


length I in nnils of h/2ir. Again it must 1)0 noted (hat, according 
to wave mechanic's, (he inagnil.nde of s is \/.s(.s' + ] ) rather than s; 
that is, \/3/2 ratlier tliau In tlie vector treatment of the atom. 



W fc) 

■PiG. 113. — Addition of el(‘.ctron spin vectors (a) for three electrons, (b) for four 
(electrons. 


the f^pin quaniuni munber s will 1)0 used, l)ut in acdiial calculation 
its wave inocliani(ts valuer will Ix^ substitutcxl. 

The v(Hd;()r sum, S, of th(^ a.uf>;ula.r moment, a- of several ele(d,rons 
is sul)je(d, to the following’ rest, riel, ious: for a,u odd number of elec- 
trons, S must be an odd mul(,iple of i; for a,n (u^en number of elec- 
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trons, S must be an integer. This means that the vectors repre- 
senting the spin must always be parallel or antiparallel, i.e., op- 
positely directed. This is shown in two typical cases in Figure 113, 
one for three electrons for which S can have the values § or f-, the 
other for four electrons for which S can have the values 0, 1, or 2i 



Fig. 114. — (a) Addition of the vectors I and s to form j according to the vector 
model, (b) Addition of the vectors I and s to form J according to wave mechanics. 

86. Total Angular Momentum Vector 

In many cases, for example in the alkali elements, the changes 
in the atomic configuration giving rise to the optical spectrum ai’e 
produced by the motion of a single electron. The total angular 
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momentum of a single electron is the vector sum of the orbital and 
spin angular momenta of the single electron. The total angu l a r 

momentum is given by j ~ where j is the total angular momen- 
tum quantum number. The vector j, representing the total angu- 
lar momentum, is defined by the equation 

J + s, (10) 


with the restriction that the vector sum must always be an odd 
multiple of J. Since s is always equal to J, j can have only two 
values for a given value of Z, namely Z + and Z - | except when 
Z = 0, in which case j can have the value only. Thus for Z = 2 
and s = -I, see Figure 114(a), j can have the values f and f. 

Again it must be remarked that, from wave mechanical con- 
siderations, the magnitude of the vector J should be -I- 1). 
In the addition of vectors Z and s to form the vector j, the magni- 
tude of I is taken as \/l{l -I- 1) > and that of s is taken as Vs(s -t-1). 
The numerical values of Z, s, and j wliich are needed for determin- 
ing the wave mechanical values of the corresponding vectors are 
the valuo.s obtained from the vector model of the atom. The angle 
between the vectors Z and s in Figure 114(b) can be obtained from 
the figure with the aid of the cosine law, yielding 


cos (.s, 1) 


J( j -t- 1) - Z(Z -f 1) - s(s + 1) 
2Vs(^' + IT VillTTj 


(t1) 


If t,lic changes in atomic states arc produced by the action of 
two or more electrons, then the value of the total angular momen- 
tum of these clcctroi\s, denoted by J, will depend upon the intcr- 
act ion or the (loupling between the orbital and the spin angular 
monuMit.a. Expcrieiuie lias shown that the type of coupling which 
occnirs most frequently is tlie Ru.s.scll-Raundcrs or L-S type of 
coupling. In this type of (Coupling all the orbital angular momen- 
tum vect,ors of the (hicXrons combine to form a resultant X, and 
independently all their spin angular momentum vectors combine 
to form a resultant, S. The t.olal angular momentum of the atom 
is then given by the relation 

J=L+S, (12) 

with the rcstri(!tion that. J must be an integer if S is an integer. 
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and J must be an odd multiple of | if /S is an odd multiple of 
This type of coupling is illustrated in Figure 115 for L = 2, = 1, 

and L - 2, 8 = ^. It can be seen from the figure that the num- 


s=i 



(®) Addition of the vectors L and S to yield integral values of J. (h) 
Addition of the vectors L and S to yield half-integral values of J. 

ber of possible values of J, for L > S,hi2S + 1. The reader can 
construct similar figures for other values of L and 8 and show that 
when L < 8, J can have 2L -)- 1 values. In particular, if Z/ = 0, 
J can have only one value, namely J = 8. 

87. Magnetic Moment of an Orbital Electron 

An electron moving in a plane orbit of area A is equivalent to 
a current i given by 


< 13 ) 

where T is the period of the electron in its orbit, i the current in 
e m. units, e the charge of the electron in e.s. units, and c the ratio 
o e e.m. to the e.s. unit of charge. A plane circuit carrying 
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CTirrsnt (see § 12) hss a magnetic moment ix given by 

M = iA, 

so that the magnetic moment of the orbital electron is 

eA 

^ ~ cT' 

To evaluate this ma,gnetic moment, assume that the electron is 
moving in an elliptic orbit. With polar coordinates r and 4> 
Figure 116, the area can be ex- ’ 

pressed as 

X 27r 

r^d<f>. 

Now the angular momentum of 
the electron is constant and can 
be expressed as 






V 



= mr^ 


, T'lo. 11 6 . — Elliptic orbit of an 

<x<p electron. 

dt 


The elimination of between the last two equations yields 

^ (15) 

The magnetic moment p. is therefore 




(16) 

The angular momentum p^ can also be expressed in terms of the 
orbital quantum munlicr I as 

Ih 

~ 27r’ 

from which 

eh 




= I 




( 17 ) 


The moment of tlic orbital electron is therefore an 

intcpjriil multipk^ of Ibe ([uanlity eh/AiDtic. This quantity is 
known as thc^ nia,f 2 ;nct,ic, moincuit of a Bohr magneton and will be 
represented by the sym])ol M n. Sulisi.itution of the numerical 
values for the constants yields 

eJi 

Mb = =9.27 X 10~“* erg oerstetH. 
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Since the electronic charge is negative, the magnetic moment due 
to its orbital motion, 

can be represented by a vector opposite to that of 1. 


88, Magnetic Moment Due to Spin 

An electron spinning about its axis should also behave as a 
tiny magnet and possess a magnetic moment due to this spin. 
However, nothing is known about the shape of an electron or the 
manner in which its charge is distributed. Lacking tbia informa- 
tion, it is impossible to calculate its spin magnetic moment in a 
manner analogous to that used for the orbital motion. In order 
to obtain agreement with experimental results, it is necessary to 
assign to the spin magnetic moment the value 


where 

h 

SO that 


J^s 


= 2s 


eh 

4:Trmc 


( 19 ) 


On the basis of the vector model of the atom, s is always so that 
the magnetic moment due to spin would have the value of one 
Bohr magneton. According to wave mechanics this value of s 
should be replaced by Vi(FT13 = V3/2. In this case 


Ms = 


eh 

4:7r7nc 


= 1.62 X 10”2o erg oersted~^ 


89, Magnetic Quantum Numbers 

When the atoms of an element are placed in a very strong mag- 
netic field of intensity i?, the -electrons, because of their magnetic 
moments, will experience torques tending to orient them. One 
of the effects of the introduction of this external magnetic field is 
that there now exists a definite direction in space to which the 
vector quantities may be referred. If the magnetic field is strong 
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enough to break down the coupling between the electrons so that 
each electron acts independently, then the spin and angular mo- 
mentum vectors will take up definite positions in space with re- 



Fig. 117. — Projoction 
of I in tlio (lirootion of tlio 
magnetic fi(^l<l dot.orinin(« 
the ma^^netie orbital quan- 
tum iiiimbor mi. 



Fig. IIS. — Precession 
of the anj^ular momentum 
vector I about H as an axis. 


spcct to the magnetic field. These vectors, however, may he 
oriented only in certain definite directions wit/h respect to the 
magnetic field. According (.o wave. mochani(is, the dii'cctioiis that 
the vector I may assume are siufii t.Iiat its i)roje(!tion in the dircc.- 
tion of the magiuitic field must always hav(i an integi'al value. 

Tlic projection of I on (iho magnetic field direction is denoted 
by nil, and is called the nmjnelic orbital quantum number. The 
possible values of mi a,i‘(i 7, f — 1, f — 2, ... 0, ... — Z, that is, 
there ai'c 27 + 1 possil)l(! values of mi. This is illustrated in 
Figure 117 for 7=3. The angle 0 between 7 and H is given by 

cos 6 = (20) 

The torque duo to the magnU.ic fidd (aiu.ses thc! angular mo- 
mentum vector 7 to pre(;e.ss about. t.h(! dire(d.ion of t.lie magnetic! 
field as an iixis, always maini.a.ining the same inelinut.ion 6, Fig- 
ure 118. Tlic addif.ional eu(!rgy A^'diie to thc action of thc mag- 
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netic field is given by 

A£“ = ixH cos d. (Chap. 1, Eq. 17) 

Substitution of the values of fi and cos d from equations (17) and 
(20) yields 

eh 


H 


Ae = 


dirmc 


Hmi. 


( 21 ) 


<^>5=5 




This equation will be useful in the discussion 
of the Zeeman effect. 

The vector s representing the spin an- 
gular momentum can assume only two possi- 
ble positions with respect to the magnetic 
field; it may be parallel to it or antiparallel; 
that is, oppositely directed to it. Its projec- 
tion along the direction of the magnetic field 
is denoted by m,, which is called the magnetic . 
Fig. 119. — Projec- gpin quantum number, m, can have only 
two values, +J or -i, as illustrated to Fig- 

magnetic field showing ure 119. 

the two possible values There are similar restrictions on the posi- 

01 TTlS’ 

tions that the total angular momentum vec- 
tor j can assume in the presence of a magnetic field. Since we 
are dealing with only a single electron, j can have only odd half- 
integral values; the restriction on the positions of j is that rrij, the 
projection of j on the direction of the magnetic field, must have 
odd half-integral values. Tigure 120(a) shows the possible 
values of m,- for j — f. 

On the basis of wave mechanics, rrij remains a half-integer for 
the corresponding values of j even though the magnitude of j is 
y/j{j + 1). The orientations of j with respect to the magnetic 
field are, however, slightly different as illustrated in Figure 120(b). 
It will be noted that there are 2j -j- 1 values for m,- in both methods 
of projection. The term space quantization is usually applied to 
the above restrictions imposed on the orientation of the vectors ?, 
s, and j in the presence of a magnetic field. 

90 . Pauli’s Exclusion Principle 

All these quantum numbers having been introduced, the prob- 
lem now is to assign the appropriate set of quantum numbers to 
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each electron in the atom in order to specify the state of the elec- 
tron. Wave mechanics does not offer any guiding principle for the 
assignment of these quantum numbers. However, Pauli (1925) 



Tio. 120. — (n) Projection olj in the direction of tl>o tniiRiictic field showinir the 
poKsiblo values of m; ae(!ordinK to the vector mod(>l of (he al.om. (!>) Projection 
of tlie vector j to give tlio .same valuo.s of mj as in (a) according to wave mechanics 


introduced a priiudplc, known as Pauli’s exclusion 'principle, for 
the assignment of (luantum numbers to tlic electrons in the atom. 
1 auli s exclusion jirinciple states that no two electrons in an atom 
(an exist in the same state. Now, the state of any one electron 
can be completely spccihed by a gixmp of four (luantum numlxu's, 
such as n, I, vu, in, or n, I, j, nij. Ihnuic Paidi’s (^x(;lusion principle 
states that tlie group of values assigned to the four ciuantum num- 
bers must be dilferent for differ(!nt electrons. 


Electrons having the same value for the principal (luantum 
numlxM* n form a (hdinite (jroup, or shell, or ourgy level. Electrons 
with t.lie .saiiKi n aixi further subdivided according to the value of 
tlui orbital angular niomenl um 1. Differences in I vidiies, for the 
same value of n, demotes (mmparatively snndlei- energy (lifferen((es 
than e(]ual valuers of I and (liff(M-ent value's of n. Those electrons 
which possess ilui same value! of I for a giv(!n n are said to be in the • 
same suligroup, or sul)sh(!ll, or sublev(!l. Tlie possible number of 
electrons in a subgrouj) d(!pe!nds upon llie possible oiien i,ations of 
the vectors I and s; that is, upon the iiossiblo valims of rrii and m«. 
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or upon the possible values of j and m,-. Table X shows the maxi- 
mum possible number of electrons in a given group for n = 1, 2, 
and 3. 


TABLE X 



^ obtained from a study of 
of . t of subgroups for a given value 

of nis n. The maximum possible number of electrons in a given 
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subgroup is 2(Zl + 1). A subgroup is filled or completed when 
the sum of the vectors mi is zero. Also the sum of the vectors m, 
is zero for a completed subgroup. From wave mechanical con- 
siderations, it can be shown that for a closed shell S = 0, L = 0, 
and 7 = 0; that is, the contributions of the electrons in a closed 
shell to the total angular momentum of an atom are zero. Hence, 
in order to determine the angular momentum of an atom, only 
those electrons which are outside closed shells need be considered. 

91 . Distribution of Electrons in an Atom 

In assigning electrons to the different groups and subgroups in 
an atom, we must have recom-se not only to optical and X-ray 
spectra, but also to other phenomena such as the magnetic and 
chemical behavior of the element. The normal state of an atom 
is one in which all the electrons are in the lowest possible energy 
levels. In the atom of the simplest element, hydrogen, Z = 1, 
the normal state is characterized by the quantum numbers n = 1, 
I = 0; mils, of course, zero, and m» may be either -f-| or — J. The 
atom of the next element, helium, Z = 2, has both its electrons in 
the shell n = 1, I = 0. m, is -t-J- for one electron and — for the 
second electron. This shell is now completed or closed. It will be 
recalled that helium is one of the inert gases ; therefore it may be 
expected to have a very stable electron configuration. Tliis should 
also be true of all the other inert gases. 

In the atom of the next element, lithium, Z = 3, two electrons 
can bo put in the shell n = 1, ? = 0, but the third electron must 
be put into a new shell n = 2, 1 = 0. Lithium is one of the alkali 
elements and has a valence of unity. This means that a single 
electron, in shell n = 2, can be detached easily from the atom to 
form the lithium ion, Li+. Tliis is indicated by the fact that its 
ionization potential is only 5.37 volts, whereas for lie it is 24.45 
volts (see Talile XI). Another interesting point is that the litliium 
ion, LT, has the same configuration as neutral helium. One may 
expect the atoms of the other alkali elcamaits, sodium, potassium, 
rubidium, and caesium, to be biiilt uii in a similar manner, that is, 
a single valeiu^e ele<d.ron starling a new shell outside a closed con- 
figuration typical of an inert gas. Tliis is shown in Table XI, 
which gives the distribution of electrons in the atoms of the ele- 
ments. 
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TABLE XI 
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TABLE XI iConduded) 


Distribution of Electrons in the Atoms 


X-Ray Notation 

K 

L 

M 

N 

0 II 

P 

qJ. 

■1 

Values of n, 1 

1 

2 

3 

4 

5,0 

5.1 

6,2 

5.3 

6.4 
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6,1 

6.2 
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6.5 

7,0 
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Ir 
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Pt 
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Au 
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Hg 
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Pb 

82 

7.38 
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Bi 

83 

8.0 


78 electrons 




2 
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Rn 
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Ra 
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Tb 

90 





86 Electron 



2 




2 


3Pa 

Pa 

91 






Core 
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2 



U 

92 











4 



1 2 


6Z>0 


It is convenient at this point to introduce the X-ray notation 
for the different groups. The group or shell for which n = 1 is 
called the K shell, n = 2 the L shell, n = 3 the M shell, and so on. 
Beryllium, for example, with Z = 4, has two electrons in the com- 
pleted K shell, and two additional electrons in the L shell, thus 
completing the first subgroup in this shell. Beryllium is one of 
the alkaline earth elements with a valence of 2. The atoms of the 
other elements of this group, magnesium, calcium, strontium, 
barium, and radium, should have similar structures, that is, two 
electrons outside an inert gas or closed shell configuration. This 
can be verified from Table XI. 

Boron, Z = 5, has two electrons in the completed K shell and 
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three electrons in the L shell, two in the completed subgroup n = 
2,1 = 0, and the tliird electron starting the new subgroup n = 2, 

1 = 1. The atoms of the other elements in tliis group, aluminum, 
gallium, indium, and thallium, similarly have three electrons out- 
side a closed shell, two in a completed subgroup 1=0, and one in 
the next subgroup 1 = 1. 

This process of atom building can be continued by the addition 
of an electron to the L shell subgroup I = 1, as the element of 
atomic number Z + 1 is formed from element of atomic number 
Z. In each case the positive charge on the nucleus must be in- 
creased by one. The L shell will be completed with the element 
neon, Z = 10, with two electrons in the K shell and eight electrons 
in the L shell. Neon is one of the inert gases and has a very stable 
configuration. Fluorine, Z = 9, has two electrons in the K shell 
and seven electrons in the L shell. In chemical action it is found 
that fluorine has a valence of —1, indicating that it very easily 
forms an ion F” by adding an electron to the L shell, forming a 
stable configuration similar to that of neon. 

The next eight elements, from sodium, Z = 11, to argon, 
Z = 18, are formed by adding the additional electrons to the M 
shoU for which n = 3. Sodium has an electron (n = 3, Z = 0) 
outside a closed shell; magnesium has two electrons outside this 
closed shell, both in the subgroup Z = 0, thus completing it. The 
next subgroup with Z = 1 is begun with aluminum, Z = 13, and 
completed with argon, Z = 18. It may be remarked here that 
the chemical properties of an clement arc determined mostly by 
tlic electrons in the outer shell of the atom. 

Potassium, Z = 19, retains the argon configuration of the first 
eighteen electrons, but the nineteenth electron starts a new group, 
n = 4, belonging to the N shell. Calcium, Z = 20, has two elec- 
trons in the N sliell « = 4, Z = 0. It might have been expected 
that these electrons would have been placed in the still incom- 
plete M shell ri = 3, Z = 2, but spectroscopic evidence is against 
this. However, the n(^xt group of atoms from scandium, Z = 21, 
to copper, Z = 29, have their additional electrons placed in the 
M shell n = 3, Z = 2, whi<di is then completed. From gallium, 
Z = 31 , 1/0 krypton, Z = 3(5, an inert gas, the additional electrons 
are added to the N shell n = 4, Z = 1. By examining Table XI, 
the reader will find the order in which electrons have been assigned 
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to the various groups and subgroups. It will be of interest to 
check this assignment with the chemical properties of the ele- 
ments, remembering that these properties are controlled essen- 
tially by the outer electrons. 

92. Spectral Notation 

In the course of the development of spectroscopy, several types 
of notation have been used. The following is the modern nota- 
tion. In describing the electron configuration small letters are 
used to represent the values of I as follows: 

1 = 0,1, 2, 3, 4, 5, • • • 
s, P, d,f,g,h,---- 

That is, if an electron is in a shell for which Z = 0, it is called an 
s electron, for Z = 1, a p electron, and so on. The value of the 
total quantum number n is written as a prefix to the letter repre- 
senting its Z value. The number of electrons having the same n 
and Z values is indicated by an index written at the upper right of 
the letter representing their Z value. Thus the eleven electrons of 
sodium in the normal state are designated as follows: 

Is* 2s* 2^“ 3s; 

that is, there are two Is electrons, two 2s electrons, six 2p elec- 
trons, and one 3s electron. One must be careful not to confuse 
the symbol s written for Z = 0 with the same symbol used for the 
spin quantum number. 

Capital letters are used to represent the total orbital angular 
momentum of an atom according to the following scheme: 

L = 0, 1, 2, 3, 4, 5, • • . 

S,P,D,F,G,H,. ■ . 

The value of the total angular momentum of the atom, J, is writ- 
ten as a subscript at the lower right of the letter representing the 
particular L value of the atomic state. The number of possible 
values of J for a given value of L is written as a superscript at the 
upper left of the letter representing the L value. Thus ^Pi/ 2 , "^Psn, 
read “doublet P one half,” etc., or ^P^, *Pi, *Po, read “triplet P 
two,” . . . and so on. For example, in the case of the alkali atoms, 
J has two values for each of the P, D, F terms, but can have only 
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one value for the /S tenn. But, by custom, to keep the notation 
-symmetrical, S is alloted the superscript 2. As will be shown, this 
superscript is an indication of the multiplicity of the terms of the 
atomic configuration. 


93. Spectrum of Sodium 


The optical spectrum of sodium is typical of the spectra of all 
the alkali atoms. In its normal state, the sodium atom consists 
of a closed core of ten electrons and one additional electron in the 
3s state. Since the closed core contributes nothing to the angular 
momentum of the atom, only the states of this eleventh or optical 
electron need be considered in discussing the spectrum of neutral 
sodium. 

The atoms of sodium can be raised from the normal state to 
higher energy states by bombarding them with electrons, or by 
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Sharp Series (short leaders) 
Diffuse Series (long leaders) 


Fic. 121. — Tlio oniiMHion .spectrum of Hodiuru .showiii^i; of throe The 

upiKU* iminhei'S ;tr(‘ wjiv(* of the lin(\s of lh(^ prineipjil s(‘ries. Th(^ short leaders 

below the spc'ctnuu iudie.atxi the Iin(*.s of th<^ sha.rp .S('ri(‘,s, while' tilio lorif^ leaders indi- 
cate tlu‘ lilies of the diffusi^ .scuh's. (Ih*priut<Ml by pcu-inission from llerzber^if, Atomic 
iSpcctra and Aloniic i^/nfcliircj lVeiit.ic(i-llall, Inc.) 


tJioiu to t,(duporaUu*oH in a flame or in an electric 
arc, or by tillowin^z; to absorb radiant oner^z;y from an external 
soimrc. 'rho atom in oiu^ of the bip^lier v.wr^y states is said to be 
in an excilcd s(at(\ WIkmi I.Ih^ atom rotui-ns to a state of lower 
encrj>;y, radiation is (nnitld'd in l.lio form of a pliotou of very 
definite^ fr(U|uon(‘y p;iven by Bolir’s frequency (addition. The spec- 
trum of sodium, s(a^ Fi^i;ure 121, consists of s(naa*al series of spec- 
tral lines, some of whicdi vvc'.re meidioiual in § (S3. When these 
spectral lines a,r(^ exa,min(‘d with instruments of high resolving 
power, it is found that many of the lines (H)usist of doublets, that 
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is, two lines very close together. Such lines are said to exhibit 
fine structure. For example, the well-known yeUow line of sodium, 
frequently referred to as the sodium D line, consists of two lines 
close together of wave lengths 5889.96A and 5895.93A; that is, 
they are separated by about 6A, These lines form one of the 
doublets of the principal series. The other lines of the principal 
series are in the ultraviolet region. Lines of the principal series 
are due to transitions from a P state to the lowest S state. Since 
the smallest value of the principal quantiam number for the optical 
electron of sodium is n = 3, the lowest state is designated as a 
3 jS state. Since i = 0, the value of j for this state is j = s = 
For the P state L = I = 1, and since J = L + ^ and L — the 
total angular momentum of the P state is J or f . Since there are 
two values of J, the P state is a doublet state and is designated as 

• ^Pz/2. 

Similarly for the D tenns for which L = I = 2, J = j = f or -f-, 
SQ that the D term is a doublet and is designated as 

and the F term L = I = Z, J = j f or I-, is designated as 

^Fz/i, ^F7/2. 

The /S state is always a single state but since the other states of 
the atom are all doublets, the S state is also designated as 

The energy level diagram of sodium. Figure 122, shows the 
relative positions of these energy levels, drawn approximately to 
scale. The ^Psji level is actually slightly above the *Pi /2 level, but 
the separation is too small to be shown in the figure. For exam- 
ple, the separation of the ®P levels giving rise to the yellow lines 
of sodium is only 17 cm~i, whereas the term value is about 
25,000 cm"*-. Similarly the and levels are drawn as single 
levels. The principal quantum number n is written for each term 
in the figure. It will be noticed that the large wave numbers are 
associated with the low energy terms. This is due to the fact that 
the zero level of energy is taken as the energy of ionized atom; the 
energy values are all negative, but the minus signs have been 
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omitted a« a matter of coiiv('.nionce. The lowest energy level is 
the 3 vS|/ 2 level and its numerieal value is 41,449.0 cml“^. Tliis is 
ecinivalent to 5.12 elc(4'.ron volts, and is the eiiergy that must be 
supplied to remove the electron from the level to infinity. 
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For this reason the higher voltages coincide with the higher energy 
levels, and the ionization potential, 5.12 volts, is placed at n = « . 

The principal series of sodium is produced by transitions from 
the states to the lowest state, These lines are all doublets 

since they originate in the ®Pi/2, 3/2 levels and end in the level. 
The yellow lines of sodium are due to the transitions 

X = 5895.93A, S'dfi/a - B^Pi /2 (Pi line) 

X = 5889.96 A, (P* Une). 

The wave number of any line of the principal series is given by 

V = 3 '>Si /2 - v?Pii^, (n = 3, 4, 5, . . .) 
or 

V = - n^Ps/a (n = 3, 4, 5, . . .). 

The lines of the sharp series are due to transitions from the higher 
®/Si/2 levels to the ZPyi, 3/2 levels, and their wave numbers are 
given by 

V = 3^Pi/a - n“5i/2 (n = 4, 5, 6, . . .) 

V = 3'P3/2 - n%/2 (u = 5, 6 , . . .). 

Transitions from the levels to the 3®P levels give rise to the 

diffuse series, and those from the levels to the 3^P levels give 

rise to the fundamental series. 

Transitions can take place between S and P states, P and D 
states, P and F states, but under normal conditions, no transitions 
can take place between S and P states, or ;S and F states, or P and 
F states. The transitions that can take place are given by the 
following selection rules for the vectors L and J: 

Ai = + 1 (22a) 

A/ = + 1 or 0. (22b) 

The selection rule for J prohibits transitions between some of the 
doublet levels even though they are not ruled out by the selection 
nile for Z. For example, in the diffuse series, the transition 
^Pi/2 ~ ^Ps/a is forbidden, while the other three transitions are 
permitted. 

The doublet character of the energy levels is typical not only 
of sodium and the other alkali elements, but also of the singly 
ionized alkaline earth elements such as Be+, Mg+-, Ca+, and so on. 
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A glance at Table XI will show that the singly ionized atoms of 
the alhahne earths have exactly the same electronic structure as 
the neutral alkali atoms, that is, a single electron outside a closed 
core typical of the configuration of the atoms of the inert elements. 
It should be emphasized that the doublet character of the energy 
levels is satisfactorily accounted for by the hypothesis that the 
electron possesses a spin. 

94. Absorption of Energy 

If white light is sent through sodium vapor and then examined 
with a reflection grating, it is found that those wave lengths which 
correspond to the lines of the prmcipal series of sodium are missing. 
Such a spectrum is called an absorption spcctnam. R. W. Wood 
and his collaborators performed a series of experiments on the ab- 
sorption spectrum of sodium. In one such experiment the vapor 
was obtained by heating metallic sodium in a steel tube faced with 
quartz windows. It was necessary to use quartz windows in this 
experiment since most of the lines of the principal series of sodium 
are in the ultraviolet region. As many as sixty lines were ob- 
served in this absorption spectrum. That only lines of the princi- 
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Fig. 123. — Photograph of the absorption spectrum of sodium showing some of the 
linos in the ultraviolet region. The numbers iux‘, tln‘. wave lengths* of the lines in A. 
(H(^print(‘d by perinissiori from Ilerzberg, Atomic. Spectra and Alornic Structure, 
Prontico-llall, Inc.) 


pal series appear in tlie al)Horption spoetruin is due to the fact that 
most of tlic atoms in tlic tube are in the lowest, state, 3“>Si/2. A 
photograpli of the absorption speed, rum of sodium is shown in 
Figure 123. In emission, the lines of l,lie principal series corre- 
spond to transitions from the 3/2 levels to tlic ground state, 
^^Sx/ 2 ] in absorption, the transitions are from the lowest state, 
3 ''Si/2 t o the ^P\/ 2 ) . 1/2 levels. 

An interesting experiment would bo to send monochromatic 
light of wave Ic^ngth equal to that of tlic sodium Z) lines into a tube 
containing sodium vapor. R. W. Wood performed such an experi- 
ment, using the yellow light from an oxyhydrogen flame contain- 
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ing sodium. The yellow light was focused on the axis of an evacu- 
ated test tube containing sodium vapor. On looking down into 
the test tube it was found that the sodium vapor, near the wall of 
the tube where the incident beam entered, emitted yellow fluo- 
rescent radiation. Other investigations showed that the fluo- 
rescent radiation consisted only of the yeUow lines of sodium. By 


To spectroscope 



Fig. 124, — A diagram of tlie apparatus for determining the resonance and ioniza- 
tion potentials of sodium. 

referring to the energy level diagram, it can be seen that the atoms 
in the normal state, were raised to the next higher states, 

3^Pi/ 2, 3/2, by the absorption of the yellow D lines. On returning 
to the normal state these atoms emitted radiation of the same 
wave length. ‘This type of fluorescent radiation is called resonance 
radiation. 

An entirely different method of raising the atoms from their 
normal to excited states is to utilize the kinetic energy of an elec- 
tron beam. A simplified schematic diagram for accomplishing 
this is shown in Figme 124. The electrodes are in an evacuated 
tube containing a small amount of sodium vapor. Electrons from 
the heated filament F are accelerated by a difference of potential V 
to the grid G. The plate P is at the same potential as G, so that in 
the space between P and G the electrons are moving with a kinetic 
energy given by 

= Ve. 

Although electrons undoubtedly collide with some of the sodium 
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atoms, no radiation, is observed when the voltage between F and G 
is below 2 . 1 volts. When this voltage is reached, the sodium vapor 
in the region between G and P is observed to emit yellow light. An 
examination of this light with a spectrograph shows that it con- 
sists of the sodium resonance lines only. The interpretation of 
this phenomenon is that an electron, on colliding with a sodimn 
atom, loses an amount of energy, equivalent to 2.1 ev to the 
sodium atom, thereby raising it from the normal to the next 
higher state, Z^Pi/z, 3 / 2 . On returning to its normal state, the 
sodium atom then emits the resonance radiation. This Tnfi a. ns 
that the energy of the incident electron must be at least equal to 
the quantum of energy corresponding to the sodium D lines. This 
can be cheeked by substituting the appropriate values in the 
formula 

Ve =hv == % 

and calculating X. This yields X = 5898A, in good agreement, 
within the limits of experimental error, with the wave lengths of 
the D lines of sodium. This potential, at which the resonance 
lines appear, is called the resonance potential. 

When the voltage belwoen the filament and grid in the above 
apparatus is increased to about 4 volts, the color of the light 
emitted by tlic sodium vapor changes, indicating that additional 
spectral lines arc b(ung cinil,tcd. At this voltage, tlie spectrogi'am 
shows the prcseiute of the (hmldet 3 ''“(Si /2 — 4i-Pi/2, 3/2 of wave 
lengths 33 O 2 A ;m(l 3303A, in addition to the D lines. Other lines 
appear at 4.4 and 4.0 volts. At. 5.12 volts, ionization of the sodium 
vapor occurs as indiciated by the very large inci’case in current 
from the filament t.o t.lie plal,c, and at the same time, the spectro- 
graph records the appearance of the entire optical spectrum of so- 
dium. 

The emission of the entire optical spectrum when the voltage 
reaches the value of the ionization pot.cn tial, 5.12 volts, can readily 
be explained by tlu; faid. t.hat tlie eleidrons from the filament 
which have an amount, of energy equal to 5.12 electron volts are 
capable of ionizing f.lio sodium atonns. In tliis process electrons 
are removed from t.he noi-inal s(.ate, 3.s3'hS'i/2, of the sodium atoms. 
An electron returning to an ionized atom may enter any one of the 
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excited states and finally reach the normal state by a series of suc- 
cessive quantum jumps. Corresponding to each quantum jump 
there is an emission of radiation of appropriate frequency, giving 
rise to the lines observed in the optical spectrum. The intensity 
of a spectral line is determined by the number of atoms in which 
identical transitions take place simultaneously. The transitions 
giving rise to the intense spectral lines must have a greater probar 
bility of occurrence than those producing the weaker fines. The 
most probable transitions are those permitted by the selection 
rules. The probability that transitions will occur which are not 
permitted by the selection rules is vanishingly small under or- 
dinary conditions. 


95. Normal Zeeman Effect and the Vector Model 


In our previous discussion of the Zeeman effect (Chapter 3), we 
found that the classical theory was adequate to explain the normal 
Zeeman effect but was totally inadequate to explain the anoma- 
lous Zeeman effect such as that exhibited by the sodium D lines. 
Let us now examine the treatment of the Zeeman effect on the 
basis of the vector model of the atom. 

It was remarked earlier in this chapter that one of the reasons 
for the introduction of an electron spin was to explain the anoma- 
lous Zeeman effect. If the spin of the electron is left out of con- 
sideration, then the only angular momentum possessed by the 
electron is that due to its orbital motion of amount 



In the presence of a magnetic field of intensity H, the vector I pro- 
cesses around the direction of the magnetic field as axis. The 
angular velocity of precession may be obtained by direct calcula- 
tion or from a famous theorem due to Larmor, which states that 
the effect of a magnetic field on an electron moving in an orbit is 
to superimpose on the orbital motion a processional motion of the 
entire orbit about the direction of the magnetic field with angular 
velocity o given by 



(23) 


in which e is in e.s. units. Figure 118 shows two positions of the 
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vector I as it precesses about the magnetic field at constant in- 
clination, and the corresponding positions of the electronic orbit. 
The additional energy of the electron due to this precessional 
motion was shown to be given by 

= ixH cos d 


= Ttli 


eh 

47rmc 


H, 


( 21 ) 


where mi is the projection of I on H. In terms of the Larmor pre- 
cession, the expression for the additional energy can be written as 


A<? = inio 


2t 


(24) 


Since mi is restricted to the {21 -}- 1) integral values l,l - I 
. . . 0, . . . — I, the effect of the magnetic field is to split up each 

energy level into 21 + \ components spaced an amount H 

4:Trmc 

apart. This is illustrated in Figure 125 for two energy levels, one 
for which 1 = 2, the other, Z = 1, If £"' 1 , represents the energy of 
the level Z = 1 in tlio absciKic of a magnetic field, and S'n repre- 
seirts tlic energy of tins level in the presence of the magnetic field ' 
of intensity IT, then 


S', I = S'n 4- AS' = S'i, 4- nil' IT. 

Similarly, if S"» and S",i represent the energies of the level 1 = 2 
witliout and wi(,h tiui magiKitic fhdd resp(^(•.liv(^ly, then 

P" „ — P" 4- KP” — P" _L ..1 » TJ 

o i/- — G u “h AAo — o 0 -}- //// - - 

^irnic 

Tlie qnantily of eiun-gy rudia.ted in tlio presence of the magnetic 
field is gi\^(‘n by 


c u (f '// — — 8' {) + (////" — ytii) ■ _ H 


4iTnnc 


= hu,, 4- Anil -r~ II, 
Airnic ’ 


from wlii(;Ii 


I’ll = Vo + Anil 


ell__ 

‘iTT/rtC 


(25) 


(26) 


where v,, is the fre(iuen(!y of t,ho radiation emitted with the mag- 
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netic field present, and vo is the frequency of the radiation in the 
absence of the magnetic field. The restrictions imposed upon 
the changes in the magnetic quantum nmnber mi are given by 
the selection rule 


Ami = 0, or ± 1. 


(27) 



V„ = V^~AV Vo Vo*^V 


^ 125. Splitting of enei^y levels in a magnetic field into 2Z + 1 components, 

faction on the left represents the single transition in the absence of a magnetic field, 
■while ttot at the right represents, for the same pair of terms, the splitting of the 
energy levels in a magnetic field and the possible transitions yielding the normal 
Zeeman effect. 


Selection rule Ami = 0, ± 1. 


Application of this selection rule to equation (26) yields 


vh - Vo for Ami = 0 


(28a) 
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± 4^ = ±1 (28b) 

These frequencies are identical with those obtained on the classical 
theory for the normal Zeeman effect. Although there are nine pos- 
sible transitions for the energy levels shown in Figure 125, these 
are grouped into only three different frequency components as indi- 
cated by equations (28a) and (28b). It is thus evident that the 
orbital angular momentum alone is not sufficient to account for 
the anomalous Zeeman effect although adequate for the normal 
Zeeman effect. 


96. The Lands g-Factor 

With the introduction of electron spin, the total angular mo- 
mentum of the atom J becomes the vector sum of the orbital and 
spin angular momenta L and S, thus 

J = L S. (1 2)' 


Because of the interaction between these two angular momenta, 
the vectors L and S, while maintaining their relative orientations, 
preccss about their resultant J. The magnetic moment due to the 
orbital motion. Ml, is given by 


Ml 


L 


eh 

Airmc 


(17) 


Because of the negative charge. Ml is directed oppositely to Z. 
The magnetic moment due to tlie spin of the electron is given by 


M.v 


= 2S 


eh 

4:Trmc 


( 19 ) 


Again fjts is directed oppositely to S because of the negative charge 
of the electron. The relationships belween the magnetic moments 
and the angular momenta are shown in Figure 126. In the scale 
chosen. Ml is <lrawn twi(!C the length of L; hciuic fis must be drawn 
four times flic length of S. The i'esulf.aut magnetic moment fi Is 
therefore not along J. Because^ the vectors L and S process about 
J, Ml and jxs must, also process about, J. If each of these vectors 
is resolvccl into two component.s, one parallel to J and the other 
perpendicular to it, then the value of the perpendicular component 
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of each vector, averaged over a period of the motion, will be zero, 
since it is constantly changing direction. The elfective magnetic 



Fig. 126. — Diagram showing the relationship between the magnetic moment 
vectors and the angular momentum vectors. 

moment of the atom will therefore be /x/, the sum of the compo- 
nents of Ml and along J. This is given by 

M/ = Ml cos (L, J) + fjLs cos {S, J) (29) 

where cos (L, J) represents the cosine of the angle between L and J, 
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and similarly cos (S, J) represents the cosine of the angle between 
S and J. By applying the cosine law to the triangle formed by 
L, S, / in a manner analogous to that used in deriving equation 
(11), we get 

CO, (L, J) . + 1) + J{J + 1) - 5(5 + 1) 

2 VL(L + 1) VJ{J + 1) 

and 


cos (S, J) = + + 1) - L(L + 1) 

2ViS{S + 1 ) VJ(r+ 1 ) 

Substituting these values in equation (29) as well as the values 
of and ixs from equations (17) and (19) respectively, we get 

^ 3 J {J 1) 4“ S{S + 1) — L{L -f- 1) 

^ 47rmc 2VJ(j'+ l) ' 


Mult iplying nu merator and denominator of the above equation 
by VJ {J + 1), we get 


My = 


eh 

47rmc 


V7cmj(i + + » 


or 




(30) 


where 


„ _ 1 I d’CJ' + 1) + S{S + 1) — L(L + 1) 

g is called the Land6 g-factor. It determines the splitting of the 
energy levels in the presence of a weak external magnetic field and 
shows that this siilitting is determined by the values of L, S, and J. 
For levels in wliich the tottJ spin S is zero, My will be opposite in 
direction to L, and the energy levels will split up in a magnetic 
field in a manner identical wil.h that shown for the normal Zeeman 
effect. 

If the atom is placed in a magnetic field H which is relatively 
weak so tliat the coupling hetween L and S is not broken down, 
then their resultant J will pnicess about the direction of the mag- 
netic field as an axis. The additional energy Af due to the action 
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of the magnetic field on this atomic magnet will be 
AS = hjH cos (J, H) 

oTi 

= ^V/(J + 1) COS (/, IT). (32) 

But \/d(/ + 1) COS {J, H) is the projection of the vector J on the 
direction of the magnetic field, and is given by the magnetic quan- 
tum number irij, so that 

ph 

The quantity . H 

4irmc 


is called a Lorentz unit; it is a unit of energy used for expressing 
the splitting up of the energy levels in a magnetic field. 


97. Anomalous Zeeman Effect 


When the light from a sodium fiame or arc, which has been 
placed in a magnetic field of about 30,000 oersteds, is examined 
with the aid of a spectroscope of high resolving power, it is found 
that each of the lines of the principal series exhibits the following 
anomalous Zeeman pattern: the longer wave-length component, 
— *Pi/ 2 , splits into four lines, while the shorter wave-length 
component splits into six fines. The splitting of the energy levels 
giving rise to these fines can be determined with the aid of equa- 
tion (33) . This will be done for the sodium D fines as typical of 
the lines of the principal series. 

For the 3‘*^i/2 energy level, L = 0, S = J = hence from 
equation (31) 


^ = 1 + 


I • f + 1 -4 

2 . 1 . -I 


= 2 . 


Since nij can have the values | and — gmj can have the values 
-|-1 and —1. Table XU gives the values for the quantum num- 
bers necessary for the determination of the splitting factor gmj 
for each of the energy levels of the sodium D fines. 

Figure 127 shows the Zeeman components which appear when 
the light from the source is viewed perpendicular to the direction 
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TABLE XII 


State 

L 

S 

J 

9 

nif 

gyjij 

3^511/2 

0 

1 

2 

1 

2 

2 

1 

2> 

* 1 

2 

1, - 1 

3=Fi/2 

1 

1 

2 

1 

2 1 


1 

2 > 

1 

2 

'3? ~ 1 

3*P 3/2 

1 

1 

2 

n 

2 

4 

3 

3 

2y 

1. _ 1. _ ii 

2j 2} 2 

0 2 2 O 

^ 


of the magnetic field. The lines designated by o’ are polarized with 
the electric vector perpendicular to the direction of the magnetic 
field while the lines designated by tt are polarized parallel to the 



Ficj. 127. ' I sliowinfj; i!i(^ splitting of tlio lovcils of tlio HOflinm D 

linos in it wcjik in;i^z:n(‘t ic. ndd jukI th(‘ tninHitions Riviii^^ risn to the arioiiuilous Z(‘(imiin 
pjittoni .Toc-onlin^ to tliC! solcK^tion rule = 0, ±1. 

magnetic field. The pohirizalion of these lines can bo predicted 
from wave ineehanieal considerations wliich lead to the result that 
transitions for wliieli Anij = 0 give rise to the t components, and 
the transitions for which Anij = + I give rise to the <r components. 
When the ligld, is viewed parallel to the magnetic field, only the 
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lines for which Am^ = ± 1 appear, and these are now circularly- 
polarized. The direction of circular polarization for Anij = +1 
is opposite to that for which Am,- = — 1. Thus the introduction 
of electron spin has led to complete agreement between the ex- 
perimental results and the theory of the anomalous Zeeman effect. 


98. The Stern-Gerlach Experimenf and Electron Spin 


A direct experimental demonstration of the existence of the 
magnetic moment of an electron, particularly that due to its spin, 
is given in an experiment first performed by Stern and Gerlach 
(1921), using neutral silver atoms. Similar experiments were per- 
formed later -with other atoms such as hydrogen, litliium, sodium, 
potassium, copper, and gold. A glance at Table XI will show that 
the normal state of each of these atoms is a ^Si/z state, for which 
L = 0, J = S = ^. That is, in the normal state of a silver atom, 
its entire magnetic moment is due to the spin of one electron. It 
has been shown that when such atoms are placed in a magnetu? 
field of intensity H, they become oriented in such directions that 
TTij, the projection of 7 in the direction of the magnetic field, can 
have the two values -f f and — § only. The additional energy of 
the atom due to its position in the magnetic field is given by 


If these small atomic magnets are placed in a uniform mag- 
netic field, they wiU experience torques which will orient them 
with respect to the inagnetic field. If the magnetic field is inhonro- 
geneous, each atomic magnet will also experience a force which 
will accelerate it. The magnitude of this force on each magnet 
can be determined by differentiating equation (33) with respect 
to the space coordinate, say x, which yields 

jp _ dH 

4Tmc dx ’ ^ (34) 


dH 

^ determines the inhomogeneity of the magnetic field. 

In the Stern-Gerlach experiment, a narrow beam of silver 

S T defining 

^htsS) and5„ was aUowed to pass through an inhomogeneous 
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magnetic field and recorded on plate P, Figure 128. The entire 
apparatus was in an evacuated chamber. The inhomogeneous 
magnetic field was produced by an electromagnet with specially 



Fig. 128. — Arrangement of apparatus in the Stern-Gerlach experiment. 


designed pole pieces. One pole piece was in the form of a knife- 
edge, while the other pole piece had a chamiel cut in it parallel to 
the knife-edge. Each silver atom could assume only one of two 
possible directions in the magnetic field, given by rrij = -t-J or — §. 
It has been shown that for the ®Si /2 state, fir = 2, and gtrij = +1 
or — 1, so that the force experienced by each atom due to the in- 
homogeneity of the field is 


F 


eh dll ^ dH 

Airmc dx ~ “ dx ’ 


(35) 


where 


Mj, = 


ell 

^irmc 


= 0.927 X 10“-® o.m. units. 


In terms of the vector model, those atoms with electron spins 
directed parallel to lihe magnetic field will oxpfadcnce a force in 
.one direction, while those, wif.h o|)posit(!ly directed spins will ex- 
perience a force in the (Ji)[)osite direef/ion. According to this, the 
beam of atoms should split into two beams in its passage through 
the inhomogeneous magnetic field. This splitting of the beam 
into two pa,i‘i,s of npproximal.ely equal intensity was actually ob- 
served in these experiment, s. Figure 129 shows the type of pattern 
observed in t.liesc' (‘.xix'riments. From the amount of the separa- 
tion of the t.wo hea,ms and t he degree of inhomogeneity of the 
magiuitht field, if. was sliown that the component of the magnetic 
moment of f.lie af,om in t.ho direction of the field was equal to one 
Bohr magneton, Mn. 

The results of t he Htern-Clerlach experiment, together with the 
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explanation of the multiplicity of atomic energy levels and the 
anomalous Zeeman effect, strongly support the hypothesis of the 
existence of an electron spin. 



Fig. 129- — Type of pattern on photographic plate made by a beam of silver atoms 
(a) without magnetic field on, (b) with magnetic field on. 

99. Spectra of Two-Electron Atoms 

Atoms of the alkaline earth elements, beryllium, magnesium, 
calcium, strontium, barium, and radium, have two electrons out- 
side a closed configuration typical of the inert elements. The total 
angular momentum of any one of these atoms is merely the sima 
of the angular momenta of the two electrons outside the closed 
core. When the atom is in the normal state, both electrons have 
the same principal quantiun number n and are in the completed 
subgroup for which 1=0. The application of Pauli’s principle 
leads to the conclusion that the two electrons must have their 
spins in opposite directions, so that the total spin quantum num- 
ber S = Si S 2 = 5 — § = 0. The total angular momentum 
J = L+ S=0, so that the normal state is a singlet state and is 
designated by the symbol ‘>So. 

The excited states of a two-electron system can arise from a 
variety of configurations of the two electrons consistent with the 
Pauli exclusion principle. The P states, for example, are due to 
those combinations of the angular momenta h and U whose vector 
sum L = Zi -b la is unity. For the D states L = h + h = 2, and 
so on. The spin vector S can have only two values S = i -J- I = 
1 or S = I — i = 0. If S = 0, then J = L, and the state is a 
singlet state such as ^Pi for L = 1, for L = 2, and so on. If 
S = 1, then J can have the three values L 1, L, L — 1, yield- 
ing a triplet state such as ^Pa, ®Pi, *Po, for I = 1 ; for 

P = 2, and so on. A two-electron system therefore has two dis- 
tinct sets of energy levels, the singlet set arising from configura- 





§99] SPECTRA OF TWO-ELECTRON ATOMS 251 

tions in which the electron spins are in opposite directions, S = 0, 
and the triplet set arising from configurations in which the electron 
spins are in the same direction, S = 1. In this latter set must be 
included those states for which L = 0 and 5 = 1, even though J 
has only the single value unity. These states are designated as 
®/Si states, and are customarily called triplet states. 

The energy level diagram of calcium showing some of the 
singlet and triplet states is given in Figure 130. These energy 
levels are for those configurations in which one electron always 
remains in the 4s state (ni = 4, Zi =0), while the second electron 
changes its state. Other energy levels, in which neither electron 
is in the 4s level, are known to exist, but they will not be consid- 
ered here. Some of the transitions giving rise to spectral lines are 
indicated in the figure. It is found that, as a general rule, singlet 
terms combine with other singlet terms and triplet terms combine 
with other triplet terms. Intercombination lines due to transi- 
tions between triplet and singlet states have been found, but are 
few in number and are usually less intense than the nonintercom- 
bination lines. Several intercombination lines arc shown in the 
figure. 

Wlien the changes in the atomic states arc produced by jumps 
of a single electron, only those spectral lines will be observed 
which are permitted by the selection rule AZ = +1. In such cases, 
the selection rule for L is also AL = ±1. The selection rule for 
J is A/ = 0 or ±1, with the exception tliat the transition from 
J = 0 to / = 0 is foibidden. Transitions bctweeii singlet ^^tates 
prodin^c spectral senies consisting of singlet lines. Transitions 
between triplet stales prodiuic spectral scries consisting of lines 
whi(^h exhibit nnc struedure when examined with instruments of 
high resolving power. The linos of the pritxeipal series, due to the 
transitions 5\Si — n^P 2 ,i,u, never have more than three compo- 
nents. Similarly the linos of the sharp scries, due to the transi- 
tions — n^S^, may liavc throe compoiicnts. The lines of 

the diffuse series, 4V^,i,u — w“i) 3 , 2 ,i and of the fundamental scries, 
may have as many as six components. 

If a eahnum a.t,om slionld find itself in a 4 “jP 2 state or a 4®7’o 
state, then, according to the selection rules, it will not be able to 
return to the normal state with (he emission of radiation. Such 
states arc called metastdlilc states. The atom may go from the 
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metastable state to the normal state if it gives up the appropriate 
amount of energy to another atom during a collision process. Or 
the atom may absorb radiation which will raise it from the met- 



Fiq. 130. Energy level diagram of calcium. Wave lengths of the lines are in A. 

astable state to a higher energy state, from which, selection rules 
permitting, it may return to the normal state with the emission 
of radiation. 
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It is interesting to note tliat the linos of the singlet series ex- 
hibit the normal Zeeman effect, while the lines of the triplet series 
exhibit the anomalous Zeeman effect. This is in agreement with 
deductioirs from the Lande (/-formula. For the singlet series, 

S = 0, J = L, and therefore (/ = 1, so that the splitting up of the 
energy levels will be in whole multiples of the Lorentz unit, and 
the permitted transitions will produce the normal Zeeman pattern. 

In addition to the alkaline earth elements, there are other 
elements such as zinc, cadmium, and mercury, which possess 
siirglet and triplet sets of atomic energy levels as determined from 
spectroscopic analysis. Examination of Table XI shows that 
these atoms contain two electrons outside closed configurations. 
Helium, which possesses only two electrons, must also be included 
in the above group. An interesting point about helium is that no 
intercombination lines due to transitions between its triplet and 
singlet states liave ever been found. Because of this fact, it was 
at one time supirosed that there were two different kinds of helium, 
parhelium, possessing singlet states, and orthohelium, possessing 
triplet states. The difference betwecti the two sets of states is, of 
course, due to the two possible orientations of tlie electron spin 
axes. 

100. Nuclear Spin and Nuclear Particles 

Many of the lines of the spectral series, when examined with 
spect.ros(!opes of very liigh resolving power, are found to consist of 
sov(M'al lines very close togc'thc'.r. Siu^ii lines are said to exhibit 
lujperjine stnu^ture. Two distinct types of Iiyperfine structure 
have been observcul. One type, in wl^K^h the lines of a spectral 
scries all have the same iiumb(n‘ of (armponents, has been explained 
as due to the preseiu^e of l,wo or more isotopes of tlie' element. The 
discovery of t.he li,ydrogen isotope of mass number 2, discussed 
in § 77, (lepcuuled upon the finding of atv additional component in 
the lines of tlui Ralnuu' sc'ries displacied slightly from the Balmer 
lines (coming from hydrogen atoms of mass numl^er 1. The relative 
intensities of the convponents of a line are directly related to the 
relative abundance of t he isot.opes. Such isotopic^ hyperfine struc- 
ture has Ix^en observcnl in the spe(d,ral lines of many elements. 

Tlie second type of Iiyperfine structure cannot be explained as 
due to tile presence of isotopes because it. ha,s been found in the 
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spectral lines of elements, such as bismuth, which are believed to 
consist of smgle isotopes only. In these cases, the number of com- 
ponents is different for different spectral lines, and their relative 
displacements are such that they cannot be explained on the basis 
of the existence of other isotopes. The explanation of this type of 
hyperfine structure of spectral lines, suggested by Pauli, is that 
the nucleus of the atom also spins about an axis, and possesses a 
nuclear angular momentum due to spin of amount 


where I is the nuclear spin quantum number. 

The total angular momentum of the atom will now be the 
vector sum of the nuclear angular momentum and the total elec- 
tronic angular momentum, and is denoted by P 5— where 


F = I +J. (36) 

F, the vector sum of / and J, is called the hyperfine quantum 
number and is restricted to integral or odd half-integral values. 
It is beyond the scope of this book to give an extended discussion 
of the analysis of hyperfine structure. Some of the results of this 
analysis, however, are of interest, since they have been used in 
predicting the types of particles that probably exist in the nucleus. 
For this reason, some of the values of the nuclear spin quantum 
number I are listed in Table XIII. 

An examination of Table XIII shows that the spin quantum 
number I is zero for isotopes of even atomic number and even 
mass number; that is, the spectral lines from these isotopes ex- 
hibit no h3q)erfine structure. The isotopes whose spectral lines 
exhibit hyperfine structure can be classified into three groups: 
(1) for isotopes of even atomic number and odd mass number, I is 
an odd half-integer; (2) for isotopes of odd atomic number and 
odd mass number, I is also an odd half-integer, and ( 3 ) for iso- 
topes of odd atomic number and even mass number, I is an 
integer. 

The argument which follows is based on the assumption that 
the spin angular momentum of the nucleus is the vector sum of 
the spin angular momenta of the particles within the nucleus and 
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that these spins are ahgned with their axes either parallel or anti- 
paraUel. That is, we are carrying over into the nucleus the same 
type of hypothesis which was found to work for the electrons out- 
side the nucleus. - Before the discovery of the neutron, the nucleus 

TABLE Xiri 


The Nuclear Spin Quantum Numbers op Some Elements 


Atomic 

Number 

Z 

Element 

Isotopic 

Mass 

Number 

A 

Nuclear Spin 
Quantum 
Number 

I 

1 

H 

1 

1 

1 

H 

2 

1 

2 

He 

4 


3 

Li 

6 

1 

3 

Li 

7 

1 

7 

N 

14 

1 

8 

0 

16 


9 

F 

19 

3 

15 

P 

31 

3 

2 

17 

• Cl 

35 

5 

‘2' 

80 

Ilg 

199 

3 

■2f 

80 

Ilg 


a 

2 

80 

Hg 

198, 2001 




202, 204/ 

yj 

82 

Pb 

207 

1 

82 

Pb 

204, 206, 208 

0 

S3 

Bi 

209 

[) 

2 


was assumed to consist of A protons and A-Z electrons; the re- 
sultant nuclear charge was therefore equivalent to Z protons. The 
total number of i)artl(iles in the I'.uclcus was thus 2A-Z. Since 
2A is always an even number, (wery element of odd atomic num- 
ber would possess an odd number of particles, and its spin quan- 
tum number I should bo an odd half-integer. This is not always 
found to be so experimentally. For example, nitrogen, yN*"*, has 
a spin ciuantum munber 7 = 1. Similarly, the litliium isotope, 
sLi", has a spin quanlum number 7 = 1. Consider the odd iso- 
topes of mercury of mass numbers 199 and 201. Since Z = 80, 
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2A-Z is an even number for each of these isotopes, but I is found 
to be an odd half-integer in each case. After the discovery of the 
neutron, Heisenberg suggested that the nucleus should consist of 
protons and neutrons only, and that each particle should have a 


spin angular momentum of ^ 


On this basis the number of 


protons in the nucleus is equal to the atomic number Z, and the 
number of neutrons in the nucleus is A-Z. The total number of 
particles in the nucleus is equal to the mass number A. The iso- 
topes of any one element therefore differ only in the number of 
neutrons in the nucleus. The discrepancies in the values of the 
spin quantum numbers mentioned above now disappear. On 
Heisenberg’s hypothesis, I should be an integer for isotopes of even 
atomic mass number, and should be an odd half-integer for iso- 
topes of odd atomic mass number. These predictions are m agree- 
ment with experimental results. 


1 01 . Characteristic X-Ray Spectra 


Moseley (1913) made a systematic investigation of the char- 
acteristic X-ray spectra of the elements. The elements investi- 
gated were used as targets in X-ray tubes and the radiation from 
each target was analyzed with the aid of a single crystal spec- 
trometer. A potassium ferrocyanide crystal was mounted on the 
spectrometer table and the spectrum was recorded on a photo- 
graphic plate. The spectrometer and the photographic plate were 
placed in an evacuated chamber to avoid absorption of the long 
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Fig. 131. — Relative positions of the K and L X-ray series spectral lines of silver. 

wave-length X rays in the air. The spectral lines observed were 
grouped- into two series, a short wave-length group known as the 
K series, and a comparatively long wave-length group known as ^ 
the L series. The wide separation of these two series of lines is 
illustrated in Figure 131 for the case of silver in which the K series 
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wave lengths extend ft-om ().485A to 0.5G3A, wliilo the L series 
lines are in the wave-length range 3.3A to 4.7A. Other investi- 
gators have found two other series of lines of still longer wave 



Fro. 132. — Mosoloy in which t-lio H(|u;iro root of the froquono.y is plotted 

agninstr tlie iitoinic mirnber of the emitting element for two lineH of the K series. 

lengtrhs in the heavier elements, Z > GG, classified as M scries and 
N sciies. 

Moseley found that the cliaractcr of a given scries was practi- 
cally tlie same for all tlieelc.nu^nts studied, and tliat the frequency 
of a particular lino of a scries varied in a regular manner from ele- 
ment to clement in tlic! jici-iodic l.alilc. By plotting the square 
root of the freciuency of one of l.ho lines, say the line (the most 
intense line of tlic K series), against the atomic number of the 
(dement emitt ing tiiis line, Mos(dey obtained a straight line. Fig- 
ure 132 shows siudi a gra{)h, now known as a Moseley diagram. 
The K„ lino is aet.ually a douldet; in Mosek^y’s work this doublet 
was not. resolved but. appearcMl as a single line. The equation of 
any one of tlu^ lines on a Mosedey diagram, to a good approxima- 
tion, is given l)y 


r = C{Z - ay 


(37) 
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where C and a are constants. For the line, C was found to be 
equal to where E is the Rydberg constant, and a was found to 
be practically 1. The equation for the frequency of the K„ line 
of any element can therefore be written as 

= mz - ly- ( 38 ) 


It must be remembered that Moseley did this work more than 
a quarter of a century ago. Some of the elements now known wei’e 
then u nkn own. The atomic number of an element merely repre- 
sented its position in the arrangement of the elements accoi'ding 
to their atomic weights. In order to obtain a straight line for the 
curve, Vv against Z, Moseley had to rearrange the orders of irickcl 
and cobalt, assigning the lower atomic number to the element of 
Mgher atomic weight. Furthermore a gap had to be loft at Z = 43, 
showing the existence of an element, masurium, then unknowir. 

Moseley’s work followed closely upon the introduction of 
Rutherford s nuclear theory of the atom and Bohr’s theory of 
hj'drogen. The relationship between Bohr’s theory and Moseley’s 
work can best be shown by rewriting equation (38) for the fre- 
quency of the line to read 


=S(Z -!)■({-, -L). 


(39) 

The interpretation of this equation on the Bohr theory is that the 
hne is emitted when an electron goes from the orbit of principal 
quantum number n = 2 to the orbit of principal quantum number 
” ~ :■ appearance of the factor (Z - 1) rather than Z in 
equation (39) can be explained by assuming that the electron 
wM goes from orbit n = 2 to n = 1 is “screened” from the total 
nuclear charge Z by the negative charge of a single electron. This 
explanation can best be understood by considering the manner in 

neutrsf^r^^ ^ ®l®”ient in the target consists of 

n^tral atoms m which the first shell, n ^ 1, contains two elec- 

S £to thlsTsh^" can 

L shell n - 2 to thp /T h ^ electron can go from the 

ing from the Vlln shelU when one of the electrons is miss- 
orSri? f obvious inference is that, during the 

from the if sheU of an atom. Since most of the other shells have 
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their full quota of electrons, this K electron will have to go either 
to one of the unoccupied outer levels or completely outside the 
atom, depending upon the amount of energy transferred to the 
atom by the incident cathode ray. As a result of this process, the K 
shell will now have only one electron in it. If an electron from 
the L shell should go into the K shell, it will do so with the emis- 
sion of a quantum of radiation whose frequency is that of the 
line. The electron which goes from the L shell to the K shell 
moves in an electric field which is essentially that of the positive 
nuclear charge and the negative charge of the single electron s till 
remaining in the K shell. This electric field is therefore equiva- 
lent to that of a positive charge of magnitude (Z — l)e. The 
effect of the outer electrons on this electric field can be shown to 
be very small. 



Fk;. 133. — Simplified X-ray energy level diagram. 


102. X-Ray Energy Level Diagram 

A simplified energy level diagram can be used to show the 
changes in atomic configuration which give rise to the K and L 
series of X-ray specl,i‘al lines. In this diagram. Figure 133, the 
zero energy level is taken as that of the normal state of the neutral 
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atom. This differs from the optical case in which the zero level of 
energy is that of the ionized atom. Let us assume that the cathode 
ray which is incident on an atom has sufficient energy to remove 
one electron from the K shell to the outside of the atom. If 6*^ 
represents the work done in removing this K electron, then the 
energy of the system can be represented at a level above the 
zero level. This atom is now ionized with one electron missing 
from the K shell. 

Let us consider the same neutral atom once more and suppose 
that the impinging cathode ray has not sufficient energy to re- 
move an electron from the K shell, but does have sufficient energy 
to remove one from the L shell to the outside. Then, if the atom 
is ionized by the removal of one electron from the L shell, the 
energy of the system will be and can be represented by a line 
at the proper height above the zero level. Similarly 8m represents 
the work done in ionizing a neutral atom by removing an electron 
from the M shell, and represents the work done in removing an 
electron from the N shell of a neutral atom. 

Suppose that the atom is now in the energy state that is, 
one electron is missing from the K shell. If an electron goes from 
the L shell to the K shell, the atom will then be in the energy state 
represented by (Tz,,* that is, one electron wtII now be missing from 
the L shell. The frequency of the spectral line radiated when an 
electron goes from the L to the K shell, or when the energy state 
of the atom is changed from 8];: to 8l, is given by Bohr’s frequency 
condition : 



( 40 ) 


There is also a definite probability that an electron might go from 
the M shell directly to the K shell, leaving the atom in the energy 
state 8m- The line emitted in this transition is the line; its 
frequency is given by 



Or an electron may go from the N shell directly to the K shell with 
the emission of the spectral line of frequency 



( 42 ) 
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Similar analyses can be used for the transitions producing the L 
and M series of spectral lines. For example, if the atom is in the 
energy state £l, an electron naay go from the M shell to the L shell 
with the emission of the line of frequency 



(43) 


When the voltage across the X-ray tube is suflEciently high, 
a very large number of atoms in the target of the tube will be 
raised to the energy state others to the energy state €l, and 
so on, by the action of the cathode rays incident upon the target. 
The K series of spectral lines will be emitted by those atoms in 
which the electrons go directly from the L, M, or N shells to the 
K shell; the L series of spectral lines will be emitted by those 
atoms in which the electrons go directly from the M ov N shells 
to the L shell. The intensity of a spectral line wid be proportional 
to the number of atoms in which the appropriate transitions take 
place. The line, for example, is the most intense line of the K 
series, while the line is the faintest one. In most of the atoms 
in the energy state 8k, therefore, electrons go from the L shells to 
the K shells. Stated in a different maiuicr, the probability that 
an electron will go from the L shell to the K shell is much greater 
than the probability that an electron will go from the M shell 
directly to the K shell. The probabihty that an electron will go 
from the N shell to the K shell is very small. 

With the precision and resolving power available in modern 
X-ray spectroscopy, many of the lines have been resolved into 
two or more components. The K„ line, for example, has been re- 
solved into two components Ka, and for all elements of atomic 
number gi-eatcr than 15. The line has been resolved into two 
components for most of the elements of atomic number greater 
than 36. The lino has not yet been resolved. The fine struc- 
ture observed in X-ray spectral lines must obviously be due to the 
multiplicity of some of tlio energy levels. One might determine 
this multiplicity from an analysis of the omission spectra. It will 
be more instruct ive, however, to show how this multiplicity of the 
energy levels can be dct(!nnincd by more direct experiments in 
which electrons from the inner shells of atoms are removed from 
them by the action of X rays from an external source. This is an 
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extension of the photoelectric effect to the region of X-ray wave 
lengths. There are two general experimental methods for investi- 
gating this phenomenon. One is to study the absorption spectra 
of the X rays, the other is to determine the energies of the elec- 
trons ejected from the atoms. 

103. X-Ray Absorption Spectra 

A method for studying the X-ray absorption spectrum of an 
element is illustrated in Figure 134. The continuous spectrum 
from some suitable target T is used in this experiment. A narrow 



Fig. 134. — Diagram showing arrangement of apparatus for measuring the ab- 
sorption of X rays. 

beam of X rays coming through the slits Si and St is incident upon 
the absorbing material A containing the element under investi- 
gation. The transmitted beam is then analyzed by the crystal C 
of the X-ray spectrometer, and the intensity of each wave length \ 
is measured by the ionization it produces in the ionization cham- 
ber I. A photographic plate may be used in place of the ionization 
chamber; the intensity will then be determined by the blackening 
on the photographic plate. 

Each particular setting of the crystal corresponds to a definite 
wave length given by Bragg’s law n\ = 2d sin d. The usual pro- 
cedure is to measure the intensity, Jo, of a given wave length with 
the absorbing material removed from the path of the X rays, then 
to insert the absorbing material in the path of the X rays and 
measure the new intensity I for the same wave length. This pro- 
cedure is repeated over a wide range of wave lengths. For each 
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particular wave length, 

I = (Chap. 3, Eq. 40) 

where ai is the absorption coefficient for the wave length used, and 
X is the thickness of the absorbing material. 



Fio. 135. — Curve showing the K and L X-ray absorption limits of silver. 


The results of a typical experhnent, using a tliiu foil of silver 
as the absorbing material, are shown in Figure 135 where the mass 
absorption coefficient g/p (sec § 59), is plotted against the wave 
length X. It is found that the ma.ss absorption coefficient increases 
with the wave length, approximately as X’, until a particular wave 




264 


ATOMIC SPECTRA, ELECTRON DISTRIBUTION 


[§103 


length at the position K, is reached, at which wave length jjl/p 
drops suddenly to a lower value. In the wave-length region be- 
tween K and Li, the mass absorption coefficient again increases 
as X®; at Li it drops in value. There are three such breaks in the 
curve close together marked Li, Ln, and Lm. The wave length 
at which the first break occurs is called the wave length of the K 
absorption limit. The other breaks occur at the Li, Lh, and Lm 
absorption limits. 

In the case of silver, the wave length of the K absorption limit 
is = 0.4845 A. This is slightly less than the shortest wave 
length which occurs in the K series lines, the line, for which 
X = 0.4860 A (see Table XIV). In the production of the lines of 
the K series, it was found that an amount of energy, had first 
to be supphed to the atom to remove an electron from the K shell, 
after which an electron from some outer shell, in going into the K 
shell, would emit a quantum of radiation. The energy of this 
quantum is, of course, always less than as shown by equa- 
tions (40), (41), and (42). "V^en the element forms the target of 
an X-ray tube, this energy, <?^, comes from the kinetic energy of 
the incident cathode rays or electrons. When the element, how- 
ever, is used as an absorber of X rays, this energy must come from 
the incident X rays. If the energy of an incident quantum or 
photon, hvj is greater than the photon will be able to knock 
an electron out of the K shell, thus raising the atom to the energy 
state The smallest value of the energy of a photon which will 
be able to remove an electron from the K shell is 

hvg; = Sjs: = ^ ( 44 ) 

where Xj^ and pj^ represent the wave length and frequency, re- 
spectively, of the K absorption limit. If the energy of the incident 
photon, hp, is less than then the photon will not be able to re- 
move an electron from the K shell, but it may have enough energy 
to be able to remove an electron from one of the higher levels, 
L, M, or N. 

The fact that there are three absorption limits and Lm 

very close together and in the range of wave lengths of the L series, 
indicates that the L shell probably consists of three energy levels. 
The wave length of the L^ absorption limit is smaUer than that of 
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TABLE XIV 


Wave Lengths of the K Series Lines and the K Absorption 
Limit for Some Elements 
{Wave Lengths in A .) 

Ele- 

ment 

Ka, 

Xa. 



Ky 

K Abs. 
Limit 

29 Cu 

1.5412 

1.5374 

— 

1.3894 

1.3782 

1.3774 

42 Mo 

0.7121 

0.7078 

0.6315 

0.6310 

0.6197 

0.6185 

46 Pd 

0.5886 

0.5843 

0.5201 

0.5095 

0.5092 

0.5080 

47 Ag 

0.5627 

0.5583 

0.4967 

0.4960 

0.4860 

0.4845 

74 W 

0.2134 

0.2086 

0.1848 

0.1840 

0.1791 

0.1782 

78 Pt 

0.1900 

0.1822 

— 

0.1637 

0.1589 

0.1577 

79 Au 

0.1848 

0.1780 

— 

0.1590 

0.1543 

0.1532 

82 Pb 

0.1700 

0.1652 

— 

0.1461 

0.1413 

0.1405 

92 U 

0.1310 

0.1264 

— 

0.1119 

0.1084 
1 

0.1066 


any line of the L scries. The energy of each one of the states Li, 
Lii, and hm can be obtained from the gi'aph with the aid of equa- 
tions of the type of equation (44) ; thus 




I 



(45) 


It is difficult to obtain the wave lengths of the M absorption 
limits by tids method because of the absorption of these long 
wave-lengtli X rays by tlie clement under investigation. It will 
bo recalled that the absorption coefficient vaiicis as the cube of the 
wave lengtii. In iJio (laso of silver, the wave length of the M limit 
is al)Out 10 times that of the L limit so tliat the absorption would 
be appr()ximal.(!ly 1 000 times lus groat. However, the wave lengths 
of the M absori)ti()n linu(,s have l)con determined in this manner 
for some of the h('.a,vier eleiTKmts. In each case, five absorption 
limits were found in the M region, indicating that the M shell con- 
sists of live energy levels clo.se together. 


104. X-Ray Critical Voltages 

The corre(!iiiess of t.lm above iuterp rotation of the absorption 
limits can be denionst, rated in a fairly direct manner by using the 
clement under investigation as the target in an X-ray tube and 
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controlling carefully the voltage across the tube. The maximuin 
kinetic energy which the electrons incident upon the target possess 
is 7e where V is the voltage across the tube. The energy required 
to remove an electron from the K shell of an atom can be expressed 
as 

= ^ = (46) 

is called the critical voltage, and is the minimum voltage 
which, when applied between the anode and cathode of the X-ray 
tube, will give the impinging electron enough energy to remove 
electrons from the K shells. If the voltage across the tube is less 
than the atoms in the target cannot be raised to the energy 
state €k', hence the lines of the K series will not appear in the spec- 
trum. When the voltage across the tube is increased until the 
value Vx is reached, then all the lines of the K series appear simul- 
taneously. This indicates that many of the atoms were raised to 
the energy state 8x, making possible transitions to lower energy 
states with the radiation of quanta corresponding to the lines of 
the K series. 

The critical voltage for the production of the K lines of silver, 
for example, can be determined from equation (46) by substitut- 
ing for Xjt its value 0.4845A, and the accepted values for e, h, and c, 
yielding Vr = 25.5 kilovolts. When the voltage across a silver 
target X-ray tube is, say, 20 kilovolts, the spectrum is found to 
consist of the L series lines superimposed on the continuous radi- 
ation. When the voltage across the tube is increased, the inten- 
sities of these two spectra are increased, but no new lines appear 
until the voltage across the tube reaches the value 25.5 kilovolts, 
when aU the hnes of the K series appear simultaneously. Further 
increase in voltage produces an increase in the intensities of the 
characteristic spectra relative to the continuous spectrum. 

105. Magnetic Spectrum Analysis 

The X-ray energy levels of an atom can be determined in an 
independent way by utilizing the photoelectric effect with X rays 
of known wave length. If an X-ray quantum of energy hv ejects 
an electron from an inner shell of the atom, thereby raising the 
atom to a higher energy State, then the kinetic energy of the 
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ejected electron will be given by 

§my* = hv - 6 k, L . . • , (47) 

where Sk,l • • • represents the appropriate final energy state of the 
atom. By measuring the energy of the ejected electron, it is 
possible to determine the particular energy level from which it 
was ejected. 

H. R. Robinson developed the magnetic spectrograph for de- 



To pump 


Fig, 136, — Robinson’s magnetic spectrograph. 

termining the velocities of the ejected electrons. A diagram of the 
apparatus is shown in Figure 136. The element to be investigated, 
usually in the form of a very thin foil, is placed upon a holder at C. 
A narrow beam of monochromatic X rays, usually the intense Ka 
line from a known target material, enters through the thin win- 
dow W in the evacuated box B and strikes the element on C. 
The entire apparatus is in a uniform magnetic, field of intensity H 
perpendicular to the plane of the figure. The electrons which are 
ejected from the element at C move in circular paths under the 
influence of the magnetic field. Only those electrons wliich pass 
through the slit jS will be able to strike the photograpliic plate P. 
Because of the geometry of the apparatus, all electrons with the 
same velocity will be focused at the same distance from the source 
C. The radius of the electronic path is half the distance from C 
to the point on the photograpliic plate which has been blackened 
by the electrons. 

The velocities of the electrons ejected from C can be found 
with the aid of the well-known o<iuation 
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where r is the radius of the path of an electron. In any one ex- 
periment, the electron ejected from the innermost shell will have 
the smallest velocity and its path will have the smallest radius r. 
Electrons ejected from the outer shells of the atom, such as the M 
and N shells, will have greater energy and be focused farther out 
on the photographic plate. From the positions of the lines on the 
photographic, plate, the energies of the ejected electrons can be 
computed. By substituting the value of the electronic energy in 
equation (47), the energy required to remove the electron from its 
particular shell can be deternoined. 

The values of the energy levels of a large number of elements 
were determined in this way by Robinson. His measurements are 
in agreement with results obtained from X-ray absorption spectra. 
In addition, he determined the energy values of the M levels of 
many elements as well as some of the N levels. 

106 . X-Ray Terms and Selection Rules 

The X-ray term structure or energy level diagram can be built 
up from analyses of the emission and absorption spectra of the ele- 
ments, and from the determination of the energy levels by the 
magnetic spectrum analysis of the energies of electrons ejected 
from these levels. The complete energy level diagram of uranium, 
Z = 92, is shown in Figure 137, with the X-ray notation for these 
levels and some of the transitions giving rise to the X-ray spectral 
lines. It must be remembered that each X-ray energy level repre- 
sents a state of an atom which has one electron missin g from a 
closed shell. Pauli pointed out that in a configuration in which an 
electron is missing from a completed subgroup, the spectral term 
is the same as if that one electron alone occupied the subgroup. 
Normally there are two Is electrons in the K shell; if one electron 
is removed, the energy state of the atom will be that of a Is elec- 
tron, namely, just as in the case of an alkali atom. The 
L shell consists of two subgroups, one for which I =0 and the 
other 1 = 1. There are normally two electrons in the subgroup 
n = 2, i = 0; if one 2s electron is removed, the energy state of the 
atom will be that of a single electron for which n = 2, 1 = 0, 
namely, a 2s ^Si /2 configuration. This is the energy level Ly 
There are normally six 2p electrons in the completed subgroup 
n = 2, I = 1. If one 2p electron is removed, the energy state of 
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the atom will be a P state; this state will be a doublet state corre- 
sponding to the two possible values of j, that is, j = or j = |. 
The two energy states Ln and Lm therefore correspond to the 


X-Hay 

Notation 

Level 

K 


I 

II 

/VI lY 

V 
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II 

III 

VI 

VII 


I 

, II 
Qlll 
^ IV 
V 


I 

P " 

III 


K Series 


oc,cx, 8,6,7 


L Series 


^m7J„v7p,l<x,oc, 


Ad Series 


Optical 
Notation 
n I j 
I 0 Vi 


0 V2 
7 7/2 

2 7 3/2 


3 0 
3 7 
3 7 
3 2 
3 2 


7/2 

7/2 

3/2 

3/2 

S/2 

sa 

7/2 


5 0 U2 

5 J 1/2 

5 7 3/2 

5 2 3/2 

5 2 5/2 


6 0 7/2 

6 7 7/2 

6 7 3/2 


Al=±l 
Aj=3:t or 0 

Fia. 137. - ■ X-i-ay Uwol diiigT’am for a heavy (ileinent such as uranium show- 

ing some of the ti'ansil ions giving rise to spectral lines. (Not drawn to scale.) 


doublet terms *Pi/2 and respectively, again similar to the 
terms of the alkali atoms. This procedure can be carried out for 
each of the subgroups. For example, the removal of an electron 
from a subgroup for which I = 2 gives rise to the ^1)3/2 and ^^5/2 
terms. The optical notiitions and the (n, I, j) values for each 
energy level are shown in the figure. One difference between 
X-ray energy levels and alkali terms should be noted: the higher 
X-ray energy states are designated by the smaller quantum 
numbers. 




270 ATOMIC SPECTRA, ELEaRON DISTRIBUTION [§106 

The selection rules for the permitted transitions are the same 
as those for the alkali atoms, namely, 

AL = +1. 

AJ = 0 or ±1. 

While no restrictions are placed on changes in the principal quan- 
tum number n, transitions for which Ln = 0 are very rare, and 
the lines produced by such transitions are of very small intensity. 
The above selection rules account for the transitions giving rise to 
the more intense lines of the X-ray spectral series. Some fainter 
lines, forbidden by the above selection rules, have also been ob- 
served, as well as some lines which cannot be accounted for by any 
transitions between states represented in the energy level dia- 
gram. A discussion of these lines is beyond the scope of this book. 
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PROBLEMS 


1. Using vector diagrams, determine the different values for the 
total orbital angular momentum of a two-electron system for which 
Zi = 3 and k = 2. 

Arts. 1/ = 5, 4, 3, 2, 1. 


‘ 2. Using vector diagrams, determine the possible values of the total 
angular momentum of an f electron (a) according to the vector model, 
(b) according to wave mechanics, (c) Determine the angle between 
the vectors s and I in part (b). 


Ans, 


(a) j -II 

^ V35 

0 ) J = — > — • 

(c) 60°, 131° 49'. 


3. Using vector diagrams, determine the possible values of the total 
angular momentum of an electron system for which (a) L = 2, iS = 3, 
(b) L = 3, iS = 2. 


4. Using vector diagrams, determine the possible values of the total 
angular momentum of an olec.tron system for whic^h (a) L = 3, S = d, 
(b) L = 2, ^ = i 


6. Determine the electron configuration of (a) barium in the normal 
state, and (b) mercury in the normal state. 


6. Determine the angular velocity of the precessional motion of an 
electron orbit when a source of light is placed in a magnetic field of 
30,000 oersteds. C-omparo this processional velocity of the orbit with 
the change in the angular velocity of the eh^c^tron on th(i basis of the 
classi(^al Loren tz theory. 

Ans. 2.04 X 10" scc~L 


7. Determine the maximum change in the enei’gy of a p electron due 
to the ])r(Hr(‘ssional motion of i1.s orbit in a magn(4.ic field of 30,000 
o(u*steds. 

Ans. 2.76 x ergs. 

8. Draw a diagram showing the relative separations of the sodium 
D lines and their ZecMuan components pi-odiiccd by a magnetic field ol 
30,000 oersteds. Use a wave number scjale. 

9. (a) Using the wave lengths given in the energy level diagram of 
calcium, determine the values of the two lowest resonance potentials, 
(b) Tf electi'ons of 2.8 ev energy an^ us(mI to excite the calcium atoms, 
which spectral lines will be emit.ted by cahhum? 
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10. Two resonance potentials have been observed with mercury 
vapor, 4.86 and 6.67 volts. The ionization potential of mercury is 10.38 
volts. Compute (a) the wave lengths of the mercury resonance radia- 
tion, (b) the wave number of the lowest state of mercury. Check your 
results by reference to standard tables or energy level diagrams. 

11. After studying the X-ray spectrum of platinum, determine the 
minimum voltage that must be used across the X-ray tube to ensure the 
appearance of the K series lines. 

Ans, 79 kv. 

12. Using the data in Table XIV, calculate the energies in electron 
volts, of the Ln and Lni energy levels for the elements listed in the 
table. Plot the square roots of these energies against atomic number 
and discuss any regularities observed in these curves. How do these 
curves compare with the Moseley diagram? 

13. The mass absorption coeflicient of X rays of wave length 
X = 0.7 a is 5 per gram per cm^ for aluminum, and 50 per gram per cm^ 
for copper. The density of aluminum is 2.7 grams per cm® and that of 
copper is 8.93 grams per cm®. What thickness, in cm, of each of these 
substances is needed to reduce the intensity of the X-ray beam passing 
through it to one-half its initial value? 

Ans, A1 — 0.051 cm. 

Cu — 0.0016 cm. 

14. In an experiment with the magnetic spectrograph, the Kai line 
from a silver target X-ray tube is incident upon a thin copper foil inside 
the spectrograph. If the intensity of the magnetic field is 100 oersteds, 
calculate the radius of the smallest electron path that will be observed. 
What is the origin of these electrons? 

Ans. 3.88 cm. 

15. The wave lengths of the lines obtained on a spectrogram were 
measured and classified into three series as follows: 


Principal Series 

Sharp Series 

Diffuse Series 

6707.85A 

8126.5A 

6IO3.5A 

3232.6 

4971.9 

4603.0 

2741.3 

4273.3 

4132.3 

2562.5 

3985.8 

3915.0 

2475.3 

3838.2 

3794.7 

From the above data the 

series limit, expressed 

in wave numbers, was 

determined as 43,486 cm“ 

for the principal series, and 28,582 cm”^ for 


the sharp and diffuse series. 
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(a) Convert the wave lengths given above to wave numbers. 

(b) Construct an energy level diagram using a wave number scale. 

(c) Determine the ionization potential of this element and then place 
a voltage scale on the energy level diagram. 

(d) Identify the element. 

(e) Determine the first resonance potential of this element. 

(f) Determine the principal quantum numbers for each energy level. 




Part 1 1 1 


THE NUCLEUS 




Natural Radioactivity 

1 07. Resume of Some Known Properties of Nuclei 

Many of the important properties of atomic nuclei, as well as 
the experimental evidence for these properties, were discussed in 
previous chapters. It was shown that the total number of parti- 
cles in a nucleus is equal to the mass number A of the particular 
isotope of the element, and that these particles were of two kinds, 
protons and neutrons, each of approximately unit mass. It was 
further shown that the number of protons in the nucleus is equal 
to the atomic number, Z, of the element, and that the number of 
neutrons in the nucleus is A-Z. 

From the results of the experiments on the scattering of alpha 
particles, it was concluded that the nucleus occupies only a very 
small fraction of the volume of an atom and that nuclear radii dp 
not exceed cm. It was further shown that the nucleus pos- 
SC.SSOS angular momentum due to spin and also possesses a mag- 
netic moment. 

In this and the following chapters we shall discuss many nuclear 
processes and transformations which not only are interesting m 
thcm.solves but also provide additional information concerning the 
nucleus. Among these processes and transformations are (1) the 
natural radioactivity of some of the heavier elements, (2) the dis- 
iiitcgration of nuclei by bombardment with particles and radi- 
ation, (3) artificial radioactivity induced by the bombardment of 
nuclei with particles and radiation, and (4) nuclear fission. 

108. Natural Radioactive Transformations 

An element which is naturally radioactive is found to emit 
cither alpha particles or beta particles. Sometimes gamma rays 
a(!coinpany the omission of these particles. When the nucleus of 
an atom emits an alpha particle, the atom is transformed into a 
now a.t.oni, since its atomic mass is decreased by four units and its 
atiOniic. nuinbor is decreased by two units. For example, radium, 
with A = 226 and Z = 88, is known to emit alpha particles; 
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hence the product of this transformation, known as radon, will 
have A = 222 and Z = 86. That we are dealing with nuclear 
transformations is confirmed by the fact that radium, which is a 
solid, is in the same chemical group as barium, while radon is one 
of the inert gases. In this particular case it is easy to separate the 
product from its parent substance. When a beta particle is 
emitted by a nucleus of atomic nimiber Z, the atomic number of 
the new atom formed becomes Z + 1, but the mass number re- 
mains unaltered since the mass of a beta particle is negligible in 
comparison with that of a nucleus. 

The rate at which a particular radioactive material disinte- 
grates is a constant independent of all physical and chemical con- 
ditions. Given a large number- of atoms of any one radioactive 
element, the number, dN, that will disintegrate in a small time 
interval, dt, is found to be proportional to the number of atoms, N, 
present at the time t; that is 

-dN=\Ndt, ( 1 ) 

where X is a constant for the particular radioactive element. Inte- 
grating .this equation, we get 

JV = JVoe^*, (2) 

where No represents the number of atoms present at the time 
t = 0. Equation (2) shows that the number of atoms of a given 
radioactive substance decreases exponentially with time providing 
no new atoms are introduced. Half of the material -will liave dis- 
integrated at the end of a certain time interval T, which can be 
determined by setting N = JVo/2 and t = T in. equation (2), 
5 delding 

XT = log, 2, 

so that 


T = 


0.693 

X 


( 3 ) 


T is called the half-life period of the element. It can be seen that 
at the end of a time interval equal to 2T, one quarter of the original 
material will still be in existence. The number of atoms still in 
existence at any time t is sho-wn in Figure 138. It is impossible to 
tell j\ist when one particular atom -will disintegrate because radio- 
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active disintegrations follow the laws of chance or probability. At 
the end of a certain time t, N of the original atoms will still be in 
existence. In the next interval of time dt, dN of these atoms will 
have disintegrated. The average lifetime, Ta, of a single atom may 



Fig. 138. — Exponential decay of a radioactive element with time. 


be computed by multiplying dN, the number of atoms didntegrat- 
ing, by the time, t, durmg which they existed, summing these 
products over all the atoms and then dividing by the total number 
of atoms at the start, iVo. Thus 


Ta 



Now, from equation (2), 

dN = - VoXe-^' dt; 

substitution of tliis value for dN in the above equation yields 

Ta = — f t\e-'^* dt = + r t\e~^‘ dt = 7 - (4) 

Joo *^0 ^ 

The reciprocal of the disintegration constant X is thus the average 
hfetime of a radioactive atom. If the half-Ufe period is known 
from experimental data, then the average lifetime, 1/X, can be 
computed from equation (3). 

The half-life periods, and hence the average lifetimes, vary 
considerably among the naturally radioactive elements. Radium, 
for example, has a half-life period of 1590 years while that of radon 
is 3.82 days. Thorium C' has the shortest half-life, 3 X 10“’ 
seconds, while thorium has one of the longest, 1.39 X 10“ years. 
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109. Radioactive Series 

Practically all of the naturally radioactive elements lie in the 
range of atomic numbers from Z = 81 to Z = 92. These ele- 
ments have been grouped into three series, the uranium-radium 



Fig. 139 (a). The naturally radioactive uraniuni series. 

series, the thorium series, and the actinium series. Any one of the 
radioactive elements can be traced back through a series of trans- 
formations to the parent element of the series. The uranium 
series, shown in Figure 139(a), starts with uranium I (A = 238, 
Z = 92), and goes through a series of transformations which in- 
volve the emission of alpha and beta particles forming such sub- 
stances as radium, radon, radium A . . . down to radium G (A = 
206, Z = 82), which is isotopic with lead and is not radioactive. 
In the figure, the mass number A is plotted against the atomic 
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number Z. An emission of an alpha particle is indicated by a dis- 
placement to the left by two units; an emission of a beta particle 
by a displacement to the right of one unit. 



80 82 84 86 88 90 92 94 

fbj Atomic number Z 

Fig. 139 (b). — The naturally radioactive thorium series. 

An interesting branching takes place at radium C. Of all the 
RaC atoms disintegrating, 99.96% do so with the emission of a 
beta particle foiming RaC', which then disintegrates with the 
emission of an alpha particle forming RaD. In the second branch, 
0.04% of the RaC atoms disintegrate with the emission of an alpha 
particle forming RaC", and when the latter disintegrates, it does 
so with the emission of a beta particle forming RaD. Nuclei 
which are identical in mass number and in atomic number but 
which have different radioactive properties were designated by 
Soddy (1917) as nuclear isomers. Thus RaC nuclei are isomeric. 
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UZ and IJX 2 were shown to be a pair of nuclear isonaers by Hahn 
(1921), and Feather and Bretsher later showed that this pair of 
nuclear isomers are genetically related; that is, one type of atom is 


Actinium series 



Atomic number Z 


Fig. 139 (c). — The naturally radioactive actinium series. 

formed from the other. The subject of nuclear isomers will be 
considered in greater detail in § 126. 

The thorium series, Figure 139(b), starts with thorium {A — 
232, Z = 90), goes through a series of transformations in many 
respects similar to the uranium series, and ends with thorium D 
(A = 208, Z = 82), which is also isotopic with lead. The actinium 
series. Figure 139(c), was at one time believed to be an independ- 
ent series, but its origin has recently been traced to an isotope of 
uranium, known as actino-uranium. This isotope, of mass num- 
ber 235, has actually been found in samples of uranium. The end 
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product of the actinium series is actinium D ( = 207, Z = 82), 
which is another isotope of lead. 

Only four elements whose atomic numbers are less than 81 are 
known to be naturally radioactive. Table XV lists the particular 
isotope of each of these elements which is radioactive, the particle 
emitted, and the half-Ufe period. 

TABLE XV 


Atomic 

No. 

Element 

Mass No. 

Emitted 

Particle 

Half-Life ' 
Period 

19 

Potassium 

40 

beta 

1.42 X 10* yr 

37 

Rubidium 

87 

beta 

6.3 X 10*® yr 

62 

Samarium 

148 

alpha 

1.4 X 10** yr 

71 

Lutecium 

176 

beta 

7 X 10*® yr 


110. Range of Alpha Particles 

There are several methods for investigating the alpha particles 
wliich are emitted by radioactive nuclei. Their velocities may be 
measured by the magnetic spectrograph method described in § 34. 
Another method frequently used for investigating the alpha parti- 
cles is the determination of the range of the particle in a gas such 
as hydrogen, nitrogen, or air, using a Wilson cloud chamber. This 
apparatus consists essentially of a cylinder C containing a gas 
saturated with water vapor, and a piston P which may be lowered 
very rapidly to produce a sudden expansion of the gas in chamber 
C, Figure 140. As a result of tliis expansion, the gas is cooled and 



Fig. 140. — Schematic diiigram of ii Wilson cloud chamber. 

becomes supersaturated with water vapor. If there are any ions 
present in the gas, tlie water vapor will condense on these ions, 
forming small droplets. These droplets may be viewed or photo- 
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graphed through the glass plate G covering the top of the cylinder; 
iUumination is usually supplied through a window in the wall of 
the chamber. If a source of alpha particles is placed inside the 



Fig. 141. — Tracks of alpha particles from thorium (C H- C') in a Wilson cloud 
chamber showing two distinct ranges. (From Rutherford, Chadwick, and Ellis, 
Radiations from Radioactive Substances. By permission of The Macmillan Company, 
publishers.) 

chamber at A, then, in their passage through the gas iu the cham- 
ber, the alpha particles will ionize the gas molecules along their 
paths. During each expansion of the gas, water droplets form on 
the ions, showing the path of each individual alpha particle. T3fpi- 
cal alpha-ray tracks are shown in Figure 141. These tracks are in 
general straight lines almost up to the end of the range. Occa- 
sionally a track is bent sharply or else it branches off into two 
tracks. These are usually ascribed to collisions with nuclei; they 
will be discussed in detail later, § 115. 

Another method for determining the range of alpha particles 
in a gas is to measure the ionization produced in a gas at different 
distances from the source of the alpha particles. A typical ar- 
rangement for this type of measurement is shown in Figure 142. 
The somrce of alpha particles. A, is placed in a recess in a block of 
lead, providing a fairly well-collimated beam of alpha rays. The 
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ionization chamber consists of a wire grid G and a plate P con- 
nected to an electrometer for measuring the ionization produced 
in the narrow region between P 
and G. The distance between 
the alpha-particle source and the 
ionization chamber is usually 
varied by moving the source. 

Typical curves showing the ion- 
ization produced at different dis- 
tarices from the source are shown 
in Figure 143. It will be no- 
ticed that for the greater part 
of the range, the ionization cur- 
rent in the first part of the 
range is practically constant, 
then increases and reaches its 
maximum value just before the 
end of the range. The peak near the end of the range is due to 
an increase in the efiSiciency of ionization by slow alpha particles. 


Lead 


Fig. 142. — Schematic diagram of 
apparatus for measuring the range of 
alpha particles. 



Fig. 143. — Graphs showing the ionization along the path of an alpha particle 
from (a) polonium, (b) radium C'. 

It has been found that, in most cases, the alpha particles from 
a given element have a very definite range. This range E is usu- 
ally expressed in centimeters of air at 15®C and at a pressure of 
76 cm of mercury. The ranges of the alpha particles from some 
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of the elements are given in Table XVI together with their ener- 
gies as determined by Halloway and Livingston. The alpha parti- 
cles from some of the elements, such as thorium C', fall into several 

TABLE XVI 


Range and Energy op Alpha 
Particles 

Element 

Mean 
Range 
in cm 
in Air at 
15»C 

Energy 
in Mev 

Polonium 
Radon 
Radium A 
Thoron 
Thorium A 
Radium C' 
Radium C' 
Radium C' 
Radium C' 
Thorium C' 
Thorium C' 
Thorium C' 

3.842 

4.051 

4.657 

5.004 
5.638 
6.907 
7.792 

9.04 
11.51 

8.570 

9.724 

11.580 

5.298 

5.486 

5.998 

6.2818 

6.774 

7.680 

8.277 

9.066 

10.505 

8.776 

9.488 

10.538 


relationsLp SeenS^raz^o/^^ velocity spectrum. The 

cannot be expressed hv q ^ alpha particle and its velocity 

dium range are found to iT 
1 • R - aif^, 

« to x when « ^ 

partMeTadTe "“S' 

Geiger-NutMIaw, whfehtou^Iv ■'"“wn as the 

> wzucn IS usually wntten in the form 
logfl .^bgx+fi, 

for 

s and B IS a constant which has 
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a different value for each series. This relationship is plotted for 
each series in Figure 144; the range R is expressed in cm and the 



disintegration constant X is expressed in scc“'. This equation has 
been used to estimate the half-life periods of some of the products 
of disintegration which could not be easily (lotermined by direct 
measurements. 

111. Beta-Ray Spectra 

The most commonly used method for determining the energies 
of the beta particles emitted by radioactive elements is the meas- 
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urement of the radii of curvature of their paths in a magnetic field 
of known intensity H. Various experimental arrangements have 
been used in making these measurements. One arrangement is 
practically identical with that used by Robinson, Figure 136, for 



Fig. 145. — Robinson^s magnetic spectrograph using a Geiger counter for detecting 
beta particles. 


the determination of the velocities of the electrons ejected by 
X rays from an element placed at C. In the magnetic spectrum 
analysis of beta rays, C is replaced either by a fine wire on which 
the radioactive substance has been placed, or else by a small thin- 
waUed glass tube containing the radioactive substance. The beta 
rays are recorded on a photographic plate and their velocity dis- 
tribution deterniined. 

Another method for detecting the beta rays is shown in Fig- 
ure 145 in which the photographic plate is replaced by a Geiger 
counter G and the beta rays from the source at C are bent around 
by the magnetic field and focused upon the aperture 0. In this 
type of experiment the number of beta particles entering the 
aperture 0 is counted at a given value of the magnetic field of in- 
tensity H, The intensity of the magnetic field is then changed to 
a new value and the number of beta particles entering the aper- 
ture 0 is again determined. In this manner the velocity distri- 
bution of the beta particles is determined. The radius of curvature 
of the path of a beta particle in a magnetic field can also be 
determined by photographing the track of the beta particle in a 
Wilson cloud chamber, Figure 146. 
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The results of these measurements show that there are appar- 
ently two distinct types of beta-ray spectra, one a sharp line spec- 
trum, and the other a continuous spectrum. It has definitely been 



Fig. 146. — Cloud chamber photograph of beta-ray tracks in a magnetic field of 
1,000 oersteds. The beta rays come from the disintegration of their energies 
range from about 6 to 12 Mev. The heavy track across the diameter of the chamber 
is that of a proton of about 9 Mev energy. (Photograph taken by H. R. Crane.) 


shown, however, that the sharp line spectra are due to electrons 
which have been ejected from the K, L, M, and N shells of the 
atom by the action of gamma rays from the nucleus of the same 
atom or neighboring atoms; this is similar to the photoelectric 
effect with X rays and presents a very convenient means for de- 
termining the energies of the gamma rays (§ 113). The continu- 
ous beta-ray spectrum is that produced by the electrons which 
have been ejected from the nuclei of radioactive atoms. The 
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curv6 in. Figure 147 shows the continuous betsr-my spectrum of 
radium E. The number of particles having a, given energy is 
plotted as ordinate, and the energy of these particles, expressed lu 



Fig. 147. — Distribution of energy among the beta particles of radium K. 


million electron volts, as abscissa. It will be noted that the curv'^o 
has a definite upper limit for the energy of the disintegration elec- 
trons and also passes through a maximum toward the low energy 
part of the spectrum. The high end-point energy represents the 
energy which is released in this radioactive disintegration. 
Table II gives some of the high energy end-points of the con- 
tinuous spectra of some of the beta-ray emitters. 

The beta-ray spectrum of an element differs remarkably fi’Oin 
most of the other spectra characteristic of the same element in 
that these characteristic spectra, optical, X-ray, alpha-ray, and 
gamma-ra} , are hne spectra, while the beta-ray spectrum is a con- 
unuous one. It was found possible to interpret the optical and 
X-ray line spectra in terms of the changes in atomic energy states 
c ue to c anges in the extranuclear electronic configurations. It 
seenis reasonable to try to extend this interpretation to the line 
spectra of the particles emitted by radioactive nuclei. It will be 
difficult, however, to fit a continuous spectrum, such as that ex- 
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hibited by the beta rays, into such a scheme. Additional difficul- 
ties present themselves when one attempts to account for the 
origin of both the alpha and beta rays in a nucleus built out of 

TABLE XVII 


High Eneegy End-Points of Some 
Beta-Ray Spectra 

Element 

End-Point Energy 
in Mev 

ThB 

0.36 

Ra B 

0.65 

Ra E 

1.17 

ThC 

2.20 

RaC 

3.15 


neutrons and protons only. Any adequate nuclear theory must, 
of course, be able to account for these observations. We shall re- 
turn to a discussion of these points after a consideration of addi- 
tional nuclear phenomena (§ 128). 

112. Gamma-Ray Spectra 

In many cases, gamma rays are found to accompany the emis- 
sion of alpha particles and beta particles. It has been shown that 
the gamma rays arc of the same nature as X rays, and that the 
wave lengths of some of the longer gamma rays have been meas- 
ured by means of a single crystal spocl.romcter ( § 55) . The gamma 
rays have been found to consist of sharp lines of definite wave 
lengths. These wave lengths arc, in general, very short, and can- 
not be measured with great accuracy by the crystal spectrometer 
because the angle of reflection from the crystal is so small that it 
becomes difficult to separate the reflected beam from the direct 
beam. Two other well-known effects have been used successfully 
in studying the gamiha rays; one is the photoelectric effect, and 
the second is the Compton effect. 

Just as X rays were shown to be emitted as the result of 
changes in atomic energy states, so the emission of gamma rays 
can be ascribed to changes in nuclear energy states. A plausible 
hypothesis is that the transformation of an atom with the emission 
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of either an alpha or a beta particle may leave the product nucleus 
in an excited state, and that the gamma rays are emitted when the 
product nucleus goes to lower excited states or to the normal state. 
There is considerable experimental evidence which shows that 
gamma rays come from the product nucleus ; most of this evidence 
is derived from analyses of the sharp line beta-ray spectra. 

113. Gamma Rays from Beta-Particle Emitters 

It was noted previously that the sharp line beta-ray spectra 
were produced by a type of photoelectric effect in which some of 
the gamma rays from the nucleus ejected electrons from the K, L, 
M, or N shells of the atom. The fact that these electrom are 
ejected from their shells with very definite energies indicates that 
the gamma rays themselves must have sharply defined energies, 
and thus should show sharp line gamma-ray spectra. Those 
gamma-ray spectra which have been studied with the crj'stal 
spectrometer have been found to consist of several lines of definite 
wa\ e length, in agreement with the above conclusions. 

Whenever a gamma-ray photon of frequency v and energy hv 
ejects an electron from one of the atomic shells, say the K shell, it 
must supply an amount of energy Si: to remove this electron, thus 
^vmg the extranuclear part of the atom in an excited state. The 
kmetic energy of the electron will be given by 

= hv - 

mkfidtv™^ electron is very large, then, of course, the 

equatioi ^ ^®ed. Similar 

sLus! ejected from the L, M, and 

the magnetic snert™^ k of the ejected electrons with 

^-l^es of the atomic en- 

This wiU be illustrated^Jr^+h ®““^l^ed by a nucleus, 

during the betarav + ^ ®^®e of the gamma rays emitted 

raS i (Z 1^3)^ transformation of radium D (Z = 82) to 


BaD shows five sharp lines of the beta-ray spectrum of 

trum. The measured values continuous spec- 

in Table XVIII Thegammfl ® these lines are listed 

e gamma-ray spectrum emitted as a result of 
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the transformation RaD to RaE, as determined by the crystal 
method, is exceedingly simple; it consists of a single line of wave 
length X = 0.261A. This corresponds to an energy hv = 0.472 X 
10® ev for the gamma-ray photon. On the assumption that the 
gamma rays come from the product nucleus, RaE, the electrons 
ejected by these gamma rays must come from the outer shells of 
this type of atom. Since RaE is isotopic with bismuth, Z = 83, 

TABLE XVIII 


Determination op Gamma-Ray Energy from Sharp Line 
Beta-Ray Spectrum por Transformation RaD ^ RaE 
{Energies in Electron VoUs) 


Line 

No. 

Kinetic 
Energy of 
Ejected 
Electron 

Origin 

of 

Ejected 

Electron 

Energy of 
Excited 
State of 
Atom 

Energy of 
Electron + 
Energy of 
Excited 
State 

Energy of 
Gamma 
Ray Photon 
from 
Crystal 
Measure- 
ment 

Wave 

Length 

of 

Gamma 
Ray 
in A 

1 

0.309 X 10® 

Li 

0.163 X 10® 

0.472 X 10® 

0.472 X 10® 

0.261 

2 

0.315 

Lii 

0.157 

0.472 



3 

0.338 

Liii 

0.134 

0.472 



4 

0.433 

Ml 

0.040 

0.473 



5 

0.461 

Ni 

0.010 

0.471 




the excited energy states of the atom can easily be determined 
from tables of X-ray absorption limits. It is then possible to lo- 
cate the probable origin of the electrons giving rise to the sha^ 
line beta-ray spectrum. The origin of these electrons is shown in 
Table XVIII, as well as the energy of each shell as obtained from 
X-ray data for the element bismuth. The sum of the kinetic 
energy of the ejected electron and the energy required to remove 
the electron from the atom should equal the energy of the gamma 
ray. The results are in very good agreement with the spectro- 
scopic measurement of the energy of the gamma-ray line. 

It will be noticed that no electrons are ejected from the K shell 
of RaE by the gamma rays. From X-ray data, it is known that 
the K absorption limit of RaE {Z = 83) is X = 0.137 A, corre- 
sponding to an energy of 0.90 X 10® electron volts. This is much 
greater than the energy of the gamma-ray photon; hence it will 
not be able to eject any electron from the K shell of radium E. 
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Similar analyses have been made of the sharp line beta-ray 
spectra of most of the other beta-ray emitters, leading to determi- 
nations of the energies and wave lengths of the gamma-ray spectra 
of these elements. Wherever possible, these wave lengths have 
been checked by independent measurements with the crystal 
spectrometer. 

The internal conversion of the gamma-ray energy into kinetic 
energy of electrons, by means of the photoelectric effect, leaves the 
atoms in excited states. In returning to the normal state, these 
atoms should emit characteristic X rays corresponding to the 
changes in the atomic energy states. These X rays have been 
observed and measured in many cases, and afford additional 
checks on the assignment of the origins of the ejected electrons. 

114. Gamma Rays Accompanying Alpha-Particle Emission 

Some radioactive nuclei which emit alpha particles also emit 
gamma rays of definite frequencies. Careful measurements of the 
gamma-ray energies and the alpha-particle energies have led to 
the conclusion that the gamma rays are emitted by the product 
nucleus winch has been left in an excited state after the emission 
of an alpha particle. As a simple example, consider the alpha- 
particle transformation of radium into radon. The gamma-ray 
spectrum accompanying this transformation has been found to 
consist of a single line of wave length X = 0.0652A, and of energy 
1.89 X 10® ev. Now, the ranges in air of the alpha particles 
emitted during this disintegration have’ been found to be 3.26 cm 
and 3.08 cm, with energies of 48.79 X 10® ev and 46.95 X 10® ev, 
respectively. The difference between these two energies is 1.84 X 
10® ev, practically the same as the energy of the gamma-ray pho- 
ton. This fact can be explained by assuming that when a normal 
radium nucleus emits an alpha particle of 3.26 cm range, the prod- 
uct nucleus, radon, is in its normal state, but when a radium nu- 
cleus emits an alpha particle of 3.08 cm range, the product nucleus 
is left in an excited state and then returns to the normal state by 
the emission of a gamma-ray photon. The energy of this gamma- 
ray photon should therefore be equal to the difference in energies 
observed in the alpha-particle spectrum of radium. 

Similar correlations between alpha-particle energies and the 
energies of the gamma-ray photons have been established in sev- 
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eral other cases. These correlations have naturally led to at- 
tempts to construct nuclear energy level diagrams similar to those 
made for the extranuclear portion of the atom. In most cases the 

Energy level 

6.29 


4.92 

4.72 


3.28 


0.40 
0.0 

Fig. 148. — Nuckuir oiiorgy lovel of Th(’/' Hhowiiip; t.nuisitions K'vinK rise 

to the KJ^niina-niy sjK‘ctnim and th<‘ ()l)S(‘rv(M.l of iho fi;;iininji-niy liii(‘S. All 

energies in 10® ev. 

data necessary for constructing such diagrams arc as yet insuffi- 
cient. In a few cases, nuclear energy level diagrams have been 
constructed and one of the best-known examples is tliat of tlio 
nucleus of thorium C" shown in Figure 148. The guiding princi- 
ple has been to account for all of the observed gamma-ray lines 
with the minimum number of energy levels. Those energy levels 
represent the possible excited states of the tJiorium C" nucleus 
as a result of the disintegration of thorium C - with the emission of 
an alpha particle. It is possible to account for six of the gamma- 
ray lines by differences between the energies of tlie alpha parti(i(^s 
emitted during this disintegration. 
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PROBLEMS 

1. (a) Determine the constants A and B of the Geiger-Nuttall law. 
(b) How do these constants depend upon the particular radioactive 
series? (c) Using the data from Figure 139, calculate the rangei of the 
alpha particles from AcU. 

Ans. (c) 3.13 cm. 

2. From the data in Table XVI plot a curve of energy against range 
of the alpha particles. 

3. From the data in Table XVI plot a curve of the range of the alpha 
particles against the cube of their velocities and compare this curve with 
Geiger^s law. 

4. Radium disintegrates with a comparatively long half-life, 
T = 1590 yr, into- radon, which in turn disintegrates with a compara- 
tively short half-life, T = 3.8 da. In such cases the rate at which radium 
disintegrates can be considered practically constant, and if the radium 
is kept in a closed container, the amount of the product radon builds up 
to a steady value; that is, just as much radon is formed during a short 
time interval as the amount which disintegrates during the same time 
interval. The product is then said to be in secular equilibrium with the 
parent substance. 

(a) Show that the rate at which radon accumulates in the presence 
of radium is given by 

^ = XiJVi - 

where N is the amount of radon present at any instant, Ni is the original 
amount of radium, and X 2 and Xi are their respective disintegration 
constants. 

(b) If the amount of radium is assumed to remain constant, show 
that the amount of radon present after a time t is given by 

N = '^ Ni{l - 
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(c) Show that after a sufficient lapse of time for secular equilibrium 
to be established, the amount of radon present is 

N2 = ^Ni. 

A2 

6. (a) From Problem 4, plot a curve with N/N2 as ordinates and 
the time (in units of T) as abscissae. 

(b) Suppose that after a long time t, the amount of radon N2 is 
pumped off; if we start measuring the amount of radon present from 
this instant then N = iV2e“^“^ Plot this equation withiV’/i\r2 as ordi- 
nates on the same axes as part (a). 

(c) Sum the ordinates of the two curves and discuss the results. 




Disintegration of Nuclei 


115. Disintegrafion of Nitrogen by Alpha-Particle 
Bombardment 

The artificial transmutation of one element into another, the 
dream of alchemists for centuries, was first definitely accom- 
plished by Rutherford in 1919 in a very simple type of experiment. 
A diagram of the apparatus used by Rutherford is shown in Fig- 
ure 149. The chamber C was fiUed with a gas such as nitrogen, 
and alpha particles from a radioactive source at A were absorbed 
in the gas. A sheet of silver foil, F, itself thick enough to absorb 
the alpha particles, was placed over an opening in the side of the 



Fig. 149. — Diagram of the apparatus used by Rutherford in the first successful 
experiment on artificial disintegration of nuclei. 

chamber. A zinc sulpliide screen, S, was placed outside this open- 
ing and a microscope, M, was used for observing any scintillations 
occurring on the screen S. Scintillations were observed when the 
chamber was filled with nitrogen, but when the nitrogen was 
replaced by oxygen or carbon dioxide, no 'scintillations were ob- 
served on the screen S. Rutherford concluded that the scintilla- 
tions were produced by high energy particles which were ejected, 
from nitrogen nuclei as a result of the bombardment of these nuclei 
by the alpha particles. Magnetic deflection experiments indicated, 
that these particles were hydrogen nuclei, or protons. Later ex- 
periments by Rutherford and Chadwick showed that these ejected 
protons had ranges up to 40 cm in air. Other fight elements in the 
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range from boron to potassium were also disintegrated by bom- 
bardment with alpha particles. Since then alpha particles, used 
as projectiles, have been successful in causing the disintegration 
of many elements. 

The disintegration of nuclei has also been studied with the aid 



■ Fia. 150. — A pair of stereoscopic photographs of alpha-jjarticle tracks showing a 
collision with a nitrogen nucleiw resulting in the ejection of a proton, (h'rom lluther- 
ford, Chadwick, and Kllis, Radiatiom front Radioactive Rvbslances. By iiermission of 
The Macmillan Company, publishei’s.) 

of the Wilson cloud chamber. One of the first of these investigar 
tions was that of Blackett, who photographed the tracks of alpha 
particles in a Wilson cloud chamber containing about 90 per cent 
nitrogen and 10 per cent oxygen. Tlic majority of t.hc tracks 
photographed were straight tracks typical of alpha-particle tracks. 
Many of the tracks were observed to be forked tracks, indicating 
that an elastic collision had taken place between an alpha particle 
and a nitrogen nucleus. It is an easy matter to distinguish be- 
tween the track made by an alpha particle and that made by a 
nitrogen nucleus. The heavier particle produces more ion pairs 
per centimeter of path and thus forms a thicker track. Of about 
500,000 tracks photographed, eight tracks were of an unusual 
type. Each of these tracks was a forked track containing two 
branches. Figure 150, one a very thick ti'ack typical of a heavy 
particle, the other a very thin track typical of a light particle such 
as a proton. 
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In order to be able to measure accurately the lengths of the 
tracks and the angles which the forked components make with the 
original direction of the alpha particle, it is necessary to photo- 
graph them from two different positions so as to be able to deter- 
mine the plane in which the tracks are formed. A common method 
is to use two cameras at right angles to one another, thus obtaining 
a pair of stereoscopic photographs from which the correct space 
relationships of the several tracks can be determined. Measure- 
ments on the type of tracks illustrated in Figure 150 showed that 
the momentum of the system was conserved but that the sum of 
the kinetic energies of the particles after impact was less than the 
kinetic energy of the alpha particle before impact. On the basis 
of a theory of the nucleus advanced by Bohr (1936), the disinte- 
gration of nitrogen by bombardment with alpha particles may be 
thought of as consisting of two separate parts. The first is the 
capture of the alpha particle by the nitrogen nucleus resulting in 
the formation of a new compound nucleus, and the second is the 
immediate breaking up of the compound nucleus into two particles 
one of which is a proton. These two processes can be represented 
by means of a nuclear reaction equation analogous to one repre- 
senting a chemical reaction. The nuclear reaction equation for 
this process is 

zHe* -1- (sF*) sO” -f iHb ( 1 ) 

The alpha particle, since it is a helium nucleus, is represented by 
the symbol aHe'*. In order to satisfy the principle of the conserva- 
tion of charge, the atomic number of the compound nucleus must 
be the sum of the atomic numbers of the helium and nitrogen 
nuclei. The compound nucleus formed in this case is fluorine, 
Z = 9. The symbol representing the compoimd nucleus will al- 
ways be enclosed in parentheses. Since this unstable fluorine dis- 
integrates with the emission of a proton, the remaining part, or 
product nucleus, must be oxygen, Z = S. 

The guiding principle in determinmg which isotope of an ele- 
ment is formed during a nuclear reaction is that the mass number 
of the compound nucleus must equal the sum of the mass numbers 
of the initial particles, and also the sum of the mass numbers of 
the final particles. This is not the same as the principle of the con- 
servation of mass, since the mass numbers differ slightly from the 
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actual values of the atomic masses. The principle of conservation 
of mass is no longer a separate and independent principle, but is 
part of the more general principle of the conservation of energy, 
since, as has previously been noted, a mass m is equivalent to an 
amount of energy mc^, where c is the speed of light. Equation (1) 
can be rewritten to satisfy the general principle of the conserva- 
tion of energy as follows 

2He^ + GP*) ^ +xB.^ + Q (2) 

where Q, expressed in a.m.u., represents the energy evolved or ab- 
sorbed during the nuclear reaction. If Q is positive, energy has 
been evolved, and if Q is negative, energy has been absorbed. Q is 
called the nuclear reaction energy or the disintegration energy, and 
is equal to the difference in the masses of the initial and final parti- 
cles. If the sum of the masses of the final particles exceeds that of 
the initial particles, Q must be negative; the energy absorbed in 
such a nuclear reaction must have been obtained from the kinetic 
energies of the particles. If Si is the kinetic energy of the alpha 
particle just before capture. Si the kinetic energy of the proton, 
and Si the kinetic energy of the product nucleus, then 

Q — Si Si — Si. (3) 

Of course, in those cases in which Q is positive, the sum of the 
kinetic energies of the final particles will be greater than the kinetic 
energy of the incident alpha particle. In practically all cases the 
kinetic energy of the nucleus which captures the alpha particle is 
comparatively siiiall and may be neglected in tliis type of calcu- 
latioji. 

In the above reaction, equation (2), the best value of Q ol> 
tained from measurements of the kinetic energies of the particles, is 

Q = — 1.26 Mev. 

The value of Q can be compared with the difference in the masses 
of the initial and final particles, using the values of the atomic 
masses given in Appendix IV. 

Initial 'particles Final particles 

116“ = 4.00386 = 1.00813 

= 14.00753 0^^ = 17.00450 

18.01139 ' 18.01263 
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The masses of the final particles exceed those of the initial parti- 
cles by the amount 

Am = 0.00124 a.m.u. 

Remembering that 1 a.m.u. = 931.8 Mev, the calculated value 
of Q becomes 

Q = - 0.00124 x' 931.8 Mev 1.16 Mev. 

These two residts agree very well within the limits of error of the 
experiment. 

The results of this calculation show that the masses determined 
by means of the mass spectrograph check very well with those 
calculated from nuclear reaction data. If, in any one nuclear re- 
action, three of the four masses are known, a measurement of the 
reaction energy is sufiicient to yield the mass of the fourth atom. 

116 . Capture of an Alpha Particle and the Ejection of a Proton 

The disintegration of the nitrogen nucleus by alpha particles is 
historically the first of a series of nuclear reactions in which an 
alpha particle is captured by a nucleus forming a compound nu- 
cleus which immediately disintegrates into a new nucleus by the 
ejection of a proton. Such reactions are known as the a-p tjpe of 
reaction, in which the first letter, a, designates the nature of the 
bombarding particle, and the second letter, p, designates the nar 
ture of the ejected particle. The a-p type of reaction has been 
observed with most of the lighter elements up to nickel. This type 
of artificial disintegration may be represented by the nuclear re- 
action equation 

+ aHe^ (z+2Cn^+") z+iY^+® + iff + Q, (4) 

where Cn represents the compound nucleus formed as a result of 
the capture of an alpha particle by the atom X of mass number A 
and atomic number Z ; the ejection of a proton from this compound 
nucleus results in the formation of a new atom Y of mass num- 
ber A + and atomic number Z -I- 1. In the majority of these 
cases, the reaction energy, or the disintegration energy, Q, has 
been found to be negative. A few of these a-p reactions are listed 
on page 303. 
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5 B“ + + iff Q = + 4.4 Mev 

sP’ + (uNa^) ^ ioNe“ + iH^ Q = + 1.58 Mev 

+ ,He^ ^ (uFO uSP + iff Q = + 2.26 Mev 

14 SP + aHe* (leS*^) ^ 15?*^ + iff Q = - 2.23 Mev 

leS®^ + aHe^ (isA**) ^ iiCP + iH^ Q = - 2.10 Mev 

+ aHe' -» ( 2 iSc«) -> 2 oCa« + iff Q = - 0.89 Mev 

2 iSc« + sHe^ ^ 22 TP + iH‘ Q = - 0.3 Mev 

In most of these artificial disintegration experiments it is de- 
sirable to have the bombarded element in the form of a sohd, so 
that when a stream of alpha particles is directed against this solid 
target, a larger fraction of them will be absorbed in a very small 
volume. The effectiveness of the alpha particles in producing this 
type of disintegration is dependent upon the energies of the alpha 
particles and upon the nuclear charge. A measure of this effective- 
ness, sometimes called the yield, is the ratio of the number of pro- 
tons produced to the number of alpha particles completely stopped 
in the target. The yield for the a-p type of reaction ranges in 
values from 10“'^ to 10~® for alpha particles of 3-8 Mev incident 
upon elements of small atomic munber. 

One of the a-p reactions which has been studied very carefully 
is that in wliich aluminum formed the target for the alpha parti- 
cles. The energies of the protons emitted in this reaction have 
been studied for different values of the energy of the incident 
alpha particles. One method of presenting these results is shown 
in the curve in Figure 151. This curve is knowi\ as a distribution- 
in-range curve. It is obtained by plotting tlie iiumber of protons 
penetrating a certain thickness of air, or its eciuivalent, as ordinate 
against the corresponding value of the absorl)er t.liickncss. It will 
be noticed that the protons produced in this particular experiment 
form two homogeneous groups, one of about 28 cm range, and the 
second of about 58 cm range. Other homogeneous groups of pro- 
tons have been observed, using alpha particles of different energies. 
The longest range group of protons observed in this reaction is 
about 66 cm. 

The fact that protons are ejected with definite ranges, or defi- 
nite energies, indicates that the product nucleus, in this case sili- 
con, possesses several energy levels. The product nucleus is left 
in the ground state by the ejection of the proton of longest range. 
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and it is left in one of its excited states by the ejection of a proton 
of smaller range. One might then expect gamma rays to be emit- 
ted during this reaction by those nuclei which go from the excited 
states to the normal or ground state, and the energies of these 



Distance traveled in air 


Fig. 151. — Distribution-in-range curve of protons. 

gamma rays should be equal to the differences in the energies of 
the various proton groups. Gamma rays have actually been ob- 
served in the above reaction and in several of the other a-p re- 
actions, although the data at present are not very extensive. 

The value of the reaction energy, Q, listed with each of the 
a-p type of reaction, is the largest reaction energy, and corresponds 
to the emission of protons of maximum range. In each case, there- 
fore, the product nucleus is left in its normal state. Reactions in 
which Q has been measured accurately have been used for the 
determination of the masses of the product nuclei. The values of 
the atomic masses obtained in this way can be used as independent 
checks on the measurements made with the mass spectrograph. 
In some cases where such data are not available, the nuclear reac- 
tion equations form the only reliable methods for determining the 
masses of the isotopes formed in the reaction. 

117. Discovery of the Neutron 

The capture of an alpha particle by a nucleus does not always 
result in the emission of a proton by the compound nucleus formed 
as a result of this capture. In one particular reaction studied, that 
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resulting from the bombardment of beryllium by alpha particles, 
a very penetrating type of radiation was found to be emitted by 
the newly formed compound nucleus. It was at fiurst assumed that 
tins radiation was of the nature of gamma rays, resulting from the 
nuclear reaction 

4 Be» + ^He* ^ -> aC^ + hv 

where hv is the energy of the gamma-ray photon. The measure- 
ments of Bothe and Becker (1930) of the absorption of these rays 
in lead showed that each photon should possess an energy of about 
7 Mev. The Curie-Joliots (1932) showed that these rays had the 
very interesting property of being able to knock out protons from 
paraffin and other substances containing hydrogen. The protons 
knocked out of paraffin by these rays had a range in air of about 
40 cm, or an energy of about 5 Mev. Assuming that these protons 
were produced as the result of elastic collisions with the gamma- 
ray photons, calculations showed that each photon must have pos- 
sessed an amount of energy of about 55 Mev. These results were 
entirely inconsistent with the results from the experiments on the 
absorption of these rays in lead. Furthermore, the amount of 
energy available for gamma radiation, when computed for the 
above reaction from the known masses of the particles, is much 
less than 55 Mev. If an alpha particle of 5 Mev energy is cap- 
tured by a beryllium nucleus, the energy available for the emission 
of a gamma ray from the carbon nucleus can be obtained as 
follows ; 

4 Be‘' -1- iiHe' -h S, (sC*) eC'’ + hv 
9.01496 -1- 4.00389 + .00530 = 13.00756 + hv 
or 

hv = 0.01665 a.m.u. = 15.5 Mev; 

that is, the maximum amount of energy available for the gamma- 
ray photon is 15.5 Mev. Chadwick (1932) performed a series of 
experiments on the recoil of nuclei which were struck by the rays 
coming from beryllium bombarded by alpha particles, and showed 
that if these rays were assumed to be gamma rays then the results 
of the experiments led to values for the energies of these rays which 
depended upon the nature of the recoil nucleus. For example, the 
protons ejected from paraffin had energies of 5.7 Mev which led to 
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a value of 55 Mev for the energy of the gamma ray; nitrogen recoil 
nuclei had energies of about 1.2 Mev, indicating that the photon 
which struck this nucleus must have had an energy of about 
90 Mev. In general, if the recoil atoms are to be attributed to 
collisions with photons, then the amount of energy that has to be 
assigned to the photon will increase with the increase in mass of 
the recoil atom. This is contrary to the principles of conservation 
of energy and momentum during collisions. However, Cliadwick 
showed that all these difficulties disappear completely if we adopt 
the hj^othesis that the radiation coming from the beryllium bom- 
barded with alpha particles does not consist of photons, but con- 
sists of particles of mass very nearly equal to that of the proton 
but ha\Tng no charge. These particles are called neutrons and are 
formed as a result of the reaction 

iBe* + sHe^ (eO’) + on'- (5) 

where o«’- is the symbol representing the neutron, showing that it 
has zero charge and mass number unity. 

One arrangement used by Chadwick for demonstrating tlio 
existence and properties of neutrons is shown in Figure 152. Tlio 
source of alpha particles is a disk D on which polonixim has bccui 
deposited. This disk and the beryllium target are placed in an 
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Fio. 152. - Arrangement of apparatus for the detection of neutrons. 
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electrical counter; if a loud-speaker is used, a “click” is heard for 
every nucleus which produces intense ionization. The results of 
these experiments show that when the neutrons from beryllium go 
directly into the ionization chamber, a few counts per minute are 
recorded. If thin sheets of lead are placed in front of the ioniza- 
tion chamber, the number of counts produced is not reduced ap- 
preciably. If, however, a thin slab of paraffin is placed in front of 
the window w, then the number of counts per minute increases 
markedly. This increase is due to the fact that the neutrons, m 
collisions with the nuclei of the hydrogen atoms contained in par- 
affin, give up a considerable fraction of their energy to those nuclei 
or protons, and those protons which enter the ionization chamber 
are then recorded. If the paraffin is removed and the neutrons are 
allowed to enter the chamber directly, the number of counts falls 
immediately to its former low value. This is just the opposite of 
what would happen if radiation of the nature of gamma rays were 
used; that is, the introduction of any absorbing material in the 
path of the gamma radiation produces a decrease in the intensity 
of the transmitted radiation. The radiation from beryllium there- 
fore cannot be of the nature of gamma rays. 

When neutrons pass through matter, they lose energy as a re- 
sult of colhsions with other nuclei and so give rise to the recoil 
atoms. If the mass of the neutron is approximately unity, then 
in collision with hydrogen nuclei the ejected protons will have 
velocities- of all values up to a maximum which is the same as the 
velocity of the neutrons. The mass, M, of the neutron can be cal- 
culated, to a first approximation, from the measured values of the 
maximum velocities of the hydrogen and nitrogen recoil atoms. It 
can be shown, on the basis of mechanics, that the maximum veloc- 
ity of the recoil nucleus is given by 


V 


2M 


M + Mr 


( 6 ) 


where V is the velocity of the incident neutron, v the velocity of 
the recoil atom, and Mr the mass of the recoil atom. If two experi- 
ments are performed, one in wliich the maximum velocity of the 
recoil protons is measured, and the other in which the maximum 
velocity of the recoil nitrogen atoms is determined, then 

vh M + M^ 
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In Cliadwick’s experiment the measured value of the maximum 
velocity of the recoil proton, «h, was 3.3 X 10* cm/sec, and of the 
recoO. nitrogen atoms, % = 4.7 X 10* cm/sec. The assumption 
that the mass of nitrogen is 14 times that of hydrogen yields M = 
1.15 as the approximate mass of the neutron. More accurate 
measiorements yield for the mass of the neutron, M = 1.00893 
(§ 124). 

Because of their lack of charge, neutrons should be able to pen- 
etrate atomic nuclei very easily, and a study of these nuclear re- 
actions should yield valuable information concerning nuclear 
properties and nuclear structure (§ 125). 

118 . Capture of an Alpha Particle and the Emission of a 
Neutron 

The bombardment of beryllium by alpha particles with the 
subsequent emission of neutrons is one of many nuclear reactions 
of the type designated as a-n type and is given by the formula 

-b aHe^ (Z+.YA+*) -h -b Q. ( 8 ) 

Several of these reactions are listed below. 


sLf 

+ ^ GB»0 


+ (in'- 

4Be* 

+ ^ (eO*) 


+ oW’- 


+ 2He^ ^ (vN*^) 


+ on'- 


+ (9FO 


+ on' 

9P* 

-b (uNa**) 

^ uNa** 

+ on' 

iiNa*® 

-b 2He^ iuAF) 


+ on' 


+ ^ (14SF) 

— >• 14SF 

+ on' 

uAl*^ 

-b 2 He^ ^ (19PO 


+ on' 


-b 2He^ (17CP) 

17CP 

“b on' 

18 A^“ 

-b 2He' -> GoCa«) 

2oCa« 

+ on' 


The above Kst, of course, does not exhaust all possible a-n re- 
actions. In many cases, in addition to the emission of neutrons, 
the product nucleus is left in excited states as is evidenced by the 
fact that gamma rays have been observed in some of these reac- 
tions. For example, in the beryllium reaction, gamma rays have 
been observed consisting of three definite components with ener- 
gies of 2.7, 4.2, and 6.6 Mev. 
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The energies of the neutrons emitted in the a-n type of reac- 
tion can be investigated in several different ways. One method is 
to measure the ranges of the protons which are ejected from par- 
aflSn by the action of the neutrons. Another method is to irradiate 
the gas in an expansion chamber with the neutrons and to measure 
the ranges of the nuclei which are set in motion as a result of col- 
lisions with the neutrons. From such experiments it has been 
found that the neutrons from an a-n reaction possess very high 
energies; in many cases the energies of the neutrons have been 
found to consist of several sharp energy groups. For example, 
the neutrons from beryllium have energies of 13.7, 12.0, 7.6, 6.2, 
and 4.6 Mev, and probably several groups in the range from 0.5 to 
1.5 Mev. 

119 . Discovery of tfie Positron 

Shortly after the discovery of the neutron, another new parti- 
cle, the 'positron, was discovered by C. D. Anderson (1932) in his 
experiments on the particles produced by the action of the very 
penetrating rays known as cosmic rays, which come to the earth 



Fig. 153. — Cloud chamhor photograph of the path of a positron in a magnetic 
field. The positron originated at the bottom of the chamber and passed through a 
sheet of lead f) mm thick. The magnetic field is directed into the paper. (Photograph 
by Carl D. Anderson.) 

from all directions in space. Anderson was taking Wilson cloud 
chamber photographs of the tracks of the particles in a strong mag- 
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netic field. A few tracks were found to be curved, showing that 
they were formed by charged particles passing through the gas in 
the cloud chamber. From the appearance of these tracks, they 
were judged to be due to particles of electronic mass and electronic 
charge, but from the direction of the curvature of these tracks it 



Fig. 154. — A pair of stereoscopic photographs of the tracks of a group of charged 
particles produced in a cloud chamber by the action of cosmic rays. The picture on 
the left is the direct image; the one on the right is a reflected imago. The magnetic 
field of 7,900 oersteds is directed into the paper. In the picture on the left the three 
tracks on the left are electron tracks, and the three on tlie riglit are positron tracks. 
The energies of these particles, from left to right, are 3.5, 55, 190, 78, 70, and 90 Mev. 
(Photograph by Carl D. Anderson.) 

was evident that the particles producing them must have been 
positively charged. Anderson called these particles positrons. One 
of the first photographs to establish definitely the existence of a 
positron is shown in Figure 153. The particle originated at the 
bottom of the chamber, passed through a lead plate 6 mm thick, 
and then continued with a smaller amount of enei*gy. From the 
curvatures of these two parts of the track in the magnetic field of 
known strength, in this case directed into the plane of the figure, 
ajid from the amount of ionization along the paths, it was con- 
cluded that the positron had an energy of 63 IVIev before entering 
the lead and emerged from it with 23 Mev energy. Figure 154 
shows a pair of stereoscopic pictures of the tracks of a group of 
charged particles produced at the top of the cloud chamber by the 
action of cosmic rays. Three of the tracks are produced by elec- 
trons and three by positrons. 

About a year after the discovery of the positron by Anderson, 
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sources of positrons became plentiful and easily obtainable as a 
result of the discovery by the Curie-Joliots of the phenomenon of 
artificial or induced radioactivity. 

1 20. Discovery of Artificial or Induced Radioactivity 

One of the most important discoveries in nuclear physics came 
from experiments on the bombardment of light nuclei by alpha 
particles. In the course of such experiments using boron and 
aluminum as targets, M. and Mme Curie-Joliot (1934) observed 
that the bombarded substances continued to emit radiations even 
after the source of alpha particles had been removed. Ionization 
measurements and magnetic deflection experiments showed that 
the radiations consisted of positrons. Further, the intensity of the 
radiation was found to decrease exponentially with time, just as 
in the case of the naturally radioactive elements. The half-life 
period, T, of the positron disintegration was measured in each case. 
The explanation of this phenomenon given by the Curie-Joliots 
was that the product nucleus formed in the a-n reaction in each 
case was an unstable isotope, wliioh then disintegrated with the 
emission of a positron. The nuclear rcacitions for these elements 
are 

+ J-Ie’ (vN'O 

then yN''* — > oC''' -f- -(-ic". 

T = 11 min. ( 10 ) 

13AF -h J-Te^ ^ (u.P') ..F" -t- 

tlicii -> 1 . 1 SP’ -t- 

T = 2.5 min. 

The symbol + 16 " is used to represent the positron since its charge is 
equal to that of a proton and its mass number is zero. A glance at 
the table of known stable isotopes (jVpptMulix V) reveals that the 
product nuclei formed in the a-ii rciietions listed above are not 
among the known stable isotopes, but. that the mudei formed after 
the einksion of tlie posit, ron are known st.ahlo isotopes. 

Of course, tlu; l)est method for the identification of an element 
is a chemical analysis. Jbuauise of the nunutc amount of material 
whicli is made i-adioactive by alpha-part, iede Irombardment, it is 
necessary to use a somewhat indirect chemical test to identify the 
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radioactive isotope. The general method used is to dissolve the 
irradiated substance and then to add to this solution small quanti- 
ties of neighboring elements in the ordinary inactive form. The 
various elements are then separated by chemical methods, gener- 
ally the precipitation of an insoluble salt, and sometimes the for- 
mation of a gaseous compound. These materials are put in differ- 
ent tubes and each one is tested for radioactivity. The chemical 
identification of the radioelement is then easily made. The Curie- 
Joliots made chemical tests on each of the materials investigated 
and in each case they were able to identify the radioactive isotope. 
For example, in the boron reaction, they made a target of boron 
nitride, BN, irradiated it with alpha particles for several minutes, 
and then heated it with caustic soda. One of the products of this 
chemical reaction was gaseous ammonia, NH3. The fact that this 
amm onia was the only one of the chemical substances which was 
radioactive indicated that the nitrogen, jN^®, was the radioelement 
produced in this experiment. Its half-life period was found to bo 
the same as that produced in other boron targets, while no radio- 
activitj' was observed when ordinary nitrogen was used as a target. 

Several of the other product nuclei formed in the ct-n reaciions 
listed in § 118 have also been found to be unstable and to disinte- 
grate with the emission of positrons. These are given below, to- 
gether with the measured half-life periods : 



T = 1.2 min. 

uNa^^-^ioNe^ -f ^,6“ 

T = 3.0 yr. 

nAF ijMg^o -i- +,60 

T = 7 sec. 

17CP 

T = 33 min. 


121. Artificially Produced Projectiles for Nuclear Experiments 

At the same time that experiments on the disintegration of 
nuclei by alpha particles were being performed, physicists began 
desi^g apparato for producing high voltages so as to secure 
high energy particles for nuclear bombardments. Until such high 
voltage sources became available, work in nuclear physics was con- 
ed almost entply to those laboratories which possessed part of 
to quantity of to naturally radioactive subata.l'^^^S; 
abie m convenient form. With the deveiopment of high voltage 
apparato, many physiciats in other laboratories were LbW^e 
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enter the field of nuclear physics and to make many important 
contributions to this branch of atomic physics. 

One of the most common sources of high voltage is the alter- 
nating current transformer. Since direct current is usually de- 
sired in these experiments, the alternating current is rectified by 
means of two-element thermionic tubes, commonly called keno- 
trons. Voltages up to one million volts have been obtained with 
such arrangements. This high voltage is used to accelerate posi- 
tive ions which have been produced in an auxiliary tube by the 
ionization of the gas in the tube. Some sources of positive ions are 
adaptations of the type of positive-ray tubes used in measure- 
ments of E/M; other sources of positive ions are low voltage arcs 
maintained in a tube containing a gas. The most common types 
of positive ions used in nuclear experiments are protons, deuterons, 
and helium nuclei. 

Another source of high voltage which has been used to accel- 
erate charged particles for nuclear experiments is the electrostatic 
generator which has been developed by Van de Graaff. This de- 
vice consists essentially of a continuous belt made of some insulat- 
ing material such as silk, linen, or paper, which passes over two 
pulleys. One pulley is at ground potential and is driven by an 
electric motor; the other pulley is mounted inside a hollow metalUc 
cylinder or sphere of large radius of curvature. The hollow body is 
insulated from the rest of the apparatus. In the operation of this 
generator, an electric charge obtained from a comparatively low 
voltage source is placed on the portion of the belt wluch is moving 
upward from the lower pulley. Tliis charge is carried up by the 
belt into the hollow sphere where the charge is removed to the 
sphere by means of a fine metallic brush. 

In this generator a continuous stream of charges is transferred 
by the belt from a low voltage source to the insulated metallic 
sphere. The potential of a sphere depends directly upon the 
quantity of electricity which resides on its surface. The condi- 
tions limiting the amount of charge which may be put on a sphere 
are the nearness of other objects, such as the walls and ceiling of 
the laboratory, and the breakdown of the air near the sphere due 
to the intense electric field around it. Electrostatic generators 
have been operated successfully with the spheres raised to poten- 
tials as high as 2.5 million volts above ground potential. In some 
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radioactive isotope. Tlie general method used is to dissolve the 
irradiated substance and then to add to this solution small quanti- 
ties of neighboring elements in the ordinary inactive form. The 
various elements are then separated by chemical methods, gener- 
ally the precipitation of an insoluble salt, and sometimes the for- 
mation of a gaseous compound. These materials are put in differ- 
ent tubes and each one is tested for radioactivity. The chemical 
identification of the radioelement is then easily made. The Curie- 
Joliots made chemical tests on each of the materials investigated 
and in each case they were able to identify the radioactive isotope. 
For example, in the boron reaction, they made a target of boron 
nitride, BN, irradiated it with alpha particles for several minutes, 
and then heated it with caustic soda. One of the products of this 
chemical reaction was gaseous ammonia, NH3. The fact that this 
ammonia was the only one of the chemical substances which was 
radioactive indicated that the nitrogen, was the radioelement 
produced in this experiment. Its half-life period was found to be 
the same as that produced in other boron targets, while no radio- 
activity was observed when ordinary nitrogen was used as a target. 

Several of the other product nuclei formed in the a-n reactions 
listed in § 118 have also been found to be unstable and to disinte- 
grate with the emission of positrons. These are given below, to- 
gether with the measured half-life periods: 




+ +ie" 

T = 1.2 min. 

iiNa'* 

— >■ loNe^^ "t" -1-16® 

T = 3.0 yr. 

nAF 

^ isMg^® -t- +ie® 

T = 7 sec. 

17CF 


+ +ie“ 

T = 33 min. 


1 21 . Artificially Produced Projectiles for Nuclear Experiments 

At the same time that experiments on the disintegration of 
nuclei by alpha particles were being performed, physicists began 
designing apparatus for producing high voltages so as to secure 
high energy particles for nuclear bombardments. Until such liigh 
voltage sources became available, work in nuclear physics was con- 
fined almost entirely to those laboratories which possessed part of 
the small quantity of the naturally radioactive substances avail- 
able in convenient form. With the development of high voltage 
apparatus, many physicists in other laboratories were enabled to 



ARTIFICIALLY PRODUCED PROJECTILES 


313 


§ 1213 

cuter the field of nuclear physics and to make many important 
contributions to this branch of atomic physics. 

One of the most common sources of Mgh voltage is the alter- 
nating current transformer. Since direct current is usually de- 
sired in these experiments, the alternating current is rectified by 
means of two-element thermionic tubes, commonly called keno- 
trons. Voltages up to one million volts have been obtained with 
such arrangements. This high voltage is used to accelerate posi- 
tive ions which have been produced in an auxiliary tube by the 
ionization of the gas in the tube. Some sources of positive ions are 
adaptations of the type of positive-ray tubes used in measure- 
ments oi E/M; other sources of positive ions are low voltage arcs 
maintained in a tube containing a gas. The most common types 
of positive ions used in nuclear experiments are protons, deuterons, 
and helium nuclei. 

Another source of high voltage which has been used to accel- 
erate charged particles for nuclear experiments is the electrostatic 
generator which has been developed by Van de Graaff. This de- 
vice consists essentially of a continuous belt made of some insulat- 
ing material such as silk, linen, or paper, which passes over two 
pulleys. One pulley is at ground poteirtial and is driven by an 
electric motor; the other pulley is mounted inside a hollow metallic 
cylinder or sphere of large radius of curvature. The hollow body is 
insulated from the rest of the apparatus. In the operation of this 
generator, an electric charge obtained from a comparatively low 
voltage source is placed on the portion of the belt which is moving 
upward from the lower pulley. This charge is carried up by the 
belt into the hollow sphere where the charge is removed to the 
sphere by means of a fine metallic brush. 

In this generator a continuous stream of charges is transferred 
l,)y the belt from a low voltage source to the insulated metallic 
sphere. The potential of a sphere depends directly upon the 
quantity of electricity which resides on its surface. The condi- 
tions limiting the amount of charge which may be put on a sphere 
are the nearness of other objects, such as the walls and ceiling of 
the laboratory, and the breakdown of the air near the sphere due 
to the inteirso electric field around it. Electrostatic generators 
have been operated successfully with the spheres raised to poten- 
tials as high as 2.5 million volts above ground potential. In some 
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generators the voltage of the belt charging device was as low as 
10 kilovolts. 



In recent designs, the electrostatic generator has been built 
completely inside of a steel container in which the air is main- 
tained at a high pressure, 
sometimes as high as 150 
pounds per square inch. At 
high pressures the air can 
withstand stronger electric 
fields before breakdown oc- 
curs. Also, since the air is 
contained in a steel tube it 
may be dried and cleaned, 

Fia. 155. — Schematic diagram showing thus making for steadier ope- 
the path of a charged particle in a cyclotron. . . , . . . 

Magnetic field is perpendicular to the paper. Conditions. 

Another device for pro- 
ducing high energy particles which has come into fairly common 
use is the cyclotron developed by Lawrence and Livingston. It 
consists essentially of a short hollow cylinder divided into two 
sections, A and B, Figure 155. Each section is usually referred 
to as a “dee” because of its resemblance to the letter D. These 
dees are placed between the poles of a very large electromagnet. 
Some of the cyclotrons at present in use have magnets whose 
pole pieces are from 30 to 60 inches in diameter; the diameters 
of the dees are approximately the same as those of the pole 
pieces. The dees are placed in another metal cylinder, as 
shown in Figure 156, and the whole assembly is placed between 
the poles of the electromagnet so that the magnetic field is per- 
pendicular to the base of the cyhnder and parallel to its axis. 


There are two methods in general use for producing ions inside 
the dees. One method is to introduce a gas such as hydrogen into 
the system at a low pressure. A filament situated in the center of 
the chamber just outside the dees is heated, and a smn.1 1 difference 
of potential is apphed between the filament and the metal box to 
give the electrons from the filament sufficient energy to ionize 
some of the hydrogen atoms. This produces a vertical column of 
positive ions, some of which travel into the space between tlie 
dees. Another method is to produce the ions in a separate small 
source with a narrow opening into the space between the does ; this 
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is usually referred to as a capillary ion source. The pressure of the 
gas in the ion source can be adjusted for optimum conditions while 
the rest of the system is maintained at as low a pressure as pos- 
sible. This avoids electrical discharges inside the dees and also 



L’k!. 1 5(). - Slid]) n.ss(?iiilily pliotiOKi'iiph of ilic M.T.T. cyclotron cliamber, showing 
t.h<‘ (u >ns(,ni(rl ion of olininlx'r n-iul (l(‘('is. (Kroin tho Journal oj Applied Physics^ 
J.'iii., .10-M. C^)iiri.(‘sy of liiidioiictivity CUinior iit tlic MiissachusettH Institute of 
Toc.JnioIo^y.) 

inakos it. powsil^lc to use luirrowcr decs aud a smaller air gap be- 
t.ho poles of tlie magnet. 

t wo (lees, A and /^, arc coun(K*.tcd to the terminals of a high 
fr(U[ii(uic.y alt.ernat.iiig (Uirniiit (*ireuit so that the charge on each 
luilf <^lKing(‘s a few million times per second. When A is positive, 
tlu^ protons aio ax^H^leratcul toward B. The mapctic field causes 
pi’ot.on insider B to travel in a (drelo of radius r given by 


r 
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After it has traversed half a circle, the proton comes to the edge of 
B. If, in the meantime, the potential difference between A and B 
has changed direction so that B is now positive and A negative, the 
proton will receive an additional acceleration and go from B to A, 
traveling in a circular path of larger radius inside A. After trav- 
ersing a half circle in A, it will reach the edge of A and receive 
an additional acceleration from A to £ because, in the meantime, 
the potential difference between A and B will have changed sign. 
The proton will continue traveling in semicircles of increasing 
radii each time it goes from A to £ and from J5 to A. Tliis is due 
to the fact that the time required by the proton to travel half a 
circumference is independent of the radius of the circle. This can 
be shown very simply since the time, t, required to travel the dis- 
tance TIT, when the particle is moving with velocity v, is 


but 


■ so that 


For any given value of M/E, the time required to traverse half a 
circumference is determined by the magnetic field intensity. By 
adjusting the magnetic field intensity H, the time can be made the 
same as that required to change the potentials of A and B. 

After the protons have traversed many semicircular paths and 
approach the circumference of the cylinder. A, an auxiliary electric 
field is used to deflect them from the circular path and make them 
come out through a thin window. The substance to be bombarded 
by the protons is placed near the window, and the investigation 
of the results of this bombardment can then be performed in a 
suitable manner. 

Instead of ordinary hydrogen, heavy hydrogen or deuterium 
can be introduced into the chamber of the cyclotron, so t,hat 
deuterons become available as bombarding particles; or if helium 
is used in this chamber, we have an artificial source of alpha 
particles. 


t — ! 

V ^ 


HEr 

V = -ITT-’ 

M 


t = 


ttM 

HE' 


( 12 ) 
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The voltage between the sections A and B may have any value 
from about 10,000 to 200,000 volts. The particle as it eme rges 
from the cyclotron may have an energy of several million electron 
volts due to the successive accelerations it experiences in going 
from one section to the other. The cyclotron is thus a compara- 
tively low-voltage source of high energy particles. 

1 22. Disintegrations by Protons 

The first successful disintegration experiments utilizing protons 
as bombarding particles were performed by C'ockcroft and Walton 
(1932). The protons were produced in a h 3 "drogen discharge tube 
operated at voltages up to 500,000 volts. When the protons were 
used to bombard a lithium target, alpha particles were observed 
on a fluorescent screen. This experiment was later repeated by 
Dee and Walton, using a Wilson cloud chamber for detecting the 
alpha particles. This nuclear reaction is given by the equation 

sLfl -|- iH'' — > (4l3e®) — > 2He'* -t- zHe^ A Q', (13) 

that is, the compound nucleus formed as a result of the capture of 
the proton by the lithium nucleus breaks up into two alpha parti- 
cles which travel in almost opposite directions. Each alpha parti- 
cle has a range of 8.31 cm in air corresponding to an energy of 
about 8.63 Mev. The reaction energy Q is found to be 17.28 Mev, 
and checks very well with the value obtained from the difference 
in the masses of the initial and final particles. 

There are many other interesting disintcgi'ations produced by 
bombardment with protons. The nuclear reaction which occurs 
with the lithium target (!on(,ainiirg only the isotope of mass num- 
ber 6 is given by the equation 

3Li« -i- ill^ (4Be’) ^ alle' -b +Q (14) 

in which two helium atoms, one of mass number 4, and the other 
of mass number 3, are produced with ranges of 0.8 cm and 1.2 cm 
respectively. The measured value of Q is 3.94 Mev. Some of the 
other reactions ol)scrvod are given below: 

^4Be« +Jrle* 

uNa-’ + xir -4 ^ loNc^^" -b 

47CP'- -b iir ^ i«S“ -b 2He\ 


( 15 ) 
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The boron reaction listed above has been studied very exten- 
sively and it has been found that in the majority of cases the 
beryllium nucleus is left in an excited state and then disintegrates 
with the emission of two alpha particles. 

Not all reactions in which the proton is the bombarding parti- 
cle are of the above type, p-a, in which an alpha particle is one of 
the final products. In the case of beryllium two different reactions 
have been observed, one in which an alpha particle is emitted and 
another in which a deuteron is emitted. These reactions are given 
by the equations 

4Be® + iff ^ sLi® + sHe^ (16) 

4Be^ + iff ^ + ,ff. 

Gamma rays have also been observed as the result of the bombard- 
ment of an element by protons. In some of these cases the gamma- 
ray photons possess such high energies that the only possible 
explanation seems to be that the proton is simply captured by the 
nucleus, and that the compound nucleus thus formed is in an ex- 
cited state. This nucleus then returns to its normal state with the 
emission of a gamma-ray photon of definite energy. One such 
example is the reaction 

sLF + iH^ ( 4 Be') 4 Be' -f- hv. (1 7) 

The gamma-ray photon was found to have an amount of energy 
hv equivalent to 17 Mev. 

123. Disintegrations by Deuterons 

A great many nuclear reactions have been observed with high 
energy deuterons as the bombarding particles. In most of these 
experiments, the high energy deuterons were produced in a cy- 
clotron. These energies have usually been of the order of several 
Mev. The reactions involving deuterons may be classified accord- 
ing to the type of particle or particles emitted by the compound 
nucleus which is formed as a result of the capture of the deuteron. 
Alpha particles, protons, and neutrons have been produced in 
these processes. In some cases the product nucleus, formed as a 
result of the emission of one of these particles, is radioactive and 
disintegrates with the emission of a positron or an electron. 
Gamma rays have been observed in some of the reactions which 
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involve the emission of a particle. In a few cases the compound 
nucleus has been observed to break up into three particles. Only 
a few typical examples of each of these reactions resulting from the 
capture of a deuteron will be considered in this section. 

One of the simplest and most important of these reactions is 
the one in which the high energy deuterons are used to bombard 
a target containing deuterium. Deuterium targets have been 
made by freezing heavy water (deuterium oxide) onto a surface 
kept cold by means of liquid air. Other deuterium targets have 
been made out of compounds such as ammonium sulphate, in 
which the ordinary hydrogen was replaced l)y deuterium. Two 
different nuclear reactions have been observed as a result of the 
bombardment of deuterium by deuterons: 

^ (JleO iff + iH‘ + Q, • ( 1 8 ) 

and iH“ -t- — > ( 2 He'') — > 2 He® + qh} Q. (19) 

The first of these reactions has been studied with the aid of a 
Wilson cloud chamber, wliich enabled the particles to be identified 
as isotopes of hydrogen of mass numbers 1 and 3. The ranges of 
these particles in air have been found to be 14.7 cm and 1.6 cm, 
respectively, yielding a value for Q = 3.98 Mev. With the value 
of Q, and the known masses of II' and IP, the mass of H" can be 
determined very accurately. This is at present the most accurate 
method for determining the mass of II®, and the value given in 
Appendix IV has been calculated in this way. 

Hydrogen of mass number A = 3 is not found as one of the 
constituents of ordinary liydrogcn. The reason foi’ this is that 
thLs isotope of hydrogen is unstable. O’Neal and Goldhaber 
showed that it disintegrates with tlic emission of a beta particle 
as follows : 

iIP ^ 2 He' + r = 31 yr. (20) 

The beta rays emitted by tliis radioactive isotope of hydrogen 
have a maximum kinetic energy of oiily 15 kev. 

Radioactivity is now a phenomenon whicli is no longer unique 
but ext ends throughout the entire range of the periodic table, from 
the liglit,est to the heaviest element. 

The energy of the neutrons formed in the bombardment of 
deuterium by deuterons has been investigated by observing the 
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recoil tracks of tke atoms of the gas in a cloud chamber. It was 
observed that the neutrons were practically homogeneous in en- 
ergy. Recent measurements show that the energy of the neutrons 
emitted at right angles to the direction of motion of the deuterons 
is 2.38 Mev plus one quarter of the deuteron energy. This reac- 
tion forms a very convenient source of neutrons of known energy. 
Furthermore, neutrons have been observed for comparatively low 
values of incident deuteron energies, that is, of the order of G kev. 
Of course, the neutron yield increases rapidly with the deuteron 
energy. The value of the reaction energy has been found to be 
Q =3.18 Mev, and with this value of Q the mass of He^ can be 
determined. 

Some of the nuclear reactions produced by the capture of a 
deuteron by lithium which have been observed are as follows: 

sLi® + — >• (460®) — > aHe^ + aHe' 

Q = 22.20 Mev. 

sLP + iff ^ ( 4 Be*) + iff 

sLf + iff (460*) ^ sHe^ + nHe' + ow' (21 ) 

sLr + iff (4Be®) — » sLi® + iH'^ 
followed by jLi®-^ 4 Be® + _ie". T = 0.88 sec. 

The isotope of mass number 8 is radioactive and disintegrates with 
the emission of a beta particle, that is, an electron _ie". The beta 
rays liberated in the disintegration of Li® have a continuous energy 
distribution up to a maximum, just as in the case of the beta-ray 
spectra of the naturally radioactive elements. The upper limit, 
or end-point of the beta-ray spectrum of lithium is about 12 Mev. 
There is strong experimental evidence to show that the disinte- 
gration energ}', Q, in the case of beta-ray emitters, is equal to the 
maximum energy observed in the beta-ray spectrum. 

In the case of carbon bombarded by deuterons, two reactions 
have been observed : 

eC'® -1- iH® (jN**) |jC‘® -f- iIB (22) 

+ iff ^ GN‘^) 

followed by ® ^ 

The half-life period of the radionitrogen formed in this reaction is 
identical with that observed in the reaction produced by the cap- 
ture of an alpha particle by boron. The positron spectrum shows 
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a continuous range of energies. The maximum value of the posi- 
tron energy in this case is 1.20 Mev. 

The following are some of the reactions which have been ob- 
served for some of the heavier elements: 

Sodium iiNa^ 4- iff ^ (iWO ^ -t- 

uNa^* -b iff (i2Mg^=) iiNa^^ + iff, 
followed by uNa^^ laMg^^ + .le”; 

T = 14.8 hrs. 


Calcium + iff ^ (nSc^O wff ® + 2 He^ 

followed by 



T = 7.7 min. 

Palladium 


4oPd’-"^ 

-b iff ^ („Ag''") -^47Ag‘»* -b onS 

followed by 


either 

47Ag’«' 4oPd^«“ -b +ie". 


T = 24.5 min. 

or 

47Ag'“® -.48Cd‘“ -b -ie«. 


T = 8.2 days 


This is an unusual case in which the radioactive clement, silver, . 
disintegrates with the emission of cither a positron or an electron. 
Silver, A = 106, is thus isomeric. Other examples of isomers have 
been reported (see § 126). 

In each of the above examples, chemical tests wore made to 
identify the product nuclei. In studying the radioaidive elements 
several different nuclear read, ions were used to produce the same 
radioactive nucleus. For example, the radioactive silver isotope 
was produced not only by the roac!t,iou given above but also by 
bombarding rhodium with alpha particles of 12 Mev energy: 

■ 45Rh>‘« + alle' ^ C.vAg"'’) -^.,vAg'“ + 

The same radioactive isotope of silver was also produced by bom- 
barding cadmium (A = 106) with neulirons, and by bombarding 
the stable isotope of silver (A = 107) with neutrons. In each of 
these four reactions the same two periods were obtained for the 
positron and olcc<,ron emissions, respectively, from the radioactive 
isotope of silver (A = 106). 
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124. Disintegration of Nuclei by Photons 

Atomic nuclei have been disintegrated by being bombarded 
with high energy photons. In most cases this process of photo- 
disintegration results in the emission of neutrons by the nuclei 
which have been raised to excited states by the absorption of these 
photons. In the early experiments, high energy gamma-ray pho- 
tons were used, but with the development of the betatron. X-ray 
photons of sufficiently high energy have become available for 
these experiments. Of very great interest is the disintegration of 
the deuteron, the lightest of the complex nuclei, by the action of 
the gamma rays. This nuclear reaction is 

iff +hv (iff) iff -t- on*. (24) 

According to our present view of the structure of the nucleus, 
the deuteron consists of a proton and a neutron held together by 
some force of attraction. A measurement of the minimum amount 
of energy necessary to disrupt the deuteron would also give the 
binding energy of the proton and neutron in the nucleus. Chad- 
wick and Goldhaber, who discovered the above reaction, used 
gamma rays from ThC", and measured the energy of the protons 
liberated by the amount of ionization they produced. The energy 
of the gamma-ray photon is known to be 2.62 Mev. If the energies 
of the neutron and proton released in tliis reaction are subtracted 
from this, the result should be the binding energy of these parti- 
cles. Since the neutron and proton have nearly equal masses, 
when the deuteron disintegrates, the two particles will have ap- 
proximately equal energies. Hence the energies of the two parti- 
cles can be obtained by merely doubling the measured value of the 
proton energy, yielding 0.45 Mev for the total kinetic energy of 
the final particles. The binding energy is thus 2.17 Mev. This 
disintegration has also been observed with gamma rays from RaC 
of energy 2.198 Mev. 

Since the masses of the proton and deuteron are known very 
accurately from measurements with the mass spectrograph, the 
photodisintegration of the deuteron affords the most accurate 
means of determining the mass of the neutron. The value so de- 
termined is 1.00893. 

To produce the photodisintegration of the heavier nuclei, the 
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energy of the incident photon must exceed the binding energy of 
the particle to be ejected. In many cases in which photodisinte- 
gration results in the emission of a neutron, the product nucleus is 
radioactive; the reaction can then be studied by observing this 



Fig. 157. — Excitation curve for the photodisintesration of Eo'^® showing the 
threshold at 14.2 Mcv. 

radioactivity and determining its half-life period. The particular 
isotope involved in this photodisintegratiou (;aii then more readily 
be identified. Baldwin and Koch have recently performed such 
experiments using the liigli energy X-ray photons emitted from 
the betatron. By varying the energy of the X-ray photons used 
in irradiating the samples of maUirial, they were able to determine 
the minimum amount of energy, that is, the ikreahold for the pho- 
todisiutegration of several different nuclei in the range of atomic 
numbers Z = G to Z = 47. In each case tlie prodiKition of the 
photonuclcar effect was measured by the intensity of the beta rays 
emitted by the irradiated sample. Figure 157 shows a typical 
curve obtained by irradiating flat plates of iron, 10 cm X 8 cm X 
1 cm, with X rays for ten minutes, and then placing the iron plate 
near a (counter sensitive to ])eta rays. From the curve, the thresh- 
old of iron, A = 58, is found to be 14,2 Mev. Other values of the 
threshold for photodisintegratiou arc given in Table XIX. 
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TABLE XIX 


Threshold Values of the Energy Required 
FOR Photodisintegration 

Isotope 

Threshold in Mev. 

Z 

El 

A 


1 

H 

2 

2.17 

4 

Be 

9 

1.63 

6 

C 

11 

18.7-19.4 

7 

N 

13 

11.1 

8 

0 

15 

16.3 

26 

Fe 

53 

14.2 

29 

Cu 

62 

10.9 

30 

Zn 

63 

11.6 

34 

Se 

79 or 81 

9.8 

42 

Mo 

91 or 93 

13.5 

47 

Ag 

106 

9.5 

47 

Ag 

108 

9.3 


1 25. Disintegration by Neutrons 

Neutrons, because they possess no electric charge, have proved 
to be very effective in penetrating the positively charged nuclei, 
thereby producing nuclear transformations. Not only are high 
energy neutrons capable of penetrating the nucleus, but compara- 
tively slow neutrons have also been found to be extremely effective. 
A great deal of work has been done with slow neutrons and the in- 
formation so obtained is the basis of the nuclear model proposed 
by Bohr. The simplest method of obtaining slow neutrons is to 
allow the fast neutrons from some source, such as the alpha- 
particle-berylhum reaction, to pass through some hydrogen-con- 
taining substance such as paraffin or water. A neutron gives up a 
large fraction of its energy in a collision with a hydrogen nucleus, 
and after many collisions it will come to thermal equilibrium with 
the material; that is, its average energy will be equal to the energy 
of thermal agitation, which is equivalent to electron volt at 
room temperature. In one type of reaction, rwx, the capture of a 
slow neutron results in the emission of an alpha particle. Two 
such cases which have been studied extensively are 

sLi® -t- oni ^ (sLf) xH* + sHe^ ( 25 ) 

sBio ^ ^^x _ (3x1) _ 
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The second reaction is being used widely as a sensitive detector of 
neutrons. The ionization chamber is lined with boron, usually in 
the form of a compound. The capture of a neutron by boron 





Fig. 158. — ^[^Stereoscopic photopip'aph showing throe clisintogrations produced by 
neutrons according to tlie following reaction: 

7m + (,n^ -> iim) -> r.B" -f 2 Ho‘‘. 

The arrow indicates the direction of the incident neutron. The cloud chamber con- 
tained nitrogen at a prc'ssuro of about 0.2 atmos. (From a photograph supplied to the 
author by Dr. Martin D. Ivamen.) 

causes the lil)eratiou of an alpha particle whicli is easily detected 
by tlic ionization it prodiu^es in the chamber. (See Figure 158.) 

Wlicii fast neutrons arc (captured by heavier nuclei resulting in 
the emission of an alpha particle, tlie product nucleus is usually 
radioactive. Some typical rca(*.t.ions arc 

iiNa"'*^ + — > (nNa“‘b — H" 


followed by 

+ _^e0. 



T = 12 see. 

(26) 


uiAl^ + d'/i.' — > (ijAl"*) — > iiNa*'* + sllc**, 


followed by 




T = 14.8 hr. 

The capture of a neutron may sometimes result in the emission 
of a proton by the compound nucleus. This process has been ob- 
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served with slow neutrons in the case of nitrogen in the reaction 

(tN^) ^eC“ + iHS 

followed by + _ie“. (27) 

T = 5300 yr. 

The other n-p reactions have all been performed with fast neu- 
trons, and in every case the product nucleus has been found to be 
radioactive with the emission of electrons. Some typical reactions 
are 



leS®^ + 0%' - 

■^(wS^) +iHS 

followed by 

ibF^- 

-h -xe“. 



T = 14.3 days. 


2,Cu“ -b on^ ^ (29Cu“) -> asNF + iHS 

followed by 

asNi®' - 

29Cu“ + _ie“. 


T = 160 min. 


The above n-p tj^je of reaction has several interesting conse- 
quences. It will be noticed that the bombarded nucleus and the 
final stable nucleus are identical, while the incident neutron has 
been transformed, apparently, into a proton and an electron. If 
the mass of the intermediate radioactive nucleus, for example, P®“, 
is equal to the mass of the initial nucleus, then the energy 
available for the radioactive disintegration must come from the 
mass difference between a neutron and a hydrogen atom plus 
the initial energy of the neutrons. If slow neutrons are used as 
bombarding particles, the energy available is equivalent to 0.0008 
a.m.u or 0.75 Mev. Now the end-point energy of the beta-ray 
spectrum is equal to the disintegration energy, and if this end- 
point energy is less than 0.75 Mev, then slow neutrons will be 
effective in producing the above reaction. But if the end-point 
energy exceeds 0.75 Mev, the additional energy must come from 
the kinetic energy of the incident neutrons, and hence only fast 
neutrons can then be effective in producing this reaction. For 
example, the end-point energy of the beta-ray spectrum from P*** 
is 1.69 Mev; hence only fast neutrons bombarding S“ will be effec- 
tive in producing tliis reaction. This reaction can then also be 
used to differentiate between slow and fast neutrons. 

Another interesting conclusion is that if the mass of the nucleus 
formed in an n-p reaction exceeds the mass of the bombarded nu- 
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cleus by more than 0.0008 a.m.u., then only fast neutrons will be 
effective in producing this reaction. 

Sometimes the capture of a neutron is not accompanied by the 
emission of a particle, but by the emission of a gamma-ray photon. 
In this case the compound nucleus is evidently raised to one of its 
excited states as the result of this capture, and then returns to its 
normal state with the emission of a gamma-ray photon. Such 
gamma, rays have been observed coming from the paraffin used to 
slow down neutrons. The ultimate capture of some of the slow 
neutrons by the hydrogen nuclei in the paraffin yields the reaction 

iff -h ^ (iff) iff + hv. (29) 

This process is just the reverse of the photodisintegration of the 
deuteron discussed in the previous section. 

The process n-y has been observed with a great many elements, 
particularly the heavier ones. In most cases, the isotopes formed 
by the capture of a neutron have been found to be radioactive. A 
few typical cases are 

aaCu'® - 1 - an} (sdC V*) 29 CU'® + hv, 

followed by aoC'U®* — >• loZn®* + -jC®. 

r = 5 min. (30) 

joAffi*" -t- an} (toAu'®*) 71 , Au'®** -t- hv, 

followed by t-jAu'®® ^ suHg''”’ + -i^®. 

T = 2.7 days. 

There arc many ca.sos in which the (^aptuj’c of a fast neutron 
ha.s resulted in the omission of two ncnitrons by the compound 
nucleus. In most cases the product nucleus is unstable. A few 
such cases follow; 

+ an} -h -h an}, 

followed by luK®” — 9 - wA** -|- +iC®. 

T = 7.7 min.' (31) 

r.,Sb'®i + an} (r,iSb'®®) ^ r.,Sb'®“ + „n' -f- an\ 
followed by 6iSb‘®® — » dhSu''-® -|- -i-ie". 

, r = 17 min. 

The ability to produce a radioactive isotope of almost any ele- 
ment has ma,de a, new tool available to the chemist, biologist, and 
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physiologist for the detailed study of various processes. By intro- 
ducing the radioactive isotope along with the iionradioactive iso- 
topes of an element, the progress of this element can be traced in 
the process under investigation by means of the beta rays emitted 
by the radioactive isotope. In many cases a choice of several dif- 
ferent half-life periods is available to suit the needs of the particu- 
lar experiment. A great deal of work has already been done with 
the radioactive isotopes of carbon, sodium, iron, phosphorus, and 
iodine used as tracers in various processes. 

1 26 . Nuclear Isomers 

Nuclear isomers, which, as we have seen, occur rarely among 
the naturally radioactive elements, have been found in abundance 
among the artificially produced radioactive elements. One of the 
first pairs of nuclear isomers which were produced is that occurring 
in bromine. When a sample containing bromine is bombarded by 
slow neutrons, radioactive elements are formed which disintegrate 
with the emission of electrons with three different half-life periods, 
18 min, 4.2 hr, and 36 hr. Chemical tests show that the radio- 
active elements are isotopes of bromine. But there are only two 
stable isotopes of bromine of mass numbers 79 and 81, and only 
the following two reactions can take place: 

35 Bri® + on} (35Br“) + hv, 

followed by ssBr®* — ^seKr®” -t- -le"; (32) 

and 35Bri‘ + on} — »• (ssBr®^) — »• 36Br®2 -h hv, 

followed by ssBri* + -le”. 

Now when bromine is bombarded with gamma rays, tlio fol- 
lowing reactions have been observed : 

ssBri® hv — * (ssBri®) — > ssBri® -f- an}, 

followed by ssBri® — > 34 Se''® -h +ie“; (33) 

and ssBri^ + hv (ssBr^O ssBi® + onh 

followed by' ssBr*® — > seKri® -t- _ie“. 

Again three periods have been observed, 6.3 min, 18 min, and 
4.2 hr. Two of these periods are common to both sets of reactions 
and must therefore be assigned to the isotope which is common to 
both sets of reactions, namely, bromine of mass number 80. Thus 
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bromine of- mass number 80 consists of isomeric nuclei which are 
radioactive, emitting electrons of two different periods. 

The fact that radioactive nuclei of the same isotope can dis- 
integrate in two different ways with two different periods can be 
explained in terms of the different possible modes by which a nu- 
cleus can go from a less stable form to a more stable form. Nuclei, 
as we have seen, have different 
energy levels, with each one hav- 
ing an angular momentum associ- 
ated with it due to the spin of the 
nuclear particles. A radioactive 
nucleus such as Br®“ may be formed 
in an excited state; the angular 
momentum of this state may differ 
considerably from that of the ground 
state. In such a case, the proba- 
bility of a nucleus going from the 
excited state to the ground state is 
small but finite. Just as in optical 
spectra, wo call such an excited state a metastahle state and the nu- 
cleus may remain in this state for an apprccialjlc time. As shown 
in Figure 159, the nucleus may emit a beta particle directly from 
this excited state and form Kr™, or it may first go to the ground 
state of Br“’ l)y l.hc emission of a gamma ray and then emit a beta 
particle with a different lialf-life from tlie ground state. The above 
explanation of nuclear isomerism has l)C(;n amply verified experi- 
mentally. Bcsiausc of tlu! large dilha-eiuHi Ixitwoeir the periods of 
the two isomers it was possible to make a (iomplete separation of 
the two nuclear isomers of bromine and show that the excited or 
metastable state decays with the 4.4 hour half-life, while the 
ground state of bromine decays with the 18 minute half-life. 

The chemical sepai’ation of the nuclear isomers depends upon 
the utilization of the gamma ray emission process for breaking the 
chemical bond whicli holds bromine in some suitable compound. 
For example, tlie gamma ray may lx; internally converted; that is, 
it may knoctk elcctr’otis out of the extran^u!l(^ar part of an atom in 
the compound and the energy of this electron may be sufficient to 
break a clicmical bond. Or if the gannna ray has a high energy, 
its emission will be accompanied by the recoil of the nucleus. 


Br®° Kr®® 



Fig. 159. — Isomeric nuclei of 
bromine. (1) A bromine nucleus 
may disintegrate directly from the 
metastable state, or (2) a bro- 
mine nucleus may go first to the 
ground state and then emit a beta 
particle. 
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which may be sufficient to eject the atom from the compound. 
The new product can then be separated by suitable chemical 
means. 

Nuclei of isotopes which are formed in an excited state, and 
which can disintegrate either directly from this metastable state 
or first go to a state of lower energy and then disintegrate with the 
emission of a particle of different energy and different half-life 
period, are said to be nuclear isomers which are genetically related, 
since one form grows out of the other. Among the naturally radio- 
active nuclei we mentioned that UX 2 and UZ have been found to 
be genetically related nuclear isomers] UX 2 is the metastable form 
from which UZ is derived. While these two nuclear isomers have 
different names, it is no longer the practice to give them different 
names. 

Nuclear isomers are not limited .to the emission of electrons 
during radioactive disintegration. Scandium, for example, has 
isomeric nuclei of mass number A = 44 winch disintegrate with 
the emission of positrons. The metastable state has a half-hfe 
period T = 2.44 days; it may go to the ground state by the emis- 
sion of a gamma ray of 0.28 Mev and then decay from the ground 
state with a half-life oiT = 3.92 hours. The maximum energy of 
the positrons emitted during the latter disintegration is 1.33 Mev. 

Some of the known genetically related nuclear isomers are 
listed in Table XX. 


TABLE XX 


Genetically Related Nuclear Isomers 

Radioactive 

Emitted 

Half-Life Period 

Half-Life Period 

Isotope 

Particle 

of Ground State 

of Metastable State 

21 Sc« 

Positron 

3.92 hr 

2.44 da 

27 Co6» 

Electron 

5.3 yr 

10.7 min 

30 Zn69 

Electron 

57 min 

13.8 hr 

35 Bi-s" 

Electron 

18 min 

4.4 hr 

45 Rh'M 

Electron 

44 sec 

4.2 min 

52 Te'^v 

Electron 

9.3 hr 

90 da 

52 

Electron 

72 min 

32 da 

91 UZ : UX 2 

Electron 

6.7 hr 

1.14 min 


In nuclear isomers which are not genetically related, the upper 
state and the ground state can undergo independent radioactive 
disintegrations to neighboring elements. For example, silver of 
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mass number A = 106 has two isomeric forms; one disintegrates 
with the emission of a positron of half-life period T = 24.5 min- 
utes and the other disintegrates by i?-electron capture with a 
half-life period T = 8.2 days. Similarly manganese, of mass num- 
ber A = 52, has two isomeric forms: one disintegrates with the 
emission of a positron of half-life period T = 21 minutes, and the 
other disintegrates either with the emission of a positron or by 
X-electron capture with a half-life period T = 6.5 days. (See 
§ 130.) 

1 27. Nuclear Processes and Model of the Nucleus 

The empirical data on nuclear physics accumulated in the past 
few years have altered profoundly our concept of the structure of 
the nucleus. In the light of the above data, Bohr has proposed 
a model in which the nucleus is likened to a drop of liquid. In this 
model, the particles in the nucleus, protons and neutrons, behave 
very much like particles of a liquid, always remaining a constant 
distance apart and sharing among them the total energy of the 
nucleus. The process of nuclear disintegration is compared to the 
evaporation of particles from a liquid surface, wlhlc the piuccss of 
nuclear capture is compared to the condensation of the vapor. 

The concept of energy levels, which was built up for the extra- 
nuclear structure, may be carried over iul,o tlie nuclear structure 
with some slight modifications. In the cxi^ranuclcar structure dif- 
ferent energy states of the atom corresponded to different electron 
configurations, but in the case of the licjuid di’op model of the nu- 
ckurs, its ener'gy states caJinot be diiscribed in terms of definite 
configurations for each of the nuclear part.icles. A definite nuclear 
energy state may bo duo to any one of a largo number of configura- 
tions of its particles. Because of the sf.rong interactions ixmong 
the particles, there is a certain pr()l)al)ility that a single particle, 
such as a proton or a neui,ron, may at one time possess a suffi- 
ciently large amount of energy to be able to escape from the 
nucleus. This is analogous to the process of evaporation of a 
liquid. 

The fact that there are al)out three hundred stable isotopes of 
the various elements indicates tliat the nucleus is (sssentially a very 
stable unit, ai\d also that a group of Z positive charges can exist 
together with A—Z ncutr-ons in a very small region of space, which 
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may be thought of as a sphere of radius not much larger than 
10“!® cm. Yet Rutherford’s alpha-particle scattering experiments 
definitely showed that there is a force of repulsion between positive 
charges as given by Coulomb’s law, down to distances of about 
3 X 10“i“ cm for such heavy nuclei as gold. It is obvious that in- 
side the nucleus Coulomb’s law cannot hold and must be replaced 
by some other law of force which will result in an attraction be- 
tween the charged particles when inside the nucleus. While the 
exact nature and form of this law of force are not known at present, 
one may picture the potential energy of a charged particle at dif- 
ferent distances from the center of the nucleus in the following 
way: for the region in which Coulomb’s law holds, the potential 
at any point is given by 2e,/r, where r is the distance from the 
center of the nucleus. The potential energy of a charge e in the 
neighborhood outside the nucleus is therefore ZeVr. Inside the nu- 
cleus, the potential energy must decrease rapidly because of the 
forces of attraction between the particles. To a first approxima- 
tion, the part of the potential energy inside the nucleus may be 
considered as constant and equal to some value ?7o, which may be 
either positive or negative. Figure 160 shows the assumed form 
of the potential energy curve as a functiori of the distance from the 
nucleus. The Coulomb potential energy curve is joined to 
the straight line 17o by means of a steep curve. The height of the 
curve B. is usually referred to as the height of the 'potential harrier. 

A charged particle, such as a proton, deuteron, or alpha par- 
ticle, which is projected toward the nucleus with kinetic energy 
will experience a force of repulsion as it approaches the nucleus. 
According to classical physics, the kinetic energy of this particle 
will be decreased to zero at some point ri, and it will then move 
away from the nucleus with the same energy £i. But from experi- 
ments on nuclear disintegrations it is known that a fraction of such 
particles can penetrate the potential wall and get inside the nu- 
cleus, that is, are “captured” by the nucleus. There must, there- 
fore, be a definite probability that a positively charged particle, 
whose energy is less than the height of the potential barrier, can 
penetrate the potential wall. This probability can be calculated 
on the basis of wave mechanics. Once the particle is inside the 
nucleus, its energy is quickly distributed among all the particles 
of the newly formed compoimd nucleus. In the case of the cap- 
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ture of an alpha particle, once the particle is inside the nucleus, it 
may no longer be considered as an independent entity, but as two 
protons and two neutrons among all the other protons and neu- 
trons. 

The manner in which the probability of penetration of the po- 


Potential 

energy 



Fir.. 100. — Assumocl form of tho potontiiil onorgy ('urv(^ in i.lio noighliorhoocl of a 
ruiclcub. R is tho radius of the nucleus. 

tcntial wall varies with the energy of the iiuddent particle can be 
determined in those cases in which the capture of the particle re- 
sults in the emission of some other particle. Tho yield — that is, 
the ratio of the number of enutted pari, ides to the number of inci- 
dent particles — will then be proportional to tho probability of 
penetration. It lias been found that while tlio yield, in general, 
increases with the increasing energy of tlic incident particle, there 
are many instances in wbic.h the yield is very great for a small 
range of energy values, and decreases for particle energies both 
greater and smaller than this particular value of the energy. For 
example, when a thin fihn of magnesium is bombarded with alpha 
particles, the yield curve of protons exhibits the form shown in 
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Figure 161. The values of the alpha-particle energy for the max- 
ima on the yield curve are called resonance energies. Of course, 
there is no potential wall for neutrons, since they possess no charge 



Range of incidenf alpha particles in cm. 

Fig. 161. — Yield curve of protons liberated when magnesium is bombarded l)y 
alpha particles. The positions of the maxima show the resonance values of tlie 
energies. 

and hence even very slow neutrons with energies less than one 
electron volt can penetrate the nucleus. 

With the compound nucleus in a high energy state, either 
through the capture of a particle or through excitation by radi- 
ation, there is a definite probability that one of the many energy 
exchanges in the nucleus will result in giving a single particle suffi- 
cient energy to leave the nucleus. In most cases the outgoing 
particle will carry with it only a small amount of the energy of the 
excited state of the nucleus, thus leaving the residual or product 
nucleus in an excited state. This product nucleus will then return 
to a lower energy state either with the emission of a gamma-ray 
photon or with the emission of another particle so that the disinte- 
gration process will result in three final particles. 

To explain the emission of alpha particles from a nucleus con- 
taining only protons and neutrons requires the addition of another 
step in the process, namely, that at the instant of emission two 
protons and two neutrons should form an alpha particle. The 
probability of the emission of an alpha particle is therefore the 
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product of two probabilities: (1) the probability that an alpha 
particle will be formed by the combination of two protons and two 
neutrons, and (2) the. probability that an alpha particle will be 
able to penetrate the potential wall even though its energy is less 
than that corresponding to the height of the potential barrier. 
Wave mechanical calculations have led to a relationship between 
the average lifetime of an alpha-particle emitter and the energy of 
the alpha particle which is very similar to the Geiger-Nuttall law 
arrived at empirically, lending great support to this theory of 
alpha-particle disintegration, 

1 28 . Emission of Positrons and Electrons 

Induced radioactivity with the emission of either positrons or 
electrons is a process diflCering greatly from the disintegration of 
compound nuclei with the emission of heavy particles. The radio- 
active nucleus, for example, has a much longer lifetime than the 
compound nucleus which disintegrates with the emission of one 
or more heavy particles. It will be recalled that the beta rays from 
the naturally radioactive elements have a continuous distribution 
of energies, from very low energy values to a maximum value 
known as the end-point energy. Measurements of tlie energies of 
the electrons and positrons omitted by artificially radioactive ele- 
ments show that they also form a (toutinuous range of values up to 
a definite maximum. Pauli (1931) lias suggested that the end- 
point energy of the beta-ray spc(d.ruin represents the actual disin- 
tegration energy. To acseount for (be continuous distribution of 
energy and the conservation of energy in nuclear processes, Pauli 
suggested that two particles are (anit(.ed liy the nucleus in a beta- 
ray disintegration, and that the total energy of these two particles 
is a constant which is equal to the end-point energy ol)served in 
the beta-ray spectrum. One of the partiides is the electron itself 
and the other particle is supposed to bo a neidrral particle of negli- 
gible rest mass ; this particle is (adled a neuirino. Tlicrc is another 
reason for the introduct.ion of the neutrino into beta-particle dis- 
integrations: the conservation of angular momentum principle 
must also be satisfied in mndear [iroiiosscs. Now the electron is 

h 

known to possess a spin angular momentum of To conserve 

angular momentum, tlie neutrifio must be given a spin angular 
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momentum of -I- ^ in a direction opposite to that of the electron 

spin. An exactly similar hypothesis is introduced for the positron 
emitters. 

The remaining problem is to determine the origin of the elec- 
tron and neutrino. The present view, stated in an elementary 
way, is that the neutron breaks up into a proton which remains in 
the nucleus, and an electron and a neutrino which are ejected from 
the nucleus. This is analogous to the emission of a light quantum 
when an atom goes from one energy state to another. There are 
no photons in the atom, but when an atona goes from a state char- 
acterized by one set of quantum numbers to another state, a pho- 
ton is emitted. One may imagine the neutron to represent one 
quantum state of a heavy particle and the proton to represent an- 
other quantum state of the same heavy nuclear particle. When 
this heavy particle goes from the neutron quantum state to the 
proton quantum state, it does so vdth the emission of a pair of 
particles, an electron and a neutrino. In an analogous manner, a 
positron and a neutrino are emitted when a proton is transformed 
into a neutron. 

Several attempts have recently been made to substantiate the 
above hypothesis by getting some direct experimental evidence of 
the existence of the neutrino. Most of these results have been 
negative. This is not surprising in view of the fact that a neu- 
trino has very small mass and no chai’ge. However, in some cloud 
chamber experiments by Crane and Halpern (1938) on the dism- 
tegration of chlorine, CP®, which emits electrons, they found that 
the measured value of the momentum of the electron was not al- 
ways equal to the measured value of the momentum of the product 
nucleus formed in the process of disintegration. AsRiiming that 
the principle of the conservation of momentmn holds in nuclear 
processes, then, if an electron only is emitted during this disinte- 
gration, the momentmn of the electron should be equal and oppo- 
site to the momentum of product nucleus. In the above experi- 
ment it was found that the product nucleus, which was formed as 
the result of the emission of a low velocity electron, had a greater 
momentum than the electron. The momentum of a product nu- 
cleus accompanying the emission of a high velocity electron was 
found to be about equal to that of the electron. Crane and Hal- 
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pern interpreted these results to mean that a neutrino is emitted 
simultaneously with the electron. On the neutrino hypothesis, a 
high energy electron is accompanied by a low energy neutrino and 
a low energy electron is accompanied by a high energy neutrino, 
since the sum of the two energies must equal the end-point energy 
of the beta-ray spectrum; Hence, when an electron of high veloc- 
ity is emitted, the total momentum of the two light particles is 
practically equal to that of the electron, and this in turn should be 
the same as the momentum of the product nucleus. But when a 
low velocity electron is emitted, the momentum of the neutrino 
must make up the difference between the momentum of the prod- 
uct nucleus and that of the electron. 

It must be noted that there is no visible evidence of the path 
of the neutrino in these cloud chamber experiments; further ex- 
periments will be necessary before its existence can be definitely 
established, but undoubtedly many such experiments will be per- 
formed in the near future. 


129 . Nuclear Magnetic Moments 


We have previously shown that a nucleus has an angular mo- 
mentum due to its spin. (See § 100.) In addition, the nucleus 
also possesses a magnetic moment. Accurate data on the mag- 
netic moments of atomic nuclei should provide additional in- 
formation on the nature of the nuclear forces and should also help 
in selecting an appropriate nuclear model. Within the past few 
years a new and very precise method for the determination of nu- 
clear magnetic moment, s has been developed by Rabi and liis co- 
workers. This method is a dire(!t outgrowth of the Stern-Gerlach 
type of experiment for the determination of the magnetic moment 
of the electron due to its spin. It is known as the magnetic reso- 
nance method because it depends essentially upon resonance be- 
tween the precession frequency of the nuclear magnet about a 
constant magnetic field direction and the frequency of an im- 
pressed high frequency magnetic field. 

Just as the magnetic moment of an electron is expressed in 
terms of a Bohr magneton, so the nuclear magnetic moment is ex- 
pressed in terms of a nuclear magneton defined by the equation 


M 
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in which M is the mass of the proton. The nuclear magneton is 
thus only about 1/1840 of a Bohr magneton. If I is the nuclear 
spin quantum number, the angular momentum of the nucleus due 
to its spin is Ih/2T, Just as we had to introduce the Land6 ^-factor 
to relate the magnetic moment of the electrons of an atom to their 
total angular momentum (see § 96), so we have to introduce a 
nuclear gr-factor to relate the magnetic moment jxoi sl nucleus to 
its spin angular momentum. This relationship can be written as 

in which S' is the nuclear g'-factor. It can be seen that the nuclear 
^-factor is the ratio of the nuclear magnetic moment, expressed 
in units of nuclear magnetons, to the spin angular momentum, 
expressed in units of h/2Tr. 

When a nucleus of magnetic moment is in a constant mag- 
netic field of intensity H, it will process about the direction of the 
magnetic field with a frequency v given by Larmor’s theorem 

nH 

^ = - 7 ^- ( 36 ) 

The magnetic moment ^ of a nucleus can thus be found by de- 
termining the Larmor frequency v which the nucleus of spin quan- 
tum number I acquires in a known constant magnetic field H. 
Instead of working with nuclei alone, Rabi and his co-workers used 
beams of molecules whose total electronic angular momentum is 
zero. Figure 162 shows the paths of typical molecules in the dif- 
ferent magnetic fields used in the magnetic resonance experiment 
for measuring nuclear magnetic moments, and Figure 163 is a 
schematic diagram of the apparatus. A narrow stream of mole- 
cules issues from the source at 0. A very small fraction of these 
molecules will pass through the collimating slit S and reach the 
detector at D. In the absence of any inhomogeneous magnetic 
deflecting fields, the molecules traverse straight-line paths OSD 
and form the so-called direct beam. 

The magnets A and B are specially designed to produce in- 
homogeneous magnetic fields. The magnetic fields are in the same 

dH 

diiection but their gradients, are in opposite directions as 
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shown in Figure 162 . A molecule with magnetic moment ij. will 
be deflected in the direction of the gradient if aiz, the projection 
of At in the direction of the field, is positive, and will be deflected 
in the opposite direction if jUz is negative. Molecules which left 


JUi 



Fio. 162. — Paths of molecules in the molecular beam resonance experiment. The 
two solid curves indicate the paths of two molecules which have different magnetic 
moments and velocities and whose moments are not changed during passage through 
the apparatus. This is indicated by the small gyroscopes drawn on one of the paths, 
in which thc' project ion of the magnetic moment along the field remains fixed. The 
two dotted curves in the region of the B magnet indicate the paths of two molecules, 
the projection of whose nuclear magnetic moments along the field has been changed 
in the region of the C magnet. This is indicated by means of the two gyroscopes 
drawn on the dotted curves, for one of which the projection of the magnetic moment 
along the field has been increased, and for the other of which the projection has been 
decreased. 


the source along the line OSD will be deflected to one side. Other 
molecules which leave 0 at some angle to the line OSD will follow 
paths indicated by the solid lines and rcacli the detector D, The 
force experienced hy any such molecule in the inhomogeneous field 
due to the A magnet is 



a similar expression holds for the force due to the B magnet. The 
actual deflection produced by each magnetic field can be estab- 
lished from a knowledge of the velocity of tlie molecule, which is 
determined by the temperature of the source, and from the ge- 
ometry of the apparatus. If no change occurs in ii.,, as the mole- 
cule goes from the A field to the B field, the deflections in these 
fields will 1)e in opposite directions. It is a simple matter to adjust 
the two magnetic field gradients to make tliese deflections equal 
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in. magnitude and thus bring the molecules to the detector, that is, 
to “refocus” the beam. When the two magnetic fields are properly- 
adjusted, the number of molecules reaching the detector B in any- 
given time interval is about the same whether the magnets are on 
or off. 

Magnet C produces a homogeneous magnetic field of intensity 
H. In the same region there is a high frequency alternating mag- 
netic field (not shown in Figure 162) produced by sending current 



Fig. 163. — Schematic diagram of the apparatus used in the molecular beam ex- 
periment. 

in opposite directions through two parallel wires R placed beJtween 
the pole faces of the magnet C, see Figure 163. The oscillating 
magnetic field ifi is at right angles to the homogeneous magnetic 
field H produced by the C magnet. When a molecule of magnetic 
moment ii enters this region, it will process about H with the Lar- 
mor frequency v. The interaction with the oscillating magnetic 
field Hi will produce a torque which may either increase or de- 
crease the angle between fi and H ; in general, if the frequency / of 
the alternating magnetic field is different from the Larmor fre- 
quency of precession v, the net effect produced will be small, since 
the torque produced by the alternating magnetic field will rapidly 
get out of phase with the processional motion. But when f = v, 
the increase or decrease produced in the angle between /j. and H 
■will be cumulative and this change in angle will become quite 
large. The molecule will then follow one of the dotted paths when 
it gets into the region of the B magnet and will not enter the de- 
tector at D. In some of the experiments, the frequency of the 
alternating magnetic field is kept at a constant value, and the in- 
tensity of the magnetic field H produced by the C magnet is varied. 
Figure 164 is a t5q)ical curve which shows the beam intensity 
plotted as a function of the magnetic field strength H while the 
frequency of the alternating field is kept constant. It will be ob- 
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served that resonance occurs for a definite value of H] the reso- 
nance value is the minimum value of the curve. The resonance 
curve of the Lf nucleus shown in Figure 164 was obtained with a 
beam of LiCl molecules. In other, experiments with the LF nu- 
cleus, molecular beams of LiF and Li 2 were used. 



3300 3350 3400 3450 3500 

H (gauss) 

Fig. 164. — Resoniinoc curve of the Li"^ nucleus observed in LiCl. 


Solving equations (3.5) and (30) for g and substituting the 
resonance frequency/ for the Larmor fi’equency v, we get 



Since the values of the constants M, e, and c, are accurately known, 
the substitution of the measured values of the resonance frequency 
/and the inteiisil.y of i.he homogeneous magnetic field ff in e(iua- 
tioii (3S) will yield the f/-facl.or for I.he particular nucleus under 
inve^stigation. If its nuclear spin (luantum number I is known, 
then . ■ ■ 

{J- = gl ' ( 39 . 

will give the magnetic moment of the nucleus in nuclear mag- 
netons, while substitution of the values of g and I in equation (35) 
will give the nuclear magnetic moment in c.m. units. For ex- 
ample, in the case of the Li’^ nucleus, 7=3/2 and the measured 
value of g is 2.1688; hence its nuclear magnetic moment is 3.2532 
nuclear magnetons. 

Of very great importance in nuclear physics are the magnetic 
moments of the proton, deuteron, and neutron. Millman and 
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Kusch made a precise measurement of the magnetic moment of 
the proton, while Kellogg, Rabi, Ramsey, and Zacharias made a 
precise determination of the. ratio of the magnetic moments of the 
proton and deuteron. From these measurements the magnetic 
moment of the proton was found to be 2.7896 nuclear magnetons 
and that of the deuteron was found to be 0.8565 nuclear magneton. 
If we assume that a deuteron consists of a proton and a neutron 
and that the magnetic moment of the deuteron is the sum of the 
magnetic moments of the proton and the neutron, then the 
magnetic moment of the neutron is = —1.933 nuclear magne- 
tons. Alvarez and Block made an independent determination of 
magnetic moment of the neutron by sending a beam of slow 
neutrons through a modified t 3 T)e of molecular beam magnetic 
resonance apparatus. Using the value 7 = 1/2 for the spin of 
the neutron, they obtained = —1.935 nuclear magnetons for 
the magnetic moment of free neutrons. 

1 30 . Nuclear K-Electron Capture 

In nuclear reactions, the extranuclear electrons are generally 
ignored except in a few special cases. For example, we saw that 
the sharp line beta-ray spectrum was due to the internal conver- 
sion of the gamma-ray energy and provided a method for measur- 
ing the energy of the gamma-ray photons. The external electrons 
do play a part in some of the nuclear reactions which might take 
place by positron emission, particularly if such a reaction involves 
a comparatively small release of energy. Instead of the nucleus 
emitting a positron in its radioactive decaj'^, it may capture an 
electron from the extranuclear part of the atom, usually one of the 
K electrons, to form the same product nucleus. The capture of 
the K electron by the nucleus will leave the product atom in an 
excited state with one electron missing from the K ^ell; it will 
then return to the normal state by the emission of X rays char- 
acteristic of the product atom. As a matter of fact, this type of 
nuclear reaction is detected by means of the X rays emitted during 
this process. 

Probably the most clear-cut example of X-electron capture is 
the radioactive disintegration of vanadium, 23 V^®, into titanium, 
22 Ti^°, with the capture of a X electron by the vanadium nucleus 
to form a titanium atom in the K state. This reaction was in- 
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vestigated carefully by Walke, Williams, and Evans, who found 
that vanadium decays only by E-electron capture with a half-life 
T = 600 hours. The radioactive vanadium was formed by bom- 
barding titanium with deuterons, the following reactions taking 
place: 

22Ti^« + ^ (23Va“) 23 Va^® -1- ow' 

then 23 Va'*^ -t- — > 22 Ti'**’. ( 40 ) 

T = 600 hr. 

The active product was separated chemically from the titanium 
and found to be vanadium, but no radiations of any kind other 
than Ti Ka radiation were found to l)c emitted by the vanadium 
precipitate. The only conclusion, therefore, is that the excited va- 
nadium nucleus captured one of its K electrons to foi-m titanium 
with one electron missing from its K shell with the subsequent 
enaission of X rays characteristic of titanium. Furthermore, the 
intensity of these X rays diminishes exponentially with the time, 
so that at the end of GOO hours, the intensity has dropped to half 
its original value. 

The fact that no radiation otlrer than X rays is emitted in the 
radioactive disintegration of vanadium by X-clectron capture to 
titanium indicates that the product titanium nucleus is in the 
ground state or state of lowest energy. Since the capture of an 
electron l)y the nucleus results in the change of a pr'oton into a 
neutron, this must be accompanied by the emission of a neutrino 
in order to conserve the angular momentum of l.he nucleus. 

In many cases of radioac^tivc dlsintegralion l)y /C-elcctron cap- 
ture, gahuna rays accompany ihis proc^ess; in ol.hcr (tasos the dis- 
integration can take place cither by positi'on emission or by 
E-elcotron capture,so tliat Ijoth processes arc obsen-vedin the same 
radioactive sample. For exjunple, ttie isotope of 1 ) 0 iyllium of mass 
number A = 7, whicli disintegrates by /v-ele(;l.ron capture, also 
emils gamma rays of 0.4S.') Mev. The I’cac^lion is 

,,Bc^ + _,c" ^ GLO 

GIT) — >;iIT hp. ( 41 ) 

T = 43 da. 

This radioactive beryllium isotope can bo produced by any of 
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the following reactions: 

sLf + iff — » (460®) — > 

sLi® + iff ( 4 Be®) 460 *^ + ori} (42) 

^JJl ^ ^ 

On the other hand, the vanadium isotope of mass number 
A = 4S can disintegrate either by positron emission or by X- 
electron capture with a half-life of 16 days. Walke, Williams, and 
Evans have foimd that in about three tenths of the cases the dis- 
integration is by electron capture and the remainder by positron 
emission. Gamma rays are also emitted during this disintegration. 

131, Production of Pairs of Charged Particles 

In cloud chamber experiments on the passage of high energy 
gamma rays through a heavy element such as lead, pairs of oppo- 
sitely charged particles were observed to originate from a common 
point. From the densities of the tracks it was evident that these 
particles had exactly the same mass as that of an electron. The ve- 
locities and hence the kinetic energies of these particles could be de- 
termined from the measurements of the radii of curvature of their 
paths in a magnetic field. The results of these measurements sup- 
port the view that a positron and an electron are formed as the 
result of the interaction of a gamma-ray photon with a heavy nu- 
cleus. From calculations on the number produced, it is believed 
that this pair formation occurs in the intense electric field outside 
the nucleus rather than inside it. 

If a gamma-ray photon of energy hv is transformed into a pair 
of particles, each of rest mass mo, then, according to the principle 
of conservation of energy, 

hv = 2 moC® + <?i + 6 * 2 ; ( 43 ) 

where is the rest-mass energy of each particle and 6*1 and £% 
are the kinetic energies of the particles at the instant of produc- 
tion. Now, moC^ is ecjuivalent to 5.11 X 10^ ev energy j hence only 
gamma-ray photons whose energies are greater than 1.02 Mev can 
form a pair of charged particles. 

Experiments on the production of pairs of charged particles 
have been performed successfully with the gamma-ray photons 
from ThC" ihv = 2.62 Mev). In this case the total kinetic energy 
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of the positron and electron formed by each photon should be 
1.6 Mev. Cloud chamber measurements of the energies of these 
particles are in good agreement with this calculated value. Fig- 
ure 165 is a cloud chamber photograph, taken by Crane, showing 



Fig. 165. — Cloud chamber photograph of the paths of a pair of oppositely 
charged particles, an electron and a [H)sitron, formed from the disintegration of a 5.7 
Mev gamma ray photon in its pjissage tlirough a sheet of load 0.002 inch thick. 
Magnetic field of 1,680 oersteds is directed into the pajwr. (Photograph by H. R. 
Crane.) 

the paths of a pair of oppositely charged particles, a positron and 
an electron, wliich were produced by a gamma-ray photon wliich 
entered the lead foil 0.002 inch thick. The gamma-ray photon 
came from a target of fluorine which had Ijccn bombarded by pro- 
tons. The known energy of the photon is 5.7 Mev. From meas- 
urements of the radii of curvature of the paths of the particles in 
the known magnetic field, Crane computed the sum of energies of 
these two particles to ]jc 4.7 Mev. This checks very well with 
eciuation (43) when the rest-mass energy of the two particles, 
1.02 Mev, is added to tlie sum of their kinetic energies. 

The production of pairs of particles represents a new method 
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for measuring the energy of the gamma rays. Kruger and Ogle 
have recently used this method for studying the energies of the 
gamma-ray photons emitted during the following two radioactive 
transformations : 


6iSbi24^52Tei24+ _,g0 ( 44 ) 

and nNa^ isMg^-* + _^e°. (45) 

The gamma-ray photons produced in each of these transforma- 






Energy 
in Alev 



Fig. 166 . — Energy level diagram of the nucleus Mg“ formed in the heta-ray dis- 
integration of Na^. The energies are in Mev. 


tioixs were collimated by means of a long slit in a lead block and 
allowed to pass through a cloud chamber perpendicular to the 
magnetic field. Stereoscopic photographs were made after each 
expansion and pairs of particles located. Only those pairs which 
satisfied certain stringent conditions were used in making meas- 
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urements. Some of these conditions were that both tracks should 
start at the same point; that they should lie in the same plane, and 
that there should be no obvious scattering in that portion of the 
track in which the radius of curvature was measured. 



Fig. 167. — Cloud chamber photograph of a triplet; the triiilct consists of the paths 
of a positron and two electrons. The trii)Iet was jirotliieed by the conversion of a 
gamma ray into a positron and an electron in the of anothen* electron. The mag- 
netic field is directed into the paper. (From a photograph by P. Gerald Kruger and 
W. 10. Ogle.) 

By the above method, Kruger and Ogle found that the gamma- 
ray photons from the triuisition SI)'"'* — ^ Tc'“’ all have the same 
energy, 1.70 Mev, wliile tlie gamma-ray photons from tlie transi- 
tion Na"‘ — > Mg“‘' have tive distimit values: 2.56, 2.()8, 2.70, 2.89, 
and 3.24 Mev. By corrolat.ing tlie gamma-ray spectrum found by 
this mctliod with the beta-ray energies previously found by otlicrs, 
tlicy suggest tlie nuclear energy level diagram for Mg-'* shown in 
Figure UK). 

An interesting side light of this investigation is the discovery 
of triplet patlis in the cloud chamher p]K)t<>gra]>hs as sliowu in 
Figure 1(57. Tliese triplets consist of the paths of a positron and 
two electrons, and are accounted for by the production of a pair 
of part.icles by t.lic splitting up of a ganuna ray when it is in the 
field of an elect, ron. This electron sulTers a recoil when tlie gamma 
ray is transformed into an electron and a positron. Measurements 
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show that both the momentum of the system and the energy of the 
system are conserved in this process. 

132. Annihilation of Charged Particles 

The transformation of a photon into a positron and an electron 
is sometimes referred to as the maieriaMzation of energy. The re- 
verse process, in which a positron and an electron combine and 
their energy is transformed into the energy of gamma rays, is usu- 
ally referred to as the annihilation of matter. This process has been 
observed by Thibaud, Crane, and Lauritsen, and others. A con- 
venient source of positrons is a block of carbon which has been 
bombarded with deuterons producing radioactive nitrogen accord- 
ing to the reaction 

^ + on\ (46) 

followed by + +^6°. 

In one experiment, some recently activated carbon was placed 
at the bottom of an ionization chamber and the ionization meas- 
ured. To distinguish between the ionization produced by the 
positrons and that produced by the gamma rays, a second ioniza- 
tion chamber was placed directly below the first one. The walls 
and window of the ionization chamber were sufficiently thick to 
prevent any of the charged particles from entering the chamber, 
so that only the ionization produced by the gamma rays was re- 
corded. It was found that the ionization produced by the gamma 
rays decreased exponentially with time in exactly the same way 
as that due to the positrons; that is, the half-life period was the 
same whether determined from the rate of emission of positrons 
or from the intensity of the gamma rays associated with this proc- 
ess. It seems reasonable to assume that the gamma' rays have 
their origin in the annihilations of the positrons by electrons. To 
check this assumption, a freshly activated piece of carbon was 
placed, with the activated side upward, directly above one of the 
ionization chambers. It may be assumed that as many positrons 
are emitted upward as downward. Those that are emitted down- 
ward are absorbed in the rest of the carbon and give rise to gamma 
rays which are measured by the ionization produced in the cham- 
ber. The upward-moving positrons escape into the air. However, 
when a thin sheet of aluminum is placed on top of the carbon, the 
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upward-moving positrons will be absorbed in the aluminum, and 
give rise to gamma rays. The amount of ionization produced 
with the aluminum on the carbon was found to be about twice as 
great as that produced without the aluminum, indicating that the 
positrons were annihilated in the aluminum, giving rise to gamma- 
ray photons. 

Measurements of the intensity of the ionization produced by 
the gamma rays showed that the number of photons produced was 
twice the number of positrdns absorbed. The energy of these 
gamma-ray photons has been measured and found to be about 
0.5 Mev. This is approximately the same as the rest-mass energy 
of the positron and of the electron; hence positrons and electrons 
are most likely to combine when their speeds arc small. Since the 
combined mass of the electron and positron is equivalent to about 
1 Mev, the result of their annihilation must be the production of 
two gamma-ray photons each of 0.5 Mev energy, but traveling in 
opposite directions in order to conserve momentum. The fact 
that two photons traveling in opposite directions are produced by 
the annihilation of a positroir and an electron was demonstrated 
by using two Gciger-Muller counters, one on each side of an acti- 
vated carbon block. The counters were arranged so that they 
would record only coincidences, that is, photons entering the two 
counters simultaneously. The number of coincidences observed, 
and their decrease with time, chocked very well with the known 
rate of emission of positrons by the carbon block. 

It should be noted that, in the annildlation of matter, two op- 
positely charged particles (lombinc to produce two cciual photons, 
while in the matorializatioti of energy, a single photon breaks up 
in(,o two oppositely charged particles. 

133. Production of New Elements 

Until recently there were three places vacant in the periodic 
table of elements for elements of atomic number less than 92, one 
ai Z = 43, another at Z = 85, and the third at Z = 87. With 
the number of different (.ypes of bombarding particles made avail- 
able by the physicist and the variety of mudear reactions known, 
it should bo possible to produce these missing elements by bom- 
barding nuclei of neighboring atoms of the periodic table with 
suitable jrarticlcs. One of the first produced in this manner was 
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element Z = 43, now known as mxmmum', it was produced by 
Perrier and Segr6 (1937) by bombarding molybdenum, Z = 42, 
with high energy deuterons accompanied by the emission of a 
neutron. Seaborg and SegrS showed that the masurium isotope 
formed in this reaction has a mass number A = 96, so that the 
reaction may be written as follows : 

42Mo“ + (43Ma»^) 43Ma*>« + owh (47) 

This isotope of masurium has also been produced in a iv-n) re- 
action with molybdenum and in an (a-n) reaction with columbium, 
Z = 41. This isotope is radioactive, emitting positrons of half- 
life period T = 2.7 hours. 

In the bombardment of molybdenum with deuterons, a radio- 
active isotope of molybdenum was produced which disintegrated 
with the emission of an electron with a half-life period T = 67 
hours. The nuclear reactions are 

42 M 0 ** 4- iH= ^ (43Ma““) + iH* 

followed by xaMo®’ xsMa®® + _ie'’ 

r = 67 hr. (48) 

Seaborg and SegrS also produced the same radioactive isotope by 
bombarding molybdenum with neutrons with the reaction 

42Mo** + ( 42M0*®) -h hv 

followed by 42Mo^ -|- -le® 

T = 67 hr. (49) 

This isotope of masurium is in a metastable state and decays to 
the ground state with the emission of a gamma ray with a half-life 
period T = 6.6 hours. 

Another isotope of masurium of mass number A = 101 has 
been produced by the beta-particle disintegration of a radioactive 
isotope of molybdenum with the following nuclear reactions : 

42Mo'““ + on^ (42Mo“0 -^42Mo“i + hv 

followed by 42 Mo’“^ 43Ma“^ + _ie“ 

T = 14.6 min. 

with 4sMa“i ^ 44 Ru“i + _ie“ 

T = 14.0 min. (50) 

Longer-lived masurium isotopes have also been produced, and 
this has made possible the study of some of its chemical properties, j 
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the assignment of mass numbers to these isotopes is not yet cer- 
tain. Some isotopes decay by electron emission, others by K- 
electron capture. Some of the latter have half-life periods of 62 
days and 90 days. Masurium is a chemical homologue of rhenium ; 
that is, they both appear in the same column in the periodic table. 
It can be separated readily from molybdenum by chemical means, 
but because of the small amount of masurium formed, only a few 
of its chemical properties have actually been determined. 

The element of atomic number Z = S5 has been produced by 
Corson, MacKenzie, and Segr& by bombarding bismuth with 
32 Mev alpha particles. They found six different activities as a 
result of this bombardment, but all had exactly the same half-life 
period, T = 7.5 hours. These activities wore (1) an alpha-particle 
group of 6.55 cm range, (2) another alpha-particle group of 4.52 cm 
range, (3) a gamma ray with an energy of 0.5 Mev, (4) an X ray 
or gamma ray of about 80 Kev, (5) a low energy X ray, and (6) a 
few low energy electrons. Their analysis of this experiment is as 
follows: since bismuth has only one stable isotope, the first reac- 
tion is 

-f aHe^ ^ (85^'^) ^ 85='^ -h -j- (51 ) 

Element 85 then disintegrates in one of two ways, either by X-elec- 
tron capture to actinium C', or ]jy alpha-particle emission to bis- 
muth, according to the following reactions: 

85='‘ (52) 

and 85''“' — »■ -h Jle* (4.55 cm range) (53) 

Actinium C' disintegrates immediately, T = 5 x 10"“ seconds, 
with the emission of an alpha particle of 0.55 cm range; this is very 
close to the known range of the alpha particles of the actinium C' 
formed in the actinium radioactive scries. This reaction is 

mAcC'“" ^soPb^"’ -f JIc^ 

T = 5 X 10"“ sec. (54) 

If the actinium C' is formed by /v-clcctron capture, this must be 
followed by the emission of A'-scrics X rays. The X rays were 
measured by ahsoiption methods au<l found to be identical with 
those of polonium, Z = 84, an isolope of AcC'. The X-ray pho- 
tons were also (iounted with the same Ihin-wallcd Geiger counter 
that was used for counting the alpha particles, and taking into 
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account the difference in the counting efficiencies for the two types 
of radiation, it was estimated that there were equal numbers of 
alpha particles and X-ray photons emitted. This is to be expected 
if element 85 decays by X-electron capture to AcC'; the X-electron 
capture is followed by the emission of an X-ray photon and the 
AcC' immediately disintegrates with the emission of an alpha 
particle. 

Element 85 is a chemical homologue of iodine although it is 
found to have some of the properties of a metal. Its resemblance 
to iodine was shown in a series of experiments by Hamilton and 
Soley, who found that it is concentrated in the thyroids of normal 
and thyrotoxic guinea pigs in a manner similar to that of iodine. 

Element 87, now called actinium K, has been found as one of 
the products in the natural radioactive disintegration of actinium. 
About 1 per cent of the actiniu m nuclei disintegrate with the emis- 
sion of alpha particles forming AcK, 



ssAc^^ ->87 AcK“® -baHe' 

(55) 

followed by 

87AcK^ ->88AcX22® + 



T = 21 min. 

(56) 


The branching of actinium is shown in the actinium series of Fig- 
ure 139(c) . 


1 34. The Meson 

The existence of a new type of particle has been postulated as 
a result of the observations of the energies and penetrating power 
of cosmic rays. This new particle is called a meson and has 
either a positive or negative charge equivalent to that of an elec- 
tron, but its mass is approximately 200 times that of an electron. 

It has been found that cosmic rays at sea level consist of two 
groups of particles, one a soft component which is absorbed in 
about 10 cm of lead, the other a hard component which can. pene- 
trate more than a meter of lead. The soft group of particles has 
been definitely identified as consisting of electrons, positrons, and 
their accompanying gamma radiations. The argument that the 
penetrating radiation consists of mesons, rather than electrons 
or protons, is based upon measurements of the curvature of their 
tracks in a magnetic field, the density of ionization along their 
tracks as observed in Wilson cloud chamber photographs, and 
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upon their ranges. For example, some tracks, whose curvature 
indicated an energy of about 500 Mev on the assumption that they 
were due to electrons, had an ionization per centimeter of path too 
great for electrons. On the other hand, if these tracks were as- 
sumed to ]De due to protons, then their energy, calculated from the 
curvature of their paths, was much too small to account for their 
great range. If the charge of the penetrating particle is assumed 
to be equivalent to that of an electron, then from the known laws 
relating the mass of a particle, its range, the density of the ioniza- 
tion along its track, and the energy, the mass of the particle can 
be calculated. Such calculations lead to values for its mass from 
about 100 to 300 times the mass of an electron. 

It is interesting to note that the existence of a charged particle 
of mass intermediate between the mass of an electron and that of 
a proton was first postulated by Yukawa (1935) in attempting to 
account for the interaction between the heavy particles in nuclei. 
It is probable that the mesons are produced in the upper at- 
mosphere by the action of the primary cosmic rays, and, as sug- 
gested by Euler and Heisenberg (1938), these mesons probably 
disintegi’ato in a manner sunilar to that of radioactive substances 
with a calculated half-life period of about 2 X lO"'’ sec. 

In a series of experiments recently performed by M. Schein, 
G. S. Klaiber, A. J. Hartzler, and D. C. Baldwhi, the X rays 
produced by the 100 Mev betatron wore allowed to enter a cloud 
chamber placed in a magnetic held, and stereoscopic photographs 
wore taken to study the nuclear processes produ(!ed by the action 
of these high energy photons. Some new pro(X'sses were observed 
which showed the ejection of several pai'tu^les from a nucleus, but 
of particular interest here am i)roc.e.sses which indicated the 
emission of mesons from nuclei of various substances such as 
glass, lead, and so forth. The mesons were identified by a study 
of the tracks they produc'.cd in the cloud chamber. The ioniza- 
tion along each track was compared with that produced by 
electrons and protons; measurements were made of the curvature 
of these tracks and the range of the particles and, in some cases, 
of the change in direedion of the track as the particle passed 
through a foil of brass 0.25 mm thick. The results of these 
measurements indicate that the particles producing these tracks 
arc mesons. 
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Th.e betatron was operated at different energies in the above 
series of experiments. Meson tracks were found in the cloud 
chamber only when the betatron was operated at energies higher 
than 60 Mev. An interesting result of these investigations is 
that while most of the mesons had masses about 200 times the 
mass of an electron, some mesons produced by lower energy 
photons had masses of the order of 60 times the electronic mass. 
Furthermore, both positive and negative mesons were found m 
about equal numbers. 

The actual mechanism of the production of mesons is not yet 
known. It is possible that mesons are produced by the breaking 
up of a nuclear particle under the action of hi gh energy photons, 
or they may exist as nuclear particles and be ejected from the 
nucleus by the action of the photons. Further study in this 
direction will undoubtedly give us more information on the 
structure of the nucleus and nuclear processes. 
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PROBLEMS 

1. A particle of mass M moving initially with velocity V makes an 
elastic collision with a particle of mass m initially at rest. Using the 
principles of the conservation of energy and momentum, show that if 
the particle of mass m is given a velocity v in the same direction as V, 
then 


2Jlf 

M m 


V. 


V = 
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2. A particle of mass Mx, kinetic energy Ex, velocity Fi and mo- 
mentum Pi is captured by a nucleus (Jlfo, Po, l^o, Po) at rest. A light 
particle {Mi, Ei, Vi, Pj) is ejected and the heavy particle {Mz, Ez, Vz, Pz) 
recoils. Using the principles of consei-vation of energy and momentum, 
show that when the light particle is emitted at an angle of 90° with the 
path of the incident particle, the energy of the light particle is 


Ei 


^3 / 

M2 + Mb \ 


Ml - Ms 
Ms 



whore Q is the difference in mass between the initial particles and the 
final particles. 


3. A beam of 0.4 Mev deiiterons is directed against a deuterium 
target. Calculate the energy of the neutrons emitted at 90® with respect 
to the incident beam, assuming that the mass of He’^ is 3.01711. 

Ans. 2.48 Mev. 

4 . When is bombarded with 200 kev protons, alpha particles of 
4.41 cm range in air are emitted at right angles to the path of the inci- 
dent beam. Using the result of problem 2, determine the mass of the 
residual nucleus. 

Ans. 8.00794. 


6. List all the elementary particles known in physics and give the 
following data for each particle: (a) mass, (b) charge, (c) spin, (d) wave 
length, (e) source. 

6. When chlorine, A = 37, is bombarded with neutrons, gamma 
rays are emitted and the resultant mudeus is radioactive, emitting beta 
particU^s. A target (‘ontainiiig chlorine was bombarded with neutrons 
for a short tinu^, aftxu' whicli counts were taken of the number of beta 
particles emitted in su(U‘essive ten-miimte int,(u*vals. These counts, after 
correction for background readings, were as follows: 344, 267, 235, 189, 
160, 145, 112, 97, 81, 65, 55, 50, 39, 37, 27, 25, 20, 14, 14, 11, 9. 

(a) Write the ecpiation for each reaction, (b) Plot a curve of the 
logarithm of the activity (no. of counts p(u- ten minutes), against the 
time in minutes, (c) h'rom the slope of the a))ove curve determine 
the half-life period of the beta-ray emitter. 

A 'us. (c) 39 min. 


7. (a) Show that, the <ui(U‘gy of an ion of mass M and charge E which 
is circulating within tlu’: clocks of a cyclotron along a path having a radius 
of curvature li is such as to correspond to a total acceleration through 
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an equivalent voltage V given by 

M 

in which F, ff , and E are in e.m. units. 

(b) Show that the energy of this particle, in Mev, is given by 

Tp2 

£“ = 3.12 X ^ 

M 

with E and H in e.m. units. 

(c) Calculate the energy of a proton which is moving in a circle of 
60 cm radius in a magnetic field of 10,000 oersteds. 

Ans. 17.2 Mev. 

8. In the reaction 

+ on^ + Q 

Q is 0.55 Mev. Assuming all the other atomic masses known, calculate 
the mass of eC^^, 

9. Show that the radius of curvature R of the path of a particle in- 
side the dees of a cyclotron is proportional to the ^x/n where n is the 
number of times the particle has been accelerated across the space be- 
tween the dees. 

10. When lithium is bombarded with protons, the following reaction 
occurs 

(4Be’) zHe" + + Q. 

The measured value of the reaction energy Q = 3.945 Mev. Calculate 
the mass of He^ from this reaction. 

Ans. 3.01696. 

11. In the molecular beam magnetic resonance method, a resonance 
minimum is obtained for nucleus with a beam of NaF at a frequency 
of 5.634 X 10® cycles per second in a homogeneous magnetic field of 1408 
gausses. Calculate its nuclear magnetic moment in nuclear magnetons. 

Ans. 2.622. 



Nuclear Energy 


A Source of Stellar Energy 

Ever since the discovery of the transmutation of elements, it 
been thought that the conversion of mass into other forms of 
:gy, which occurs during such transmutation, would provide a 
dble explanation of the origin of a great part of the energy radi- 
l by the stars, but it was not until sufficient evidence had been 
imulated in the laboratory concerning the probabilities of van- 
types of reactions and their energy releases that it became 
sible to develop a fairly quantitative explanation. Astrophysi- 
3vidence shows that the most abundant type of nucleus present 
he stars classified in the main sequence is the proton. Bethe 
J9) developed the theory for the production of stellar energy 
v^hich protons, by suitable nuclear reactions, are transmuted 
I helium nuclei, thereby releasing energy which is transformed 
I radiation. One. sequence of reactions which takes place in the 
er stars and provides most of the luminosity of the so-called 
dwarfs, and approximately one half the Imninosity of the sun, 
ts with the reaction between a proton and a proton to form a 
Lcron, that is, 

jr -b iir ^ ( JTc^) iIP -b (1 ) 

is followed by two additional proton reactions to form an 
la particle, 

iTP -b jr JTe^- (2) 

1 2H0’ -b ill' — > (sLi') —*■ 2ric'' “b +16®. ( 3 ) 

Another type of reaction in which protons arc converted into 
um TUKilei, l)ut tliis time with the aid of carbon and nitrogen 
atalyds, is used to account for most of the energy of stars in. 
main scquciuio. which arc more massive than the sun. This 
in of reactions is 
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+ iff ^ (iff’) ^ iff’ + hv 
iff’ -^eO’ ++ie» 

T = 9.9 min. 

eC^’ + iff ^ (iff’) iff’ + hv, (4) 

and iff’ + iff (aO”) ^ aO” + hv 

aO” -^iff’ ++/ 

T = 2.1 min. 
iN” + iH’ ^ (aO”) ^aC” + aHe’. 

It will be noted that this chain of reactions can start with either 
nitrogen or carbon, since each one is reproduced in the reaction, 
except that in about one case in 10’, the last reaction will lead to 
the formation of aO” and the emission of a gamma ray. Since the 
positrons will combine readily with electrons resulting in the for- 
mation of gamma rays, the net result is the combination of four 
protons and two electrons to form an alpha particle with the con- 
sequent release of energy. The mass difference released as energy 
in this chain of reactions is thus simply the difference between the 
masses of four hydrogen atoms and one helium atom or 0.0286 
a.m.u. which is equivalent to about 43 X 10“’ erg or 26.7 Mev. 
If our present theory of beta decay is correct, a small amount of 
this energy will be carried away by the neutrinos which are emitted 
during the radioactive parts of the cycle. Bethe estimates this to 
be about 3 X 10“’ erg, leaving about 40 X 10“® erg for each alpha 
particle formed or 10 X 10“’ erg for each proton consumed. In 
the particular case of the sun, it has been estimated that a gram of 
its mass contains about 2 X 10” protons; hence if all the protons 
were consumed the energy released would be 2 X 10” ergs. If the 
sun were to continue to radiate at its present rate, it would take 
about 30 billion years to exhaust its supply of protons. 

1 36. Discovery of Nuclear Fission 

By 1934 a reasonable amount of data had been accumulated 
on the disintegration of nuclei which were bombarded by neutrons 
to lead Fermi and liis co-workers to try to produce elements of 
atomic number greater than 92 by bombarding uranium with 
neutrons. In their early experiments they found four beta-ray 
activities with different half-life periods as a result of bombarding 
uranium with neutrons. Now uranium is a naturally radioactive 
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substance which disintegrates with a long half-life period by the 
emission of alpha particles; hence these beta-ray activities indi- 
cated that some new process was taking place. This new process 
was interpreted as the formation of one or more transuranic ele- 
ments, that is, elements of atomic number greater than 92. Some 
chemical tests were therefore tried to verify this hypothesis. Ele- 
ment 93, for example, is a chemical homologue of manganese; that 
is, it occurs in the same column of the periodic table. In one chem- 
ical experiment, a manganese salt was added to a solution of a 
uranium salt which had been bombarded with neutrons and then 
precipitated out as manganese dioxide. Two of tlie beta-ray activ- 
ities came down with the precipitate. Other chemical tests were 
tried which ruled out the possibility that these beta-ray activities 
could be due to any of the elements in the range of atomic num- 
bers 86 to 92 inclusive. It was therefore concluded that element 
93 had been produced. A chemist, Noddack, criticized this con- 
clusion on the basis that many elements are precipitated with 
MnOa and suggested the possibility that the bombarded nuclei 
were split into nuclei of elements of lower atomic number. This 
suggestion was apparently ignored, and other workers, particu- 
larly I. Curie and her co-workers, and Hahn, Strassmann, and 
Meitner, entered this field in search of the transurauic elements. 
Uranium, thorium, and protoactinium were boml^ardcd with neu- 
trons and many different beta-ray activities discovered. These 
were carefully checked by botli pliysical and chemical methods to 
determine tlic nature of the emitlers, and until early in 1939 they 
were; generally ascribed to radioac.t.ive substaiuies of atomic num- 
ber’ gi’eatcr than 92. Several new I’arlioacdive sei’ies were suggested 
to account for these activities; each one started with uranium 
and by a series of beta-particle disintegrations led to elements 
of atomic numbers as high as 96 and 97. It must be pointed out 
that chemical analysis iir this region of the periodic table is ex- 
tremely difficult and it becomes even more difficult because of the 
very small samples of newly formed radioardive matei’ial available. 

In 1939 llahn and Strassmann found, after a sci’ios of very 
careful chemical experiments, that one of the radioactive elements 
foi’ined by the bombardment of uranium with neutrons was an 
isotope of the element barium, Z = 56. Another of the radio- 
active elements thus foi’ined was the rare-earth element lantha- 
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num, Z — 67. It is obvious that the lanthanum is formed by the 
beta decay of the barimn. Hahn and Strassmann therefore sug- 
gested that the beta-ray activities previously ascribed to transu- 
ranic elements are probably produced by radioactive isotopes of 
elements of lower atomic number. The process that is started by 
bombarding uranium with neutrons is one in which- the new ura- 
nium nucleus becomes unstable and splits up into two nuclei of 
medium atomic masses; if one nucleus formed is barium, Z = 56, 
the other nucleus must be krypton, Z = 36. This type of disinte- 
gration process in which a heavy nucleus splits up into two nuclei 
of nearly comparable masses is called rmclear fission. 

As soon as the discovery of nuclear fission was announced early 
in 1939, physicists in laboratories throughout the world where 
neutron sources were available inunediately repeated and con- 
firmed these experiments. Within the next two years the results 
were extended to include the nuclear fission of thorium and proto- 
actinium, the measurement of the energies of the bombarding neu- 
trons necessary to produce fission in the particular isotope of the 
heavy element, the amount of energy released in nuclear fission, 
and analyses of the products of nuclear fission together with their 
genetic relationships. 

1 37. Transuranic Elements 

It was not until 1940 that the existence of transuranic ele- 
ments was definitely established. At present four transuranic 
elements are known; these are the elements of atomic numbers 
93, 94, 95, and 96. 

McMillan and Abelson discovered the first transuranic ele- 
ment, that of atomic number 93, now known as neptunium. This 
is produced by the resonance capture of comparatively low energy 
neutrons by uranimn, A = 238; the new uranium isotope, 
A = 239, formed by this process disintegrates by beta-ray emis- 
sion with a half life of 23 minutes resulting in the formation 
of neptunium. The following are the nuclear reactions : 

-h oni hp (5) 

followed by saU**®’ — » gsNp®®® -|- .iC®, (6) 

T = 23 min. 

The resonance energy of the neutrons in the above reaction is 
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38 ev. This resonance capture of neutrons is sometimes referred 
to as radiative capture since the compoimd nucleus of uranium 
239 emits a ganoma-ray photon in going to the normal state. 

McMillan and Abelson performed chemical experiments "with 
the minute quantities, so-called trac&r amounts, of the element 
formed in the above process and showed that its oxidation states 
differed from those of uranium. This was the first time that the 
existence of a new element was established by chemical experi- 
ments on a tracer scale of investigation. 

The neptunium formed in the above reaction is also radio- 
active, emitting a beta particle to form a new transuranic element 
of atomic number 94, now known as plutonium. The following is 
the nuclear reaction for this process: 

osNp^'*’ 94Pu“» -b -le" (7) 

T = 2.3 da. 

This isotope of plutonium is radioactive with a long half-life 
period and emits an alpha particle according to the following 
reaction: 

94Pu==® + aHe^ (8) 

T = 24,000 yr. 

It is this isotope of plutonium which has played such an im- 
portant part in the atomic bomb project because it is fissionable 
with both slow neutrons and fast neutrons. 

A different isotope of plutonium was discovered shortly after 
the discovery of neptunium. This transuranic element was dis- 
covered by Seaborg, MtiMillan, Wahl, and Kennedy late in 1940. 
They bombarded uranium with deuterons and showed that the 
following reactions occurred: 

+ JP ^ (oaNp-'") -> „3Np“’' -b on‘ + on' (9) 
Mowed by ^ + -ic" (10) 

T = 2.0 da 

and then ^ + sHc'^ (11) 

7 = 50 yr. 

The (hemieal properties of plutonium determined with the 
minute amounts available from the above reactions formed the 
basis for setting up the so-called chain-reacting units at Clinton, 



362 NUCLEAR ENERGY [§137 

Tenn., and Hanford, Wash., for the production of plutonium on 
a large scale for use in the atomic bomh. Once the chemical 
properties of plutonium were known it seemed reasonable to hunt 
for these elements in nature. Pitchblende ore, one of the sources of 
uranium was examined by Seaborg and Perlman; they made a 
chemical separation of neptunium and plutonium and were able 
to show the presence of a small quantity of alpha-activity in 
the transuranium fraction which they attributed to plutonium, 
A = 239. The amount of plutonium in the pitchblende corres- 
ponds to about 1 part in 10“, an amount which could not possibly 
be found had the chemical properties not been known. It prob- 
ably is being formed continuously as a result of the radiative cap- 
ture of neutrons by some of the uranium present in the ore. 

Another isotope of neptunium, A = 237, was discovered by 
Wahl and Seaborg in 1942. This is produced in the following 
reactions : 



^ -h on} + on} 

( 12 ) 

followed by 

ozW” -h -ie» 

( 13 ) 


r = 7 da. 


and 

saNp**' 9iPa'*» + aHe' 

( 14 ) 


T = 2.25 X 10' yr. 



The fact that this isotope is comparatively stable makes it par- 
ticularly suitable for the chemical investigations of the properties 
of neptunium. 

Two new elements of atomic numbers 95 and 96 were pro- 
duced in 1945 by bombarding uranium, A = 238, and plutonium, 
A = 239, respectively, with 40 Mev helium ions produced in the 
60-inch Berkley cyclotron. The work with the cyclotron was 
done by J. G. Hamilton and his co-workers, while the identifica- 
tion of the new elements 95 and 96 and the study of the chemical 
properties by the tracer technique were carried out by Seaborg, 
James, Morgan, and Ghiorso. 

As a result of the intensive analysis of the chemical properties 
of the heavier elements, Seaborg suggests that the elements of 
atomic numbers greater than 88 probably form another transition 
group analogous to the rare earth group of atomic numbers 58 
to 71. In this latter group, see Table XI, each succeeding ele- 
ment is formed by the addition of an electron to the 4/ shell until 
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this shell is completed with 14 electrons. Seaborg suggests that 
in this new transition group electrons are added to the 5/ shell, 
the first 6/ electron probably appearing in thorium and the 
seventh 5/ electron in element 96. 

1 38. Energy Released in Nuclear Fission 

An idea of the amount of energy that can be released in nuclear 
fission may be obtained by considering the difference between the 



Fio. 168. — Cloud chamber photograph of the tracks produced by two fission parti- 
cles; these particles are the product of the fission of uranium which luis captured a 
neutron. The uranium is on the foil shown in the center of the chamber. (From a 
photograph by J. K. Bfiggild, K. J. Brjistrom, and T. Lauritsen.) 

mass of the initial nucleus and the masses of the nuclei produced 
by its fission. For example, suppose tlnit the isotope of uranium, 
Z = 92, A = 239, which is fornuid l)y the capture of a neutron, 
breaks up into barium, Z = 56, and krypton, Z = 36. From the 
packing fraction curve of Figure 29, wc find that the difference in 
the packing fractions of uranium and nuclei of the type of barium 
and krypton is about 9 X 10“*. The pa(;king fraction is the mass 
defect per particle, and since there are 239 particles in the excited 
uranium nucleus, the total mass defect is 

Am = 239 X 9 X lO”^ a.m.u. = 0.216 a.m.u. 

Using the conversion factor of 932 Mev = I a.m.u., the amount of 
energy released during this fission process will be approximately 
200 Mev. This energy will be divided between the two particles; 
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the exact division can be determined by applying to this process 
the principle of conservation of momentum as well as the principle 
of conservation of energy. If we assume that the heaviest isotopes 
of barium and krypton are formed, then one will have an energy of 
about 125 Mev and the other about 75 Mev. If two particles of 
equal mass are formed in this fission process, they will travel in 
opposite directions with equal energies' of about 100 Mev each. 
The fission process is therefore capable of yielding tremendous 
amounts of energy. Figure 168 is a cloud chamber photograph of 
the pairs of particles produced by the fission of uranium. Meas- 
urements of the energies of such particles show two ranges of en- 
ergy, one of about 100 Mev and the other of about 72 Mev, in 
agreement with the above approximate calculations. 

Uranium fission can be produced by both slow and fast neu- 
trons. On the basis of Bohr’s theory of nuclear processes, nuclear 
fission takes place in two steps : (1) the formation of the compound 
nucleus in which the energy is temporarily stored among the dif- 
ferent degrees of freedom of the nuclear particles in a manner simi- 
lar to that of thermal agitation of a liquid, and (2) the transforma- 
tion of a sufficient portion of this energy into potential energy of 
deformation of the compound nucleus which will lead to its fission. 
The possibility of the occurrence of fission by bombarding a nu- 
cleus with neutrons depends, therefore, on the difference between 
the critical energy So of such an unstable deformation of the nu- 
cleus, and the energy used to excite the nucleus; the latter is de- 
termined by the binding energy, W^, of the added neutron. Bohr 
and Wheeler have made estimates of these values for some of the 
heavy elements; these are listed in Table XXI. 


TABLE XXI 


Bombarded 

Nucleus 

Compound 

Nucleus 

Critical Energy 
8c in Mev 

Binding Energy 
Tfn in Mev 

Sc - Wn 
in Mev 

92 U 234 

92 U 235 

5.0 

5.4 

-0.4 

92 U 235 

92 U 236 

5.3 

6.4 

- 1.1 

92 U 238 

92 U 239 

5.9 

5.2 

0.7 

91 Pa 231 

91 Pa 232 

5.5 

5.4 

0.1 

90 Th 232 

90 Th 233 

6.9 

5.2 

1.7 

90 lo 230 

90 lo 231 

6.5 

5.3 

1.2 


From Table XXI it can be seen that the uranium isotope of 
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mass number A = 235 should be responsible for the fission pro- 
duced by slow neutrons. This was confirmed experimentally by 
Nier, Booth, Dunning, and Grosse. They first separated small 
quantities of the uranium isotopes, A = 235 and A = 238, by 
means of the mass spectrometer, and then bombarded each of 
these isotopes with slow neutrons. They observed practically no 
fission with uranium, A = 238, but did get a fairly large number 
of fissions with A = 235. Furthermore, the rate of fission per 
microgram of uranium 235 observed in this experiment was in 
good agreement with the number obtained under the same experi- 
mental conditions from unseparated samples of uranium contain- 
ing the normal percentage of uranium 235. 

1 39. Some Products of Nuclear Fission 

Many different atomic nuclei have been produced by the fission 
of uranium and thorium as a result of bombarding them with neu- 
trons. Most of these fission products have been identified by 
chemical tests; others, by means of the X rays emitted by the ex- 
cited atoms produced during fission. In many cases the particu- 
lar isotopes produced have been identified by comparing their half- 
life periods with those produced by other types of nuclear reactions. 
The fact that so many different fission products have been pro- 
duced indicates that the excited uranium or thorium nucleus can 
split up in many different ways. As shown in Tables XXII and 
XXIII, all of the presently known fission products are elements in 
the middle of the periodic taldc with atomic numbers ranging 
from Z = 34 to Z = 58. 

Wc have already noted that there is a large excess of neutrons 
in uranium over that of the stable isotopes of elements that are 
produced by nuclear fission. The fission products are therefore 
unstable and will disintegrate cither by the ejection of their excess 
neutrons, or else by tlic radioactive emission of beta particles. 
Both processes have been detected. Maiiy of these beta-ray proc- 
esses have been followed from the initial fission product to a final 
stable nucleus. For example, one of the products of the fission of 
ui’anium is an isotope of anfimony of mass number A = 133. Now 
antimony has only two stable isotopes, one of mass number 121, 
the other of mass number 123. The fission product is therefore 
unstable hecauise it has at least ten neutrons too many; this isotope 
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TABLE XXII 


Fission Products Produced by Bombarding Uranium with Neutrons 

Isotope Produced 

Half-Life 

Period 

Isotope Produced 

Half-Life 

Period 

Z 

El 

A 


Z 

El 

A 


35 

Br 

83 

140 min 

50 

Sn 

> 125 

20 min 



84 

30 min 




80 hr 



85 

3.0 min 




70 min 



87 

50 sec 




11 da 

36 

Kr 

88 

3 hr 

51 

Sb 

127 

80 hr 



89 

2.5 min 



129 

4.2 hr 



> 90 

< 0.5 min 



> 131 

< 10 luin 

38 

Sr 

90 

5 yr 




5 min 

40 

Zr 

93 

63 da 



133 

< 10 mill 



95 

17 hr 

52 

Te 

129 

32 (la 

42 

Mo 

99 

67 hr 



131 

30 hr 



101 

14.6 min 




25 min 



> 101 

12 min 



135 

1 min 



— 

60 da 

53 

I 

137 

30 sec 

44 

Ru 

105 

4 hr 

54 

Xe 

138 

17 mill 



— 

45 da 



139 

< 0.5 min 



— 

4 min 



140 

< 0.5 min 

46 

Pd 

Ill 

26 min 

56 

Ba 

> 140 

6 min 



112 

17 hr 




18 min 

47 

Ag 

112 

3.2 hr 




< 1 min 

48 

Cd 

115 

2.5 da 

58 

Ce 


15 min 



117 

3.75 hr 




4-5 hr 


(Cd) 


48.7 min 




40 hr 

49 

(In) 

115 

4.1 hr 






In 

117 

117 min 






TABLE XXIII 


Fission Products Produced by Bombarding Thorium with Neutrons 


Isotope Produced 

Half-Life 

Period 

Isotope Produced 

Half-Life 

Period 

Z 

El 

A 


Z 

El 

A 


34 

Se 


several hr 

51 

Sb 

133 

< 10 min 




several da 

52 

Te 

> 131 

43 min 

35 

Br 

83 

140 min 




77 hr 



84 

30 min 

53 

I 

> 131 

54 min 

36 

Kr 

88 

3 hr 

54 

Xe 

139 

<0.5 min 



> 90 

<0.5 min 



140 

< 0.5 min 

42 

Mo 

99 

67 hr 

56 

Ba 

> 140 

6 min 

44 

Ru 

105 

4 hr 




18 min 

46 

Pd 

111 

26 min 

57 

La 

> 140 

3.5 hr 



112 

17 hr 
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disintegrates with the emission of a beta particle with a haJf-life 
period of 10 minutes. The tellurium isotope thus formed is also 
unstable and disintegrates with the emission of a beta particle; 
this chain of reactions is continued until a stable isotope is reached. 
Wu and Segrl have checked this series of beta disintegrations and 
give the following chain of reactions: 

BiSb'’® , saTe'*® . BsP’’ . 64Xe>** > bbCs^**. (1 5) 

10 min 60 min 22 hr 5 da 


In the same series of experiments, they investigated the rela- 
tionship between an iodine activity with a half-hfe period of 
6.6 hours, and two xenon activities, with half-life periods of 10 
minutes and 9.4 hours, and have concluded that two isomeric 
forms of xenon are formed by the beta decay of the iodine of mass 
number A = 135 according to the following scheme: 



54Xe‘* 

10 min 

54Xe'® .bbCs'®*. 

9.4 lir 


( 16 ) 


The upper isomeric form of xenon emits a gamma ray of 0.5 Mev 
with a half-life period of 10 minutes going to the lower isomeric 
state of xenon winch then dismtegrates by the emission of a beta 
particle with a half-life period of 9.4 hours. 

A few of the other beta-ray chains which start with one of the 
fission products are 


4 


oe 

( 17 ) 

3 hr 

17.5 min 

4oPd“‘ . 

47Ag"' - 

—4 4sCd‘«. 

( 18 ) 


20 min 7.6 da 


The assignment of the mass number to the particular isotope 
produced during the fission process is aided by the production of 
the same beta-ray activity by othci’ methods. For example, the 
isotope 4 oPd'“ can be produced m a d-p reaction with palladium 
and in an n-y reaction with palladium. The silver isotope of mass 
number A = 111 can be produced in three different ways: hi a 
d-n reaction with palladium; in an a-p reaction with palladium; 
in an n-p reaction with cadmium. 
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140. Photofission of Nuclei 

Almost any method which will make a nucleus sufficiently un- 
stable can be used to produce the fission of uranium and thorium. 
One method is to bombard these nuclei with high energy photons. 
Haxby, Shoupp, Stephens, and Wells (1941) were the first to pro- 
duce such fission with gamma rays. Gamma-ray photons of 6.3 
Mev energy, obtained by bombarding fluorite, CaFz, with high 
energy protons, were used to irradiate a 12 cm^ piece of uranium 
metal placed on the high voltage plate of an ionization chamber. 
The fission products were measured by the pulses of ionization 
they produced in this chamber. Recently Baldwin and Koch- 
(1945) used the high energy X-ray photons produced by the beta- 
tron to induce the fission of uranium. Uranium oxide coated on a ' 
cylinder was irradiated with X-ray photons of energies from 8 Mev 
to 16 Mev. The fission fragments were collected on a paper cylin- 
der held over this sample. The beta decay of the fission fragments 
was then examined with a counter. Fission products wore ob- 
served for all values of the X-ray energies used in irradiating the 
uranium down to about 8 Mev. They estimate that the tlireshold 
for the photofission of uranium is less than 7 Mev. 

Baldwin and Koch also tried to produce photofission in lead 
but were unsuccessful, even with X-ray photons of 16 Mev energy. 

141. Neutrons Released in Fission 

We have mentioned that one method by which an isotope .hav- 
ing an excess of neutrons should be able to reach a stable form is by 
ejecting these neutrons from its nuclei. The early workers in the 
field of nuclear fission immediately recognized the possibility of a 
chain of reactions being started in wliich these secondary neutrons 
would produce further nuclear fissions and the process would con- 
tinue imtil all of the uranium would be used up; this would result 
in the release of tremendous amounts of energy and, in fact, would 
open up a new source of energy. 

One of the first problems to be solved is the determination of 
the number of neutrons released for each fission process produced. 
Szilard and Zinn (1939) performed an experiment to determine the 
number of fast neutrons emitted in the fission of uranium by slow 
neutrons. The arrangement of the apparatus used by them is 
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shown in Figure 169. The neutrons were emitted as a result of the 
photodisintegration of berylhum by the action of the gamma rays 
from radium. A helium-filled ionization chamber connected to a 
linear amplifier was used as a detector of fast neutrons. The neu- 



Fia. 169. — Arrangement of the apparatus for the observation of the emission of 
fiust Ticutrons from uranium bombarded by slow neutrons. A, radium; B, beryllium 
block; C, paraflin wax; D, load block; E, box filled with uranium oxide; F, ionization 
clianibcr; G, cap of cadmium sheet; H, shield of cadmium sheet. 

trons from the beryllium B were slowed down by the paraffin C, 
and then bombarded the uranium oxide contained in the cylindri- 
cal box E. Wlien desired, the uranium oxide could be shielded 
from the slow neutrons by interposing a sheet of cadmium H. A 
cadmium slicct 0 was also used to shield the ionization chamber 
from slow neutrons. 

When the uranium oxide was exposed to the action of slow neu- 
trons by the removal of the shield H, they observed 50 pulses per 
minute in the helium ionization chamber. When the cadmium 
shield was in place, only 5 pulses per minute were obtained. The 
difference of 45 pulses per minute must therefore be due to fast 
neutrons emitted from the uranium imder the action of the ther- 
mal neutrons. 

In order to estimate the number of fast neutrons emitted per 
fission under the action of slow or thermal neutrons, the helium 
ionization chaml)cr was replaced by another chamber winch was 
lined with a layer of uranium oxide of known area. The fast neu- 
trons which entered this ionization chamber produced fission of 
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some of the uranium, and the number of fissions per minute was 
counted. Making some reasonable assumptions concerning the 
range of fission particles in uranium oxide, they then were able to 
estimate the number of fissions per minute produced in the large 
amount of uranium oxide in the cylinder E. Combining this re- 
sult with the count of the number of fast neutrons which were re- 
corded by the helium ionization chamber, Szilard and Zinn 
estimated that two fast neutrons were emitted per fission of ura- 
nium by slow neutrons. They also made an estimate of the time 
delay involved in the emission of fast neutrons after fission; they 
concluded that this was less than one second. 


1 42. Release of Nuclear Energy 

The fact that several neutrons are released in the fission of 
uranium 235 by the action of slow neutrons immediately suggested 
the idea to many physicists that a chain of nuclear reactions might 
be initiated by the fission of uranium which would release large 
amounts of energy. Each fission process releases 200 Mev or 
200 X 1.60 X 10~® ergs. The fission of all the nuclei in a gram 
atomic weight of uranium would release about 

6 X 10“*® X 3.2 X 10“* ergs = 19.2 X 10“ ergs. 

This is equivalent to about 5.3 X 10® kilowatt-hours of energy. 

The discovery of nuclear fission occurred a few months before 
the outbreak of the second World War in Europe. The military 
usefulness of such a tremendous source of energy was quickly rec- 
ognized and work on it began immediately. When the war spread 
to the United States, all work on nuclear energy was placed under 
government control and cloaked in military secrecy. No new in- 
formation on it became available until the explosion of the first 
atomic bomb over Hiroshima in August, 1945. After our victory 
in this war, some information was released by way of the vivid and 
dramatic report. Atomic Energy for Military Purposes, prepared by 
Professor H. D. Smyth. The reader is urged to study this report 
to see how the skills of science and industry were used in the task 
of solving the problem of the release of nuclear energy. The fol- 
lowing discussion is based on this report. 
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143. The Fission Chain Reaction 

The principle involved in a fission chain reaction is very simple : 
if one or more new neutrons are produced as a result of a nuclear 
fission induced by a neutron, the number of fissions may increase 
tremendously with the consequent release of enormous amounts of 
energy. Two types of chain reactions are of interest: one a con- 
trolled reaction in which the number of neutrons builds up to a cer- 
tain level and then remains constant; the other is an explosive 
reaction in which the number of neutrons multiplies indefinitely. 
Both of these types of fission chain reactions have been produced 
in the Atomic Bomb Project. 

As we have seen, slow neutrons are effective in producing fis- 
sion in uranium 235, and this fission process is accompanied by the 
emission of from one to three fast neutrons. Fast neutrons can 
produce fission in all three uranium isotopes, 234, 235, and 238. 
It has also been found that both fast and thermal neutrons can 
produce fission in plutonium 239 as well. 

The time delay in the emission of neutrons as a result of 
bombarding uranium with slow neutrons has been measured ac- 
curately. It has been found that about 1.0 per cent of the neu- 
trons emitted in uranium fission are delayed by at least 0.01 
second and that about 0.7 per cent are delayed by as much as one 
minute. This delay is very useful in a controlled reaction. 

For a chain reaction to proceed successfully, that is, to be self- 
su.staining, the ratio of the number of now neutrons produced by 
fis.sion at any place in the substance to the number of free neu- 
trons originally pre.sont at that i)la(!e must be at least ecjual to 1. 
This ratio is called tho multiplication factor k. In any given 
system containing a large mass of uranium, all three isotopes 
will be present. Each fission capture of a neutron will result in 
the omission of several new fast nouti’ons. However, not aU of 
these neutrons will produce fission. Rome may bo lost by escaping 
from the system. The relative number of nouti'ons which escape 
frorn the system may bo reduced by changing its size and shape; 
for example, by using a larger amount of uranium and making 
it approximately spherical in shape. Fis.sion is a volume effect, 
whiki thci (iscaipc of neutrons is a surfa(;e effect and hence is de- 
termined by its area. Some neutrons of moderate speed, corre- 
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spending to about 38 ev energy, may be captured by uranium 
without producing fission; this is the resonance capture of neu- 
trons. Other neutrons may be captured by impurities in the 
material. These are both volume effects. There is a critical size 
for any -device containing uranium for producing a self-sustaining 
chain reaction; this is the size for which the production of free 
neutrons by fission is just equal to their loss by escape and by 
nonfission capture both in uranium and in the impurities. 

To reduce the critical size to a reasonable value and make the 
chain reaction possible it is necessary to reduce the number of non- 
fission processes. One method is to purify the materials very care- 
fully. Another method is to slow down the neutrons by the use of 
material containing hydrogen, deuterium, or carbon, below the 
speeds at which nonfission capture occurs. Material used in this 
way is called a moderator. Both methods have been used. 

The first successful self-sustaining chain reaction system was 
constructed at Chicago in the fall of 1942. Graphite cut into 
bricks was used as the moderator; these graphite bricks were built 
up in layers, alternate ones of which contained lumps of uranium 
or uranium oxide at the corners of squares, forming a type of lat- 
tice. These layers were built up into a pile wluch had the shape of 
an oblate spheroid flattened at the top. For purposes of control 
and experiment there were ten slots passing completely through 
the pile. Three of those near the center were used for control and 
safety rods. The chain reaction could be started by any stray 
neutrons, such as cosmic ray neutrons or neutrons from some spon- 
taneous fission. During the building up of this pile some cadmium 
strips were inserted in suitable slots to absorb the neutrons. They 
were removed once every day in order to check the approach to 
critical conditions as the pile was being built up to its critical size. 

Once the critical size was reached, the reaction was controlled 
by inserting in the pile some strips of neutron-absorbing material, 
either cadmium or boron steel. When the pile was not in opera- 
tion, several such cadmimn strips were inserted in a number of 
slots, bringing the effective multiplication factor considerably be- 
low 1. In fact, any one of the cadmium strips was sufficient to 
bring the pile below the critical condition. To operate the pile, all 
but one of the cadmium strips were taken out. The remaining one 
was then slowly pulled out. As the critical conditions were ap- 
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preached, the intensity of the neutrons emitted by the pile began 
to increase rapidly. When this last strip of cadmium was so far 
inside the pile that the effective multiplication factor was just be- 
low 1, it took a rather long time for the intensity to reach the 
saturation value. Similarly, if the cadmium strip was just far 
enough out to make the effective multiplication factor greater than 
1, the mtensity rose at a rather slow rate. For example, if one rod 
is only 1 cm out from the critical position, the “relaxation time,” 
that is, the time for the mtensity to double, is about four hours. 
These long relaxation times were the result of the small percentage 
of delayed neutrons and made it relatively easy to keep the pile 
operating at a constant level of intensity. 

The pile was first operated on December 2, 1942, at a maxi- 
mum energy production of about 0.5 watt. On December 12, the 
intensity was nm up to about 200 watts, but it was not felt safe to 
go higher because of the danger of the radiation to personnel in and 
around the building. This experiment, using normal uranium in a 
self-sustaining chain reaction, was performed under the general 
direction of E. Fermi, assisted principally by groups headed by 
W. H. Zinn and H. L. Anderson. 

One of the important results of the operation of this pile was 
the production of plutonium, one of the major objectives of the 
project. Plutonium, as we have seen, is formed as the result of the 
resonance capture of neutrons by uranium 238 with the subsequent 
emission of two beta particles. The formation of plutonium is con- 
stantly proceeding during the operation of the pile. Plutonium 
was at least as valuable as uranium 235 for the Atomic Bomb 
Project. It was found that plutonium (!ould be separated chemi- 
cally from uranium. On the basis of the experience gained from 
the operation of the first pile, a gigantic plant was set up at Han- 
ford, Washington, for the production of plutonium, a metal whose 
existence was unknown before 1940. The production of plutonium 
meant the construction of a pile developmg thousands of kilo- 
watts, and a chemical separation plant to extract the product. 

A chain-reacting pile using graphite as a moderator is evi- 
dently very large. It is possible to build a much smaller pile by 
rephudng the graphite with a better moderator such as heavy 
water, that is, deuterium oxide, which is more effective in slowing 
down neutrons. A pile using heavy water as a moderator was 
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constructed at the Argonne laboratory and Zinn reported that it 
was operating satisfactorily at a power level of 300 kilowatts. 

144. An Atomic Bomb 

The self-sustaining, chain reaction pile' described above is not 
suitable for an atomic bomb since the energy is released compara- 
tively slowly and also because of the tremendous size of the pile. 
What is desired in an atomic bomb is an explosive type of reaction ; 
this means a sudden and violent release of a large amount of 
energy in a small region. This involves fast neutron fission proc- 
esses almost exclusively. Ordinary metallic uranium, containing 
the normal proportions of the isotopes of mass numbers 234, 235, 
and 238, while suitable for a controlled chain reaction, is not 
suitable for an explosive t 3 ^e of reaction. To understand the 
reason for this let us consider what would happen to the neutrons 
released in fission processes which occur at the center of a large 
mass of uranium. Joliot and his co-workers showed that the 
average value of the energy of these neutrons is slightly less than 
1 Mev. We have also seen that uranium 238 is fissionable by 
fast neutrons only, that is, neutrons of more than 1 Mev energy. 
Stated in other words, the probability of the fission capture by 
uranium 238 is very small for neutrons of less than 1 Mev energy. 
Hence only a very small fraction of these neutrons will take part 
in the fission capture process. Most of the neutrons will coUide 
with uranium nuclei and give up their energy slowly during these 
collisions. Any neutron capture that occurs at these lower ener- 
gies is a radiative capture with a resonance value at 38 ev, and 
such capture, as we have seen, leads ultimately to the production 
of plutonium. 

To insure that an explosive chain reaction occurs, it is neces- 
sary to reduce the probability of radiative capture of neutrons by 
uranium 238. This can be done either by reducing the proportion 
of uranium 238 and increasing the proportion of uranium 235 in 
the metal, or else by using plutonium instead of uranium. Both 
methods have probably been used. Uranium 235 and plutonium 
are fissionable by the capture of neutrons of all energies; the 
probability of fission capture by these substances is vciy great 
for slow neutrons and decreases as the neutron velocity is in- 
creased. For the successful operation of an atomic bomb, the 
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amount of fissionable material must be at least equal to the critical 
mass, and it must be held together for a sufi&cient time (very- 
short, of course, of the order of microseconds) for most of the 
available nuclear energy to be released in the explosion of the 
bomb. The value of the critical mass -will depend upon the shape 
of the bomb and the nature of the material in -which it is placed. 
This envelope or tamper around it scatters those neutrons -which 
escape from the fissionable material. It has been found that the 
best material for a tamper is a very dense substance. Such a 
tamper has two interesting properties: (1) it “reflects” or scatters 
many neutrons back into the bomb and (2) it delays the expansion 
of the bomb and thus helps in building up the temperature and 
pressure. 

A mass of fissionable material which is smaller than the critical 
mass for the given shape is perfectly stable. If two such masses 
are brought together very rapidly, and if a neutron source is acti- 
vated inside the system, a -violent reaction -will occur in a very short 
t.imft interval provided that the total mass is equal to or greater 
th.q.n the critical mass. It has been estimated that energy re- 
leased in the nuclear fission processes which can occur in a couple 
of microseconds is sufficient to raise the temperature of this mass 
to several million degrees and to produce a pressure of hundreds 
of thousands or perhaps millions of atmospheres. The destructive 
effects of such high temperatures and pressures can be observed 
in the ruins of Hiroshima and Nagasaki. A large quantity of 
radioactive material is also released in the explosion of an atomic 
bomb. When this is exploded in the atmosphere, these radio- 
active substaiic(^s are carried away by air currents, and since 
the half-life pei-iods of these .substances are comparatively short, 
see Tables XXII and XXIII, they will decay to insignificant 
amounts in a relatively short time. 
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APPENDIX I 

Values of Some Physical Constants 


Velocity of light c 

Specific electronic charge e/m 

Electronic charge e 

Planck constant h 

Avogadro number N 

Faraday constant 

on Physical scale F 

on Chemical scale F 

Rydberg constant for 
infinite mass 


= 2.99776 X 10^“ cm/sec 
= 1.7592 X 10’ e.m.u./gm 
= 4.8021 X 10-1" e.s.u. 

= 6.624 X 10“^’’ erg sec 
= 6.0234 X 10^* atoms/gm at wt 

= 9651.4 e.m.u./gm equivalent 
= 9648.77 e.m.u./gm equivalent 

= 109737.303 per cm 
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Table of Atomic Weights 


From the Report of the Committee on Atomic Weights of the Inter- 
national Union of Chemistry 


J.A.C.S. 1941 


At. No. 

Element 

Symbol 

At. Weight 

13 

Aluminum 

A1 

26.97 

51 

Antimony 

Sb 

121.76 

18 

Argon 

A 

39.944 

33 

Arsenic 

As 

74.91 

56 

Barium 

Ba 

137.36 

4 

Beiyllium 

Be 

9.02 

83 

Bismuth 

Bi 

209.00 

5 

Boron 

B 

10.82 

35 

Bromine 

Br 

79.916 

48 

Cadmium 

Cd 

112.41 

20 

Calcium 

Ca 

40.08 

6 

Carbon 

C 

12.01 

58 

Cerium 

Co 

140.13 

55 

Cesium 

Cs 

132.91 

17 

Chlorine 

Cl 

35.457 

24 

Chromium 

Cr 

52.01 

27 

Cobalt 

Co 

58.94 

41 

Columbium 

Cb 

92.91 

29 

Copper 

Cu 

03.57 

66 

Dysprosium 

Dy 

162.46 

68 

Erbium 

Er 

167.2 

63 

Europium 

Eu 

152.0 

9 

Fluorine 

F 

19.00 

64 

Gadolinium 

Gd 

156.9 

31 

.Gallium 

Ga 

09.72 

32 

Germanium 

Ge 

72.00 

79 

Gold 

Au 

197.2 

72 

Hafnium 

Hf 

178.6 

2 

Helium 

He 

4.003 

67 

Holmium 

ITo 

164.94 

1 

Hydrogen 

JL 

l.OOSO 

49 

Indium 

In 

114.76 

53 

Iodine 

I 

126.92 

77 

Iridium 

Ir 

193.1 

26 

Iron 

Fe 

55.85 

36 

Krypton 

Kr 

83.7 

57 

Lanthanum 

La 

138.92 

82 

Lead 

Pb 

207.21 

3 

Lithium 

Li 

6.940 

71 

Lutecium 

Lu 

174.99 

12 

Magnesium 

Mg 

24.32 

25 

Manganese 

Mn 

54.93 

80 

Mercury 

Hg 

200.61 
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Table of Atomic Weights (Concluded) 


At. No. 

Element 

Symbol 

At. Weight 

42 

Molybdenum 

Mo 

95.95 

60 

Neodymium 

Nd 

144.27 

10 

Neon 

Ne 

20.183 

28 

Nickel 

Ni 

58.69 

7 

Nitrogen 

N 

14.008 

76 

Osmium 

Os 

190.2 

8 

Oxygen 

0 

16.0000 

46 

Palladium 

Pd 

106.7 

15 

Phosphorus 

P 

30.98 

78 

Platiniiiii 

Pt 

195.23 

10 

Potiussiuiu 

K 

39.096 

50 

Praseodymium 

Pr 

140.92 

91 

Protactinium 

Pa 

231 

88 

Radium 

Ra 

226.05 

86 

Radon 

Rn 

222 

75 

Rhenium 

Re 

186.31 

45 

Rhodium 

Rh 

102.91 

37 

Rubidium 

Rb 

85.48 

44 

Riithouium 

Ru 

101.7 

()2 

Samarium 

Sm 

150.43 

21 

Scandium 

Sc 

45.10 

34 

S(4onium 

S(^ 

78.96 

14 

Silicon 

Si 

28.06 

47 

Silver 

Ag 

107.880 

11 

Sodium 

Na 

22.997 

38 

Strontium 

Sr 

87.63 

16 

Sulphur 

S 

32.06 

73 

Tantalum 

Ta 

180.88 

52 

Tellurium 

Te 

127.61 

65 

Terbium 

Tb 

159.2 

SI 

Tliallium 

T1 

204.39 

00 

Thorium 

Th 

232.12 

60 

Thulium 

Tm 

169.4 

50 

Tin 

Sn 

118.70 

22 

Titanium 

Ti 

47.90 

74 

Tungst.en 

W 

183.92 

02 

Uranium 

IT 

238.07 

23 

Vanadium 

V 

50.95 

54 

X(*non 

Xo 

131.3 

70 

VU.iM’bium 

Yb 

173.04 

30 

\’tirium 

Y 

88.92 

30 

Zinc 

Zn 

65.38 

40 

Zir(M>nium 

Zr 

91.22 




Atomic Weights from the Report of the Committee on Atomic Weights of the International Union of Chemistry 

J.A.C.S. 63, 845, 1941 
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APPENDIX IV 

Table* of Isotopic Masses 


Atomic 

No. 

Atom 

Mass 

No. 

Mass 

1 

H 

1 

1.00813 


H 

2 

2.01473 


H 

3 

3.01700 

2 

He 

3 

3.01699 


He 

4 

4.00386 


He 

5 

5.01543 


He 

6 

6.0209 

3 

Li 

6 

6.01692 


Li 

7 

7.01816 


Li 

8 

8.02497 

4 

Be 

7 

7,01909 


Be 

8 

8.00781 


Be 

9 

9.01496 


Be 

10 

10.01662 

5 

B 

9 

9.01610 


B 

10 

10.01617 


B 

11 

11.01290 


B 

12 

12.0168 

6 

C 

10 

. 10.02086 


C 

11 

11.01502 


C 

12 

12.00388 


C 

13 

13.00756 


C 

14 

14.00774 

7 

N 

13 

13.00990 


N 

14 

14.00753 


N 

15 

15.00487 


N 

16 

16.00645 

8 

0 

15 

15.0078 


0 

16 

16.000000 


0 

17 

17.00450 


0 

18 

18.00485 

9 

F 

17 

17.00758 


F 

18 

18.00670 


F 

19 

19.00454 


F 

20 

20.00654 

10 

No 

19 

19.00798 


Ne 

20 

19.99889 


Ne- 

21 

21.00002 


Ne 

22 

21.99858 

11 

Na 

22 

22.00032 


Na 

23 

22.99644 


Na ' 

24 1 

23.99774 

12 

Mg 

23 

23.00055 


Mg 

24 

23.99300 


Mg 

25 

24.99462 


Mg 

26 

25.99012 


Mg 

27 

26.99256 

13 

A1 

26 

25.99446 


A1 

27 

26.99069 


A1 

28 

27.99077 


A1 

29 

28.9890 

14 

Si 

27 

26.99711 


Si 

28 

27.98727 


Si 

29 

28.98635 


Si 

30 

29.98399 


Si 

31 

30.9866 

15 

P 

29 

28.9135 


Atomic 

No. 

Atom 

Mass 

No. 

Mass 

15 

P 

30 

29.9S85 


P 

31 

30.98441 


P 

32 

31.98436 

16 

S 

31 

30.98965 


S 

32 

31.98252 


s 

33 

32.98200 


s 

34 

33.97981 

^ 17 

Cl 

33 

32.9875 


Cl 

34 

33.981 


Cl 

35 

34.9807 


Cl 

36 

35.9799 


Cl 

37 

36.9777 


Cl 

38 

37.9800 

18 

A 

35 

34.0865 


A 

36 

35.9792 


A 

38 

37.97473 


A 

40 

39.97459 


A 

41 

40.97740 

19 

K 

41 

40.9731 

20 

Ca 

45 

44.97075 

21 

Sc 

45 

44.96977 


Sc 

46 

45.96909 

22 

Ti 

48 

47.96580 

23 

Va 

51 

50.90035 


Va 

52 

51.95857 

24 

Cr 

52 

51.948 

26 

Fe 

56 

55.9571 

28 

Ni 

58 

57.942 

30 

Zn 

64 

03.935 

33 

As 

75 

74.934 

34 

Se 

80 

79.941 

35 

Br 

79 

78.929 


Br 

81 

80.920 

36 

Kr 

78 

77.920 


Kr 

80 

79.920 


Kr 

82 

81.927 


Kr 

83 

82.927 


Kr 

84 

83.928 


Kr 

86 

85.929 

41 

Cb 

93 

92.92() 

42 

Mo 

98 

97.94(> 


Mo 

100 

99.945 

50 

Sn 

120 

119.912 

52 

Te 

126 

125.937 

52 

Te 

128 

127.930 

53 

I 

127 

120.932 

54 

Xe 

134 

133.929 

55 

Cs 

133 

132.933 

56 

Ba 

138 

137.910 

73 

Ta 

181 

180.927 

74 

W 

184 

184.00 

75 

Re 

187 

180.981 

76 

Os 

190 

189.981 


Os 

192 

191.981 

80 

Hg 

200 

200.010 

81 

Tl 

203 

203.030 


Tl 

205 

205.037 
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Table of Stable Isotopes (Continued) 


Atomic 

No. 

Atom 

Mass 

No. 

Eelative 

Abun- 

dance 

(%) 


Atomic 

No. 

Atom 

Mass 

No. 

Eelative 

Abun- 

dance 

(%) 

27 

Co 

59 

100. 


38 

Sr 

86 

9.86 






38 

Sr 

87 

7.02 

28 

Ni 

58 

67.4 


38 

Sr 

88 

82.56 

28 

Ni 

60 

26.7 






. 28 

Ni 

61 

1.2 


39 

Y 

89 

100. 

28 

Ni 

62 

3.8 






28 

Ni 

64 

0.9 


40 

Zr 

90 

48. 






40 

Zr 

91 

11.5 

29 

Cu 

63 

70.13 


40 

Zr 

92 

22. 

29 

Cu 

65 

29.87 


40 

Zr 

94 

17. 






40 

Zr 

96 

1.5 

30 

Zn 

64 

50.9 






30 

Zn 

66 

27.3 


41 

Cb 

93 

100. 

30 

Zn 

67 

3.9 






30 

Zn 

68 

17.4 


42 

Mo 

92 

14.9 

30 

Zn 

70 

0.5 


42 

Mo 

94 

9.4 






42 

Mo 

95 

16.1 

31 

Ga 

69 

61.2 


42 

Mo 

96 

16.6 

31 

Ga 

71 

38.8 


42 

Mo 

97 

9.65 






42 

Mo 

98 

24.1 

32 

Ge 

70 

21.2 


42 

Mo 

100 

9.25 

32 

Ge 

72 

27.3 






32 

Ge 

73 

7.9 


44 

Eu 

95 

5.68 

32 

Ge 

74 

37.1 


44 

Eu 

98 

2.22 

32 

Ge 

76 

6.5 


44 

Eu 

99 

12.81 






44 

Eu 

100 

12.70 

33 

As 

75 

100. 


44 

Eu 

101 

16.98 






44 

Eu 

102 

31.34 

34 

Se 

74 

0.9 


44 

Eu 

104 

18.27 

34 

Se 

76 

9.5 






34 

Se 

77 

8.3 


45 

Eh 

103 

100. 

34 

Se 

78 

24.0 






34 

Se 

80 

48.0 


46 

Pd 

102 

0.8 

34 

Se 

82 

9.3 


46 

Pd 

104 

9.3 

i 





46 

Pd 

105 

22.6 

35 

Br 

79 

50.6 


46 

Pd 

106 

27.2 

35 

Br 

81 

49.4 


46 

Pd 

108 

26.8 






46 

Pd 

110 

13.5 

36 

Kr 

78 

0.35 






36 

Kr 

80 

2.01 


47 

Ag 

107 

51.9 

36 

Kr 

82 

11.53 


47 

Ag 

109 

48.1 

36 

Kr 

83 

11,53 






36 

Kr 

84 

57.11 


48 

Cd 

106 

1.4 

36 

Kr 

86 

17.47 


48 

Cd 

108 

1.0 






48 

Cd 

110 

12.8 

37 

Eb 

85 

72.8 


48 

Cd 

111 

13.0 

37 

Eb 

87 

27.2 


48 

Cd 

112 

24.2 






48 

Cd 

113 

12.3 

38 

Sr 

84 

0.56 


48 

Cd 

114 

28.0 
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Table of Stable Isotopes (Continued) 
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Atomic 

No. 

Atom 

Mass 

No. 

Relative 

Abun- 

dance 

(%) 

48 

Ccl 

116 

7.3 

49 

In 

113 

4.5 

49 

In 

115 

95.5 

50 

Sn 

112 

1.1 

50 

Sn 

114 


50 

Sn 

115 


50 

Sn 

116 

15.5 

50 

Sn 

117 

9.1 

50 

Sn 

118 

22.5 

50 

Sn 

lU) 

9.8 

50 

Sn 

120 

28.5 

50 

Sn 

122 

5.5 

50 

Sn 

124 

6.8 

51 

Sb 

121 

50. 

51 

Sb 

123 

44. 

52 

Te 

120 

< 1. 

52 

Te 

122 

2.9 

52 

Te 

123 

1.0 

52 

Te 

124 

4.5 

52 

To 

125 

0.0 

52 

To 

120 

19.0 

52 

To 

128 

32.8 

52 

Te 

130 

33.1 

53 

I 

127 

100. 

51 

Xe 

124 

0.004 

5-1 

\(‘ 

120 

O.OSS 

54 

X(^ 

12S 

1 .00 

54 

Xe 

120 

20.23 

54 

Xo 

130 

4.07 

54 

Xe 

131 

21.17 

54 

Xe 

132 

20.90 

54 

Xe 

134 

10.54 

54 

Xe 

130 

8.95 

55 

C^s 

133 

100. 

50 

ba 

130 

0.101 

50 

I5ii 

132 

0.007 

5() 

Ha 

134 

2.42 

50 

Ha 

135 

0.59 

50 

Ibi 

130 

7.81 

50 

Ha 

137 

1 1 .32 

50 

Ha 

138 

71.00 


Atomic 

No. 

Atom 

Mass 

No. 

Relative 

Abun- 

dance 

(%) 

57 

La 

139 

100. 

58 

Ce 

136 

< 1. 

58 

Ce 

138 

< 1. 

58 

Ce 

140 

89. 

58 

Ce 

142 

11. 

59 

Pr 

141 

100. 

■I 

Nfl 

142 

26.95 

■H 

N(1 

143 

13.0 

IH 

Ncl 

144 

22.6 


Nd 

145 

9.2 

■■ 

Nd 

146 

16.5 


Nd 

148 

6.8 

00 

Nd 

150 

5.95 

02 

Sm 

144 

3. 

02 

Srn 

147 

17. 

02 

Sm 

148 

14. 

02 

Sm 

149 

15. 

02 

Sm 

150 

5. 

02 

Sm 

152 

26. 

02 

Sm 

154 

20. 

03 

Eli 

151 

49.1 

03 

Ell 

153 

50.9 

()4 

Cd 

152 

0.2 

04 

(Id 

154 

2.80 

04 

Cd 

155 

15.61 

04 

(Id 

150 

20.59 

()4 

Cd 

157 

16.42 

04 

Cd 

158 

23.45 

04 

Cd 

100 

20.87 

05 

Tb 

159 

100. 

00 

IV 

158 

0.1 

00 

IV 

100 

1.5 

()0 

IV 

101 

22. 

()() 

IV 

102 

24. 

00 

IV 

103 

24. 

00 

iV 

104 

28. 

07 

IIo 

105 

100. 

08 

Er 

102 

0.1 

08 

Ea- 

104 

1.5 
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Table of Stable Isotopes (Concluded) 


Atomic 

No. 

Atom 

Mass 

No. 

Relative 

Abun- 

dance 

(%) 

68 

Er 

166 

32.9 

, 68 

Er 

167 

24.4 

68 

Er 

168 

26.9 

! 68 

Er 

170 

14.2 

1 69 

Tm 

169 

100. 

, 70 

Yb 

168 

0.06 

’ 70 

Yb 

170 

4.21 

70 

Yb 

171 

14.26 

70 

Yb 

172 

21.49 

70 

Yb 

173 

17.02 

70 

Yb 

174 

29.58 

70 

Yb 

176 

13.38 

: 71 

Lu 

175 

97.5 

71 

Lu 

176 

2.5 

72 

Hf 

174 

0.18 

72 

Hf 

176 

5.30 

72 

Hf 

177 

18.47 

72 

Hf 

178 

27.13 

72 

Hf 

179 

13.85 

72 

Hf 

180 

35.14 

73 

Ta 

181 

100. 

74 

W 

180 

0.2 

74 

W 

182 

22.6 

74 

W 

183 

17.3 

74 

W 

184 

30.1 

74 

W 

186 

29.8 

75 

Re 

185 

38.2 

75 

Re 

187 

61.8 

76 

Os 

184 

0.018 

76 

Os 

186 

1.59 

76 

Os 

187 

1.64 


Atomic 

No. 

Atom 

Mass 

No. 

Relative 

Abun- 

dance 

(%) 

76 

Os 

188 

13.3 

76 

Os 

189 

16.1 

76 

Os 

190 

26.4 

76 

Os 

192 

41.0 

77 

Ir 

191 

38.5 

77 

Ir 

193 

61.5 

78 

Pt 

192 

0.8 

78 

Pt 

194 

30.2 

78 

Pt 

195 

35.3 

78- 

Pt 

196 

26.6 

78 

Pt 

198 

7.2 

79 

Au 

197 

100. 

80 

Hr 

196 

0.15 

80 

Hg 

198 

10.1 

80 

Hg 

199 

17.0 

80 

Hg 

200 

23.3 

80 

Hg 

201 

13.2 

80 

Hg 

202 

29.6 

80 

Hg 

204 

6.7 

81 

T1 

203 

29.1 

81 

T1 

205 

70.9 

82 

Pb 

204 

1.5 

82 

Pb 

206 

23.6 

82 

Pb 

207 

22.6 

82 

Pb 

208 

52.3 

83 

Bi 

209 

100. 

90 

Th 

232 

100. 

92 

U 

234. 

0.006 

92 

u 

235 

0.71 

92 

u 

238 

99.28 





APPENDIX VI 

Displacement Equation for Brownian Motion 

The second type of experiment performed by Perrin for the 
determination of Avogadro’s number consisted in observing the 
displacement of a particle in a given time interval. The funda- 
mental assumption used in the derivation of the equation for the 
displacement of such particles is that the particles suspended in 
the fluid have a mean kinetic energy equal to the mean kinetic 
energy of gas molecules at the same temperature. The equation 
of state for one mole of an ideal gas is 

Pv = RT, ( 1 ) 

and on the basis of the kinetic theory of gases it can be shown that 
this equation takes the form 

, Pv = ^-Nmc^, (2) 

where is the average of the squares of the velocities of the mole- 
cules of the gas at temperature T. Thus the mean kinetic energy 
of a gas niolecule is 

e = -Jmc“ = ^ T. (3) 


In general, a particle lias three degrees of freedom of transla- 
tory motion; Init if tlie observations are confined to a single direc- 
tion, say the x dinu^fion, the average kineti(t energy due to the 
motion in this direction will bo one third of its total kinetic energy, 
or 



e 

3 




T, 


( 4 ) 


dx 

where ^ is the instantaneous velocity of the mole(!ule in the x 

dirc(!tion aiid i>s the average of the squares of its velocity in 

the X direction. 

The motion of a Brownian particle in a horizontal plane is 
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determined by two forces : (1) that due to the bombardment of the 
molecules of the medium giving an unbalanced force whose com- 
ponent in the x direction is X, and (2) the resistance to the motion 
due to the viscosity of the medium. From Stokes’ law, the resist- 
ance to the motion is proportional to the velocity; hence the force 
on the particle in the x direction at any instant is, from Newton’s 
second law, 

„ ^ „dx (Px 

- X 


where i? is a factor of proportionality determined by the viscosity 
of the medium, and is given by 

K = 6T7;a, (6) 


where is the coefficient of viscosity of the. fluid and a is radius of 
the particle. In studying Brownian motion it is easier to consider 
the magnitude only of the displacement; hence the equation of 
motion is modified to yield x® instead of x. Multiplying through 
by X, we get 


Now 

and 


so that 


Xx-Kx^ 

at 


X 


(Px 

W 


dx 

^dt 


Xx - iK 


d(x^) 

dt 


d^x 

1 — (xi\ 

m d\x^) 

2 ~dP' 



( 7 ) 


We are interested only in average values of these quantities which 
can be observed in a time interval t. A bar over a symbol will 

represent its average value. Let 2 : = and note that Xx = 0 

dt 

since Xx is probably positive as often as it is negative; then equa- 
tion (7) becomes 


Kz _ m ^ /dxV 
2 ~2dt~ 


( 8 ) 
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or 

_ ^ RT 

~ 2 ~ 2 dt ~ N 
0 

from equation (4). 

Separating variables we get 


dz 

2RT ~ 
^-KN 



and integrating from 0 to t, this yields 


2RT 
® NK 



( 9 ) 


( 10 ) 


( 11 ) 


where A is a (ionstant of integration. For any reasonable time 
inteiwal required for observation, the exponential term becomes 
negligible so that 


2RT d{x^) 
^ ~ NK ~ dt 


( 12 ) 


and 



where t is the time inteiwal for observation. This equation states 
that the average square of the displacements of a particle depends 
upon tlie time interval t and upon tlie temperature of the medium. 
This ociuation was derived by Einstein (1905). 



APPENDIX VII 

Path of an Alpha Particle in a Coulomb Field of Force 

Consider a nucleus of charge Ze stationary at point C and an 
a,lpha particle of mass M and charge E approaching it along the 
line AB, Figure 38. The original velocity of the alpha particle in 



^e direction of AB is F. There will be a force of repulsion be- 
tween the two charges given by Coulomb’s law 


F = 


ZeE 
? 


( 1 ) 


where r is the distance of the alpha particle from the nucleus. The 
alpha particle will be deflected from its original direction of motion 
by this force of repulsion and its path wiU be a conic section since 
the motion is governed by an inverse square law of force. This 
come section will be one branch of a hyperbola with the nucleus 
at the focus on the convex side of this branch. 

To derive the expression for the path of the alpha particle, let 
us choose polar coordinates with the nucleus at the pole. The ac- 
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celeration of the particle may be resolved into two components, 
one along the radius, a,, and the other transverse to the radius a^. 
In texts on Mechanics, it is shown that these components are given 
by the equations 


d?r /ddA^ 

(2) 

* r dt\ dt ) 

(3) 

Since the force of repulsion is along the radius vector r 
component of the acceleration is 

, the radial 

II 

II 

!I 

(4) 

where 


_ ZeE 
- M' 


Since there is no force transverse to the radius vector. 


* ^ r di. V dt ) 

(5) 

Integrating equation (5) yields 



(6) 


Equation (6) is a statement of Kepler’s law of areas, and also 
expresses the principle of conservation of angular momentum, for, 
multiplying liotli sides ])y M, wo get 


= MK = MVp, 


(7) 


where Mr^ is the moment of inertia of the alpha particle with re- 
spect to an axis tlirough C, d<j)/dt is the angular velocity of the 
particle and MVp is the initial angular momentum of the particle. 
The distance p fi’om the nucleus to A B is called the impact 
parameter. 

The differential eciuation of the path of the particle may be 
obtained by combining equations (2) and (4) ; this yields 

^ -r(^\ = -■ 
dt^ \dt ) 


( 8 ) 
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Before integrating this equation, let us change the independent 
variable from t to <j>, and also, for convenience, let w = -. To carry- 
out this transformation, note that 

dr _ dr dxj) 
dt ~ d<t> dt 

^ _ J: ^ 

d(i> d4> 


_j. . - K, dfc' 

u.*- *4 


and from equation (6) 


dt 


and 


% - - 


Equation (8) now becomes 


or 


dhL , J 

5 ^^+“= -K- 


+ - ~ + r^)- 


( 9 ) 


This IS a well-known diflferential equation and its solution is 


u 


+ ^ = d. cos(0 - 5), 


( 10 ) 

where A and 5 are constants of integration. To verify that this is 
t e solution of the differential equation, one needs only to differ- 
entiat© ecjuation (10) twice. 

By the proper choice of the x axis, the phase angle 5 can be set 
equal to zero. Further, by setting 

AK'^ 

J 


e = 


equation (10) becomes 


( 11 ) 
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from which 


« = 7 = - ;^(1 - ecos<^). (12) 

Equation (12) is one form of the equation of a conic section in polar 
coordinates; e is the eccentricity of this conic section. When e is 
greater than unity, the conic section is a hyperbola. The eccen- 
tricity of this path can be determined with the aid of the principle 
of conservation of energy which yields 

+~ = ^ ' (13) 


where ZeE/r is the potential energy of the particle at any point in 
its path. Resolving the velocity v into two components, one along 
the radius and one transverse to the radius, we get 

From equation (12) we get 

fdr'Y JWsin*^ 

\d4>) ~ A’-* ’ 

and since 

Vd</ “ r*’ 


equation (14) becomes 




(15) 


Substituting this value of v- in equation (13) and the value for r 
from equation (12) and simplifying, we get 


from which 


jifi 

Vi = 1-1 _ 


p^2 


or 


- 1 = 



(16) 
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The eccentricity of the orbit is greater than unity and is expressed 
in terms of the initial energy of the alpha particle, the impact 
parameter p, and the nuclear charge Ze, thus 



( 17 ) 


The orbit is therefore an h3^erbola with the nucleus at the focus 
outside the branch of the curve followed by the alpha particle. 
The asymptote AB represents the direction of the initial velocity 
of the alpha particle, while the second asymptote OD represents 
the direction of the final velocity of the alpha particle. The an- 
gle 6 between the two asymptotes is the angle through which the 
particle has been deflected and is the angle of scattering. This 
angle can be expressed in terms of the eccentricity from a consid- 
eration of the properties of the hyperbola. 

The equation of the hyperbola in rectangular coordinates is 


where 

and 


a" 


yi 

lA 


= 1 , 


ae = OC 


¥ = - 1 ). 


(18) 


The equations of the asymptotes are obtained by setting the left- 
hand side of equation (18) equal to zero, yielding 



b 

a 


X. 


From the figure 




; 


hence 

€2-l=cot2|- (19) 

Using equation (16), we get 


(SO) 
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Derivafion of the Equations for the Compton Effect 

The three equations derived in § 64 are 
hv -= hv' + moc\K — 1) 

hV hv' , . Tjr , 

— = — cos 9 + KniuV cos 9 
C' c 

hv^ 

0 = — sin (t> — KmoV sin 6, 
c 

where 



To solve these equations, let 


hv 

_ h 

OL ' ,, 

niocX 

, hv' 

h 

Oi — " — 

wiiicX' 


6 . - 5-' 

c 


or 

K = VT'+./>“ 

Li = cos <t> 

,ni = sin 0 
li = cos 9 
Hi = sin 9. 

By dividing equation (1) by we get 

a = a' + \/l + />- — 1, 

and l)y dividing equations (2) and (3) by m^c, we get 

(X — exf Li ” 1 “ bL% 

397 


( 1 ) 

( 2 ) 

( 3 ) 


( 5 ) 
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and 


0 = a'ni — bui. 


( 6 ) 


From equation (5) 

= 0-2 - 2(xa'li + ( 7 ) 

and from equation ( 6 ) 

= a'hiiK ( 8 ) 

Adding equations (7) and ( 8 ), we get 

b^k^ + — 2aa'li + 

or 

= 0:2 - 2aQ!'Zi + a'% (9) 

since 

-j- ^ 2 ^ “1 ~ " 1 “ wA 

From equation (4) 

52 = q ;2 _ 2aa' + cx!^ + 2a — 2a'. (1 0) 

Subtracting (10) from (9), we get 

0 = 2aa'(l — h) — 2a + 2a', 

from which 

0=a(l-«-(|-l) 

or 

^-l=a(l-ZO, ( 11 ) 

from which 

^ ft A\ 

or 

which is the same as equation (55) in the text. To get the expres- 



APPENDIX VIII 


399 


sion for the kinetic energy of the recoil electron, solve equation 
(11) for a', obtaining 


a = 


a 


1 + a(l - k) 
Substitute this value in equation (4), obtaining 

a 


Vl + 6* — 1 = O' — 


1 + ^(l — Zi) 
a\l - k) 


1 + ^(l — h) 

Now the kinetic energy € is given by 

<? = — 1) = -- Ij 

0:^(1 — cos 4>) 


= moC^ ■ 


But 


therefore 


1 + (a:(l — cos 4>) 


« hv 
moC^ = — : 
a ’ 


6 = hv 


q :(1 — cos <^) 

1 + a(l — cos <^>) 


(13) 


(14) 


The energy of the recoil electron cair also be put in terms of the 
angle 6 by noting that, from equations (5) and (G) 


h _ _ « — (x'h 

n-i ~ a'Ui 



( 15 ) 


and eliminating a' with the aid of equation (11), we get 

= --(1 +a)(l -Zi). (16) 

n-i Hi 


Substituting the values of h, h, ni, and 7ii, we get 


cot 6 = 


- (1+ a) 


1 — c.os <f> 
sin <!> 


( 17 ) 


1 — cos (f> 
sin <i) 



Now 
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therefore 



cot 0 = — (1 + a) tan ^ 

(18) 

also 

. 0 
cot 2 

tan 6 = ~ r"-; — > 

1 + a 

(19) 

which is equation (56) in the text. 

By dividing equation (18) by equation (19), we get 



CO&^d COS^d ,, , 

.sm>«-l-cos<9 -(!+“> ‘“ S' 


Now 

, ,0 1 - COS 0 

2 ~ i + cos 0’ 


hence 

cos=*0 • , ,„1-COS0 

1- COS'S 1 + cos*- 

(20) 

Solving equation (20) for cos 4> and then for (1 - cos 4>), we get 


1 , _ 2 cos^ e 

(i + a)* — 2a COS* 0 — a* cos* 6 

(21) 

Substituting this value in equation (14), yields 



P ■, 2a cos* d 

^ + a)^- a^cos*0’ 

(22) 

which is equation (57) in the text. 
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jp p4r = Tirh. 

(1) 

Now 

dr 

(2) 

is the momentum along the radius. Changing the independent 
variable from t to <f>, by the relationship 


II 

(3) 

we get 

d<b dr 

(4) 

and noting that 

d(f> 

V, = 

(5) 

and 

4 

II 

(6) 

we may write the integral as 




(7) 

Or 


(8) 

The equation of the ellipse may be written as 



1 1 + e cos 4> 

r ~ a(l — €“) ’ 

(9) 


where a is the semimajor axis and e ijs the eccentricity. 

itOI 
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Therefore 


dr _ o(l — e^)e sin . 
d<f> ~ (1 + e cos 


1 ^ _ e sin 4> 
r d<j> "" 1 + e cos 0 


The integral equation now becomes 


’2ir e2 ain2 


sin® 0 


The integral 


(1 + € COS 0)® ^ 

J r» 2 ^ 6® sin® 0 

0 (1 + e COS 0) 


jd0 = n^/i. 


can be integrated by parts. In the usual standard form 

Jiidv = m — J’ vdu; 

let 

u = e sin 0 
du = e COS 0d0 

j e sin 0 

” (1 + € COS 0)® 


SO that 


1 + e COS 0’ 


T - c sin 0 1®’^ _ p" € COS 0 , 

~ 1 + e cos 0 JO Jo 1 + € cos 0 

Upon substitution of the limits of integration, the firsi term on the 
right-hand side becomes zero. The value of the integral is 


0 r 


e cos 0 
-h e cos 0 * 


which may be written in the form 
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yielding 

j- 2 t ^ 

■' ~ (1 _ g2)V2 - 

(See Peirce’s Table of integrals, page 41.) 

Putting this back in the integral equation, we get 


or 


since 


hence 


so that 


(1 - € 2)^2 


— = Urh, 


kh 

(1 - e^y/^ 


— kh = Hrk 


kh 

2r’ 


{Ht + H) 


k 

(1 - 



( 18 ) 


( 19 ) 


( 20 ) 


( 21 ) 


( 22 ) 


which is the expression for the eccentricity of the ellipse in terms 
of the azimuthal and radial quantum numbers. 

Of great interest is the expression for the total energy £ of an 
cllipti(! orbit. The poteiUialcMUirgy is —Ze'^/r. The kinetic energy 
can be written as 


where ^ is the radial compoirent of the velocity and r ^ is the 

transverse component of the vehxiity. Now using equations (3 
and 5), we get 

(It mr- (if> 


( 23 ) 
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and 


_ 


(’■f)’" 

The expression for the total energy then becomes 

p _ V 4- - — 

^ ~ ^ \mh*\d4,) r 

= p/ r/1 dry ,“1 _ 

2?nr^[_\r d^/ J r 
Solving this for yields 


( 24 ) 


/I drV _ 

V#/ 


2r}ri£r^ 2mZeh 

2~ I 


P<tr 




1 . 


From equation (11) we get 

/I dry _ sin^ 4 > 
\r d(t>) ~ 


(25) 


(26) 


(27) 


(1 H- e cos 

Eliminating the angle <p between this equation and the equation 
of the ellipse (9) yields 

2r 


/I drV _ 

\r dcf)) ~ a^{l — 


eO a(l — e'^) 

By equating coefficients of like powers of r in equations (26) and 
(28), we get 

2m€ 1 


- 1 . 


(28) 


and 


from which 


P/ 0^(1 _ ^2) 

mZe^ 1 

~ a(l - €2)’ 


-2H- 


(29) 

(30) 

(31) 


The total energy depends only upon the major axis of the ellipse 
and is the same as that for a circle of radius a. Eluninathig a from 
equations (29) and (30) 3delds 

mZH*{\ - e*) 


e = - 


2p,* 


(32) 
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